TOPIC 2: VECTORS Prepared by G. Manuwere

2.2 VECTORS

Learning Objectives

After completing this section you should be able to:
find vector and Cartesian equations of a straight line in 3D
find cross product of given vectors
use cross product to find area of plane shapes
find vector, parametric and Cartesian equations of a plane
find the angle between a line and a plane, two lines and two planes
determine whether two lines are parallel, intersecting or skewed
determine whether two lines intersect
find the perpendicular distance from a point to a straight line and the coordinates of the foot
of the perpendicular
determine whether a line lies in, is parallel to or intersects a plane
find the point of intersection of a line and a plane
find the line of intersection of two planes
find the perpendicular distance from a point to a plane

solve problems involving lines and planes

Line of intersection
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2.2.1 Vector and Cartesian equation of line

The vector equation of a line is of the form

r = a+ Ab where:

a is the position vector of a fixed point on the line

b is any vector parallel to the line (a direction vector) and A is a parameter / free variable

Therefore the equation of a line passing through points A and B is

r = OA + AAB

Example 1

Find the vector equation of a straight line which passes through the point (1, 0, 3) and is
parallel to the straight line through A(—1,1,3) and B(2, -3, 1).

Solution

2 —1 3
Direction vector AB = (—3) — ( 1 ) = (—4) (NB can use BA instead)

1 3 —

1 3
Vector equation of the line r = (0) + A (—4)
3 =

The above equation can also be written in cartesian form by eliminating A as follows:
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x—1
A=t
3

y=-4 = A==
z=3-21 =1=2

Thus the cartesian equation of the line is

xT_l = _14 = % (=4) (Also called symmetric form)

Example 2
Wbl _
5

. 5 - =4[
A line has cartesian equations xT e

Find a vector equation for a parallel line passing through the point with position vector
5i — 2j — 4k and find the coordinates of the point on this line where y = 0.

Solution

3

The direction vector for the line xT_l = yTJrZ = ? is (4) The required line has the same
5

direction since the two are parallel.

5 3
Therefore the vector equation of the line is r = (—2) + A( )

-4 5

X 5 3
The above line can be written as (y) = (—2) + /1( )
z —4 5

Wheny =0,= 0= -2+ 441
=A==
2

1 13
--X—5+E(3)—?
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1
zZ = _4+E(5) __E'

Thus the coordinates of the point on this line where y = 0 are (? 0, —%)

If we want to find an equation of a line, we look for one point on the line and a vector
PARALLEL to the line.

Exercise 2.2.1

== = 27 Express the equation

in the form r = a + Ab and show that the line passes through the point
(8,14,11).

1  Given the equation of the line in the form XT_Z =

Find the equation of the line through the points A(1, 2, 3) and B(4, 4, 4) and
find the coordinates of the point where this line meets the plane z = 0.

Write down a vector equation for the line through A and B if
(a) OA=3i+j—4kand OB =i+ 7j + 8k
(b) A and B have coordinates (1,1,7) and (3,4,1)

Find in each case the coordinates of the points where the line crosses the
xy plane, the yz plane and the zx plane.

Convert the following vector equations to cartesian form

2 1 0 3 2
(@) r=<3>+l<1> (b) r=<4>+/1(0) (©) r=/1<3>
-1 1 0 5 4

Convert the following equations to vector form,

xX=3 _y-1_ z77 x-3
(@) 2 2 e (b) 2

©) x=31+2,y=1-52z=41+1 (d)13;"=§=z
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2.2.2 Parallel Lines

Two lines are parallel if they have the same direction vector.

Example 1

Determine whether the following pairs of lines are parallel

@ mn=2i+3j—k+AR2i-3j+k) nr=2i+3j—k+A3Bi—-2j+k)
(o) m=2i—j+5k+s(i+j—k) rn=@B+)i+(t-1j+ G-tk

Solution

2 3
(@) The direction vector for r; is (—3) and that of r, is (—2)
1 1

The lines are not parallel since they do not have the same direction vector.

1
(b) r = 2i—j+ 5k+ s(i+j— k) and the direction vector is < 1 )
-1

r, =B+ t)i+ (t—1)j+ (5 — t)k can be written as

3 1 1
r, = (—1) + t( 1 ) and the direction vector is < 1 )
5 -1 -1

The two lines are parallel since they have the same direction vector.

Exercise 2.2.2

Determine whether the following pairs of lines are parallel
rn=2i—2j+4k+AQi+2j+6k) r,=A+j+3k)
n=i+j—k+2A2i-3j+k) r, = 2i — 4j + 5k + A(i + 3j — k)

x-1 y-4 z+1 x _ y+5 3-z

2 3 -4 4 6 8

r = 2i—j+ 4k + A(i + 3j + 3k) Xx—4=y+7=7

r=ABi—3j+6k) 1, =4j+A(—i+j— 2k)

:X:

n=3i+k+Ai-j—2k) = =
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2.2.3 Intersecting lines

Two lines intersect if the value of the parameters is constant.

T
fi

o find the point of intersection of two line expressed in vector form, equate both vectors and
nd the value of the parameters and substitute in either equation.

Example 1

Determine whether the lines r; and r, intersect and find the point of intersection where

NN S

Solution

At intersection r; =1,

[
(

5
T
S

S

) ()0

2—2 3+ 2u
A 54+ 6u

—A=342U ..., )

—A=0 ...l (ii)
+6u=5+64......... (111)

he solution to the above equationsis A =1, u = —1

ince there is a constant value for each parameter, the lines do intersect.

3 2 1
ubstituting u = —1 in r, gives the point of intersection as (0) + -1 (0) = ( 0 )
5 6 -1

Which is (1,0, —1)
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2.2.4 Skew lines

If lines are neither parallel nor intersecting, they are skew.

U
R

TV and PQ are skew lines.

If the lines are not parallel and there are no values of the parameters for which
1, = 13, then the lines r; and r, are skew.

Example 1

Show that the linesr; = i+ 3k + s(2i +j + k) and r, = 2i — j + k + t(i — 2j) are skew.

Solution
First check if the lines are not parallel.

2 1
Direction for r; is (1) And the direction for r; is (—2) which are different. Hence the lines are

1 0
not parallel.

1+ 2s 2+t
T'1= S andr2= —1—2t
3+s 1

Takingr, =1,

1+ 2s 2+t
S =(-1-2t
3+s 1
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From the first two equations, s = %and t= —%

The value s = %does not satisfy the third equation and so there is no unique solution for the
system of equations. Hence the lines are skew.
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Exercise 2.2.4
1 The straight line [; passes through the points with coordinates (5,1,6) and (2,2,1).
(@) Find a vector equation of ;.

A different straight line [, passes though the point C(6,6, —4) and is parallel to the vector
4i — 2j+ 3k.

(b) Show clearly that [, and [, are skew.

2 Find whether the following lines are parallel, intersecting or skew.

1 3 —9
@ r1=<—1>+l<—4> Ty =,u<12>
1 1 -3

z—-3 z—5
1 5

x—4
() =
3 The straight line [, passes through the points A(2,5,9) and B(6,0,10) .

(@) Find a vector equation for the straight line [;.

8 2
The straight line [, has vector equation r = <8) +u ( 1 ) where u is a scalar.

0 -3
(b) Show that the point A is the intersection of [, and [,.
(c) Show further that [, and L, are perpendicular to each other.

4 Two lines have equation r; = 2i + 9j + 13k + A(i + 2j + 3k) and
r, =ai+ 7j — 2k + u(—i + 2j — 3k). Given that they intersect, find the value of a
and the position vector of the point of intersection.
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5 Relative to a fixed origin O, the points A and B have respective position vectors
i + 7j+ S5kand5i + j— 5k.

(a) Find a vector equation of the straight line [; which passes through A and B.
The straight line [, has vector equation r, = 5i —4j + 4k + u (i — 4j + 2k),
where [ is a scalar parameter.

The point C is the point of intersection between [, and [,.
(b) Find the position vector of C.
(c) Show that C is the midpoint of AB.

6 [Iftheline r; = 5i + tk + A(—i + 3j + 4k) intersects the line
r, = —4i+j + k + u(5i + j + k), find the value of t and the coordinates of the

point of intersection.
7 Aline L has equation r;, = —3i + j + 4k + A(4i + pj — 3k. Find the value of p if

(@ Theliner, =5i—j— 2k + u(4i — 2j — 3k is parallel to L.
(b) Theliner; = —i+ 3j — 3k + u(i —j + 2k intersects L.

2 1 1 2
8 The equations of two lines are r; = (—1) + A (—2) andr, = (—3) + u( 3 )
1 2 4 —6

Show that these lines are skew.

00 is the unit vector in the direction of the first line and OR is the unit vector in
the direction of the second line. Write down the coordinates of Q and R.

3 1 1 2
9 Show that the lines r = (5) +m (2) andr = (2) +n (3) do not meet (are skew).

7 1 3 5

10 Find the point of intersection of the lines
r=0+m)i+2+m)j+ (4+ 2m)k and
r=01+3n)i+5nj+ B+ 7n)k

X 2 4 X 10 —2
11 Show that the equations (y) = <3) + m( 6 ) and (y) = (15) + n<—3>
z 1 —2 Z -3 1

represent the same line.
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Exercise 2.2.5
1 Find the angle between the lines
@ mn=3i+2j—4k+ A+ 2j+2k)andr, =5i -2k —p(3i+ 2j + 6k)

z—-5
2

(b) an =

-2 +1 -1 2y+3 +5
© F=Zp=z=2 and T="m==0

(d) 7 =3i+2j—4k+A>i+2j+2kandr, = 5i — 2k — u(3i + 2j + 6k

= — d—=

y-1  z+3 x+1
5 4 1
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4 1 1 2
9) r=<—1>+/1< 2) andr=<—1>+u<4)
0 —2 2 —4

2 With respect to a fixed origin O, the points A(2,6,5) and B(5,0, —4) are given.
(a) Find a vector equation of the straight line [, which passes through A and B .The straight

—4 1
line [, has a vector equation r, = ( 4 > + u <O> where u is a scalar parameter.
-5 1

(b) Show clearly that [; and [, intersect, and find the coordinates of their point of

1
intersection. The straight line I5 is in the direction (k)
1

(c) Given the acute angle between [, and L5 is 60°, show clearly that k = + /60
3 The straight lines [; and [, have the following vector equations

L=4i+3j+k+A( + 4j +3k)

l, =8i+8j+ 13k + p (2i — 3j + 6k) , where A and u are scalars.

(a) Show that I; and [, intersect at some point P and find its coordinates.

(b) Calculate the acute angle between [; and [,.

2.2.6 Perpendicular distance from a point to a straight line and the coordinates of the foot
of the perpendicular

Example

Find the shortest distance from the point P(1, 2, 3) to the line [ with equation

3 1
¥= ( 4 ) + A (—1). Find the coordinates of the foot of the perpendicular from P to L.

=] 3
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Solution
Consider the following diagram

Let point Q be the foot of the perpendicular from
P. We can calculate this point by knowing that the (12 3)

vector WQ is perpendicular to the line.

PQ = PA + AQ
_ 0 1
PQ=<2 >+}t<—1>.
—4 1
_ A
PQ=<2—/1>
—4+ A
1 —_—
Now, (—1>.PQ =0
1
1 A
=><—1>.< 2—/1>=0
1 -4+ 2

A=—24+1-4+1=0
A=2

2
Substituting A into PQ gives PQ = ( 0 )
-2

Shortest distance is given by |PQ| = V22 + 02 + 22 = 2v/2

It is known that PQ = 0Q — OP

(i)
(1))

Thus the coordinates of the foot of the perpendicular are Q(3,2,1) .

“There Ls no failure except in no longer trying”

gmanuwere@gmail.com /+263773975592/+263737967477_




Exercise 2.2.6

Angle between lines. Perpendicular distance from a point P to a line. Coordinates of the foot of

the perpendicular

4 Find the perpendicular distance from the point P to the given line. Find the coordinates
of the foot of the perpendicular from P to the given line.

P(3,52) 1= (

4
P(1,1,2) r= (2

4
P(-1,2,1) r= (

P2,-1,1) r= <

2
1

0
3

P(3,5,6) r= (

P(1,0,1) r= (
1
2

1
0

P(3,5,6) T = (

2
3

1

)

1
1

1
2

2
0

1
-1
4

=2 12358 = 2.70 units
18 35

[2 |

[

[

)+
)
)
) ()
(s
&)
+(3)

)
)

_ 16 3

~ 35’35

2
3
—1

3

)

2
-1

\/4922]
107

|

5
9

910 = 2.59 units Q(—,—=

P(1,-2,1) x=1+2t,y=3t,z=1+2¢

P(1,0,—1) x=5—-t,y=2-3t,z=4t
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2.2.7 Vector Cross product

Given two vectors u = u;i + uyj + usk and v = v;i + v,j + v;k, the vector cross product of
u and v, denoted u x v is given by
i j k
U Uz Uz
V1 V2 V3

Example 1
Find the vector cross product of the following pair of vectors

u=2i-3jandv=i—j+5k

Solution

= %2 Yo

= —15i — 10j + k

Using cross product to find area of plane shapes

Two nonzero and nonparallel vectors @ and b can be considered to be the sides of a
parallelogram
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Area of a parallelogram with sides @ = a,i + a,j + azk and b = byi + b,j + bsk is given by
j k

i
Area=|axb| where axb=|%1 42 a3
by by bs

Example 2

The points P(1, 2, 1), Q(1, 0, 0) and R(0, 3, 1) are three vertices of a parallelogram.
(@) Find the area of the parallelogram

(b) What is the area of triangle PQR?

Solution

(a) Parallelogram Area = |PQ x PR]|

/0
PQ=0Q—0P=<—2)

-1

7 -
0

=i+j—2k
~ Parallelogram Area = |PQ x PR| = |i +j — 2k| = V12 + 12 + 22 = /6 units?
(b) Area of triangle PQR = %(Area of parallelogram)

S
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Exercise 2.2.7

1 Find the area of the triangle with vertices at
(d) A(-2,-2,0),B(6,8,6),C(—6,812). (b) A(1,-1,2),B(-1,2,1), C(2,—3,3).
(c) A(2,1,1),B(-1,04),C(3,-1,-1). (c) (1,1,3),(4,—1,1),(0,1,8)

2.2.8 Equation of a plane

The symbol 7 is usually used to denote a plane. The equation of a plane in Cartesian form is
ax + by + cz = d and the vector form is (r — a).n = 0, where
71 is a vector normal to the plane. This equation simplifies to .7 = d where d is a scalar.

The Cartesian equation form of a plane can also be expressed in vector form and vice versa as
follows:

3
3x — 2y + z = 4 can be expressed as r. (—2) = 4 and
1

5
T. <—3> = 2 can be expressed as 5x — 3y + 4z = 2
4

If we want an equation of a plane, we look for one point on the plane and a vector
PERPENDICULAR to the plane.

The vector cross product can be used to create a vector normal to a plane.
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Example
(@) A plane passes through three points A, B and C with the following position
VECIOLS: =i w3k B=2iw2i w5k e=i=jihk
Find a vector normal to the plane ABC and hence find the equation of the plane.
(b) Find the equation of the plane through the point (1,1,1) parallel to the vectors
i+2j+3kandi+j

Solution
@ AB=b—-a=i+2j+2k AC=c—a=—j—2k
i j k

ABxAC =1 2 2
0O -1 -2

:|—21 —22|i_3 —12|j+|3 —21|k

=-2i+2j—k
Thus the normal to the plane is i = —2i + 2j — k

It should be noted that 7 is perpendicular to each of AB and AC, meaning that
AB.7i = AC.A = 0.
The equation of the plane is found using the formula r.71 = a.f
=R 1 -2
-1 3 -1
N
r.( 2 ) =-5
-1

In Cartesian form the equation of the plane is —2x + 2y —z = =5

(b) We first find the normal vector using the vectors i + 2j + 3k and i + j
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i j k
Normal vector=|1 2 3|=-3i+3j—k
1 1 0

Using .71 = a. 1, the equation of the plane is

(-0
()

Cartesian equation of the plane 3x — 3y +z =1
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Exercise 2.2.8

1 Write down the Cartesian equation of the plane whose vector equation is
1 1
@) r.<—1>=2 (b) r.(Qi+3j—4k) =0 (c) r.<1>=2
-1 -1

Write down the vector equation of the plane whose Cartesian equation is

@ 3x—4y+5x=6 (b) x—7y—z=5

Find the equation of the plane which passes through the points

(@) A(5,2,2),B(—1,2,1)and C(3,-2,-2) (b) P(0,0,—1), Q(1,3,0) and R(0,2,1)

(b) A, B and C with position vectors i + j, i + k and j — 3k respectively relative to the origin O.

(c) with position vectors a, b and c wherea =i+ j + 2k, b = 2i — j + 3k
¢ = —i+ 2j — 2k in scalar product form and in scalar product form.

Of the following equations, which represent lines and which represent planes?
-2 -1 -3 X 2 1
@ —=X-== () x+2y-z=1 (o) <y)= 1)+t -1
z 3 -1
Describe, or show in a clear diagram, how these lines and planes are related to each other.
Determine a cartesian equation of the plane that contains the point A(9,—1,0) and the

straight line with vector equation r = 5i + 2j+ 2k + u (i — 3j + 6k), where pis a
scalar parameter.
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6 A plane goes through the points whose position vectors are i — 2j + k and
2i — j — k and is parallel to the line with equation r =i — j + A(3i + j — 2k)

Find the equation of the plane.

Find the vector equation of the plane which goes through the origin and which
contains the line r = 2i + A(j + k)

Find a Cartesian equation of the plane that contains the parallel straight lines with vector
equationsr; = 2i + j+ S5k +A(i +j+ k)and r, = 3i — j+ 6k +pu (i + j+ k)
where A and p are scalar parameters.

2 2
9 Two planes m; and m, have vector equations r.( 1 ) =3 and r.( 1 > =9
= =

Explain why the planes are parallel.

10 Find a Cartesian equation of the plane that contains the intersecting straight lines with vector
equationsry = 6i+3j+7k+ A(i+j+2k)andr, =6i +2j+4k+u Qi+j+ k)
where A and p are scalar parameters.

2 -1
11 Find the equation of the plane containing the line r = (0) + t( 1 ) and passing
1 0
through the point (1,0,3)

12 Find the vector equation of the plane which goes through the point (0, 1, 6) and
is parallel to the plane r. (i — 2j) = 3

14 Find the equation of the line through the points (2,3, 7) and (3, 1, 4). Find also
the equation of the plane perpendicular to this line which passes through the
origin.
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2.2.9 Vector Equation of a plane
The vector equation of a plane can also occur in the form

r = a+ Ab + uc where

7 is any point on the plane

a is a known point on the plane

b and c any two vectors in the plane
A and u are parameters/free variables

Notice the difference between a plane equation and a line equation; a plane equation has two
parameters while a line equation only has one.

If we introduce the normal vector 7 of the plane into the plane equation (as it is perpendicular to
all vectors in the plane)

ri=(a+Ab+ uc).i=a.n+ A(b.7) + u(c.n)
Since 7 is perpendicular to all vectors in the plane b.7i = c¢. i = 0, so we have

rn=an
= 1.1 = d where d is a scalar.

Example
Convert the following vector equation of a plane to Cartesian form

r=2i—3j—k+Ai+j—k)+uQi+j+4k)

Solution
i j ok
A=({+j—k)xQi+j+4k)=[1 1 —-1|=5i—-6j—k
2 1 4

ameir(e)-(3) (3]
(3)-»

Cartesian form of the plane is 5x — 6y — z = 29
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Finding the angle between two planes, and angle between a line and a plane.
Angle between two planes
The angle between two planes is the same as the angle between their normals.

Thus if r.n; = a, and r.n, = a, are equations of two planes, then the angle 6 between them is
given by

ny.n,
cos O =
|1y ||,

Example
Find the acute angle between the two planes

(i) 26 H%2=3%= I0dxs»r=4%=6

1 Y.
(i) r.( 1>=3andr.(—2>=2
=<2 1

Solution

Q) Let the angle be 6

GJG)

J22422+(=3)2/12+32+(-4)2 V442

cosf =

20

V442

0 = cos™t (

) ~ 18.0°
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(i) Let the angle between the planes be 8

) =

cosff = JI2+12+(-2)2/22+(-2)2+12 V54 9

The negative sign indicates that we have found the obtuse angle between the
planes.

fp =cos™?! (— g) = 105.8°

Thus the acute angle between the planes is 180° — 105.8° = 74.2°

Angle between a line and a plane

To find the angle between a line and a plane we have to first find the angle between the normal
of the plane and the direction vector of the line.

d

A.d
cosf = ——
[7A]ld|

The angle between the line and the plane is given by «c= 90° — 6

Alternatively we can directly find the angle « by using
fl.d
|17illd|

sin < =
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Example 1
The plane 7 and the line [ have equations
2 =2 el
r. (—1) = 6 and xT = = respectively.
=1
Find the angle between  and [. (Zimsec J2018 p2)

Solution

Let the angle be 6

1))

V224 (=1)2+(-1)2/12 422+ (-2)2

sinf =

1
3

9 = sin~1 (g) —19.5°

Example 2

Find the acute angle between the line [ with equation r =i+ 5j — k + t(i — j + k) and the
plane  with equation
r =5i+ 5k + A2i +j) + u(2i + j + 4k). (Zimsec J2014)

Solution
i j k

The normal to the plane is given by (2i + j) x (2i +j+4k) =|2 1 0| = 4i — 8j which can
2 1 4

be reduced to 2i — 4j.

Thus the angle between the line and the plane is given by

sin”! ) = sin! (=) = 50.8°

V60

V12+(-1)2+12V22+42
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Exercise 2.2.9

1 Express the following vector equations of planes in cartesian form

@ r=i—j+AG+j+k)+ul—2j+3k)
(0) r=i+2j+3k+s@i—j—2k)+t(—i+2k)
© r=2i—k+A@) +uli—2j—k)

o ()i}
o ()l

) r=>A+s—-v)i+2-5)j+ (B —2s+2t)k)

o - 3) ()

2 Write the parametric and scalar equations of the plane whose vector equation is

~(G)l))

3 Find the acute angle between the following pairs of planes

@ 2x—4y+6z=3 8x +10y +3z=4
(b) 3x —4y+4z=5 2x+2y+7z=8

4 1

© <_5) P (2) _7
1 3
1 3

(d) r.<1>=10 r.<2)=0
1 -1

€ r=i+2j+3k+s(i—j—2k)+t(—i+2k) 1=2i—k+A®)+u@i-2j—k)
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4 Find the acute angle between

4
(a) the IinexTJr2 == %and the plane r.( 3 ) =5,
—2

1 1 1
(b) theliner = <—1> +u (1) and the plane r. (—2) =4,
0 1 2

(c) theline x — 2 =%(y+1) =%(z+3) and the plane 2x —y — 2z = 4.
(d) theliner =i—j+ A(i+j+ k) and the plane r. (i — 2j + 2k) = 4

Find the value of the constant a if the angle between the plane r. (i + j) = 7 and the line
r=Q@i—k)+u(ai+j—k)is

(@) 60° (b) 45° () 30°

Find the sine of the angle between the line and the plane given by

(o)

Show that the cosine of the angle between the line xT_Z — yT” = z — 5 and the plane

3x + 2y — 62 = 8is 2.

Find the size of the acute angle between the plane and the straight line with equations
(8) 2x —2y+z=12andr = 7i — j + 2k + A(2i + 6j — 3k),

(b) 2x—2y—z=2andr=2i+j—5k+A3i+4j—12k)
(©) 3x—2y+z=>5andr = —3i— 2j + 3k + A(2i — 3j + 4k)

Find the size of the acute angle formed by the planes with Cartesian equations
@ 4x+4y—-7z=13and7x —4y+ 4z=6

(b) 4x+ 5y + 3z =82and —2x + 5y + 6z = 124.
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2.2.10 Determining whether a line lies in, is parallel to or intersects a plane

How to show that a line lies in a plane

If the equation of a line satisfies the equation of a plane, irrespective of the value of the
parameter, the line is said to lie on the plane.

Example

2 3
@ Show that the line [ having equation r = (1) %4 (0) lies on the plane  with

0 2
2
equation r.< 1 ) =3
—X

(b) The plane p has equation 3x + 2y — z + 1 = 0 and the line [ has Cartesian equation

A ¥ 27 Show that I lies in p
=1 ) 1

Solution

2+ 34
(@) [ can be written as r = 1
21

Substituting in the equation of the plane we have

2+32 2
1 A1 ]|=4+61+1-64
21 -3

= 5 (RHS)

Hence [ lies in .

The scalar product equation of the plane p is .

4
The vector equation of line Lisr = (—3) + A( 2
7
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Substituting in p we have

4 -2 3
(—3+ZA>.< >=12—3A—6+4/1—7—/1

7+ / \—-1
= —1 (RHS)

Hence [ lies in p.

How to show that a line is parallel to a plane?

If a line [ is parallel to a plane p then the direction vector d of [ is perpendicular to the normal, 7
of p.

Example
@) The points A, B and C have position vectors
i+2j+ 2k, 2i+j+ 2k, and 2i + 2j + k, respectively, with respect to the origin O.
Show that BC is parallel to the plane  having equation r. (%) =9.
2

Find the value of a for which the line r = 3i — k + A(ai + j — k) is parallel to the plane
% (=4 = 7

Solution

(@)  Direction of line BC is BC = ( )
-1
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0 1
Now, ( 1 ) (2) =0 +12)+ (12
-1 2
= 0.
Thus BC is parallel to the plane 7.

a
(b) If the line and the plane are parallel then ( 1 ) ; (
=1l
=a(l)+1(-4) +(-1)(0) =0
a—4=0

a=4

Finding the point of intersection of a line and a plane.

Example

The plane p has equation 3x — y — z = 2 and the line [, has equation

1 !
W= (0) + A (—3). Show that p and [, intersect and find the coordinates of the point of
8 =1

intersection.

Solution

3
The plane p has vector equation r. (—1) =2

-1

1+4
l2r=<—3)l>
8—1

Substituting into the equation of the plane:

) ()

= 3+31+31-8+1=2
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TA—5=2
A=1
Since there is a constant value of 4, the plane and the line do intersect.

1+1
Substituting the value of A in [, gives the point of intersection (—3(1 )) = (2,-3,7)
8—-1

Example

Determine whether the given lines are parallel to, contained in, or intersect the plane
2

r.( 1 )
—X

(@)

Solution

2 =’
€)) ( 1 )( 1 ) # 0, hence the line is neither parallel nor contained in the plane

-3 -3

3—-21 2
(—1+){>.< 1>=6A+2
1-32 -3

6,1+2=5=>,1=§

Since there is a constant value of 4, the plane and the line do intersect.

1

Point of intersection (2, - % - 5)
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2 2
(b) ( 1 )( 1 ) # 0, hence the line is neither parallel nor contained in the plane
-3/ \=-3

1+ 2u 2
(—1+u>< 1>=14u+1
—3u / \-3

l4p+1=5=pu=—

Since there is a constant value of u, the plane and the line do intersect.

3 2
(0) ( 1 ) = 0 Hence the line is either parallel or contained in the plane
2/ \=-3

(2 ))-

Hence the line is contained in the plane

x=y=z=241

0 1
The vector equation of the lineis r = (0) +1 (1)

0 1

1 2
(1) ( 1 ) = 0, hence the line and the plane are parallel.
1/ \-3

Exercise 2.2.10
Determining whether a line lies in, is parallel to or intersects a plane

1 In each case, determine if the line and the plane intersect. If so, find the point of intersection.

—-17 4
(@ m:5x—2y+4z=23 : r=<7>+t<1>
-6 -3

-1 3
(b) mix+4y+3z=11 : r=<—9>+t<3>
16 -5

(c) m:9x+ 13y —2z =29 : x=5+2t,y=-5-5t,z=2+3t
(d mx+3y—4z=10 c x=4+6t,y=-7+2t,z=1+3t
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2 3
e m3x—y+z=-6 L: r=<—5>+u<2)
3 1

1 =
H mdx -2y =11 I r <O>+)l<1)
1 —4

-1 =il
(9) m: r=<1>+m<—1 I x=4+t,y=2-2t,z=6+3t
2 3

(h) m: 4x+5y—2z=18. . x=243t,y=—4t; z=5+t

Find the coordinates of the point of intersection of

1 1 1
(@ theline r= ( 1 >+/’l<—1> and the plane r.( 2 ) =2
-2 1 -1

(b) thelinex —2 =2y +1=3—_zandtheplanex + 2y +z = 3.

x 1 3
(c) theline < ) = (2) +t <1> and the plane x — 2y + 3z = 26.
VA 1 4

X 2 1
(d) the line < ) = (1) +t (2) and the plane 3x + 2y —2z+ 7 = 0.
z 3 5

10 3
Show that the line r = < 5 ) S (1) lies in the plane

16 5
@ 9x—2y—-5z=0 (b) x+2y—z=4

Write the equation of the line perpendicular to the plane 7x — 8y + 5z = 1 and passing
through the point P(6, 1, — 2).

Show that the following line and the plane are parallel

@ x=2+t,y=3-2t,z=5—-t 2x+3y—4z=7

Show that the following line and the plane are not parallel

x=4+4+2t,y=3+6t,z=54+9t and 2x+3y—4z=7
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7 Determine the intersection of each line and plane. Interpret the solution.

4 3

@ r=<6>+t<4>, 2x+3y—5z=3
-1 =
8 4

(b) r=<—2>+s<—2>, x+3y—2z2=6
= -1

8 Given the plane with equation 2x + 3y + 4z = 24 and the lines

AR v A oA CORI Y

(@) Show that each line is contained in the plane.
(b) Find the vertices of the triangle formed by the lines.
(c) Find the perimeter of the triangle formed by the lines.

(d) Find the area of the triangle formed by the lines.

-3 22
9 Determine whether the line with equation r = ( —6 ) + t( 1 ) lies in the plane that
-11 —-11
contains the points A(2,5, 6), B(—7,1,4), and C(6,—2,—9).

10 Write the scalar equation of a plane that is parallel to the xz-plane and contains the line

()

1 1
Show that the line [ having equation r = (2) +A (1) lies on the plane with

3 1
equation 2x + 3y — 5z = —7.

1
Show thatthe linex +1 =y = %(z — 3) is parallel to the plane r.( 1 ) = 3.
-1
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2.2.11 Find the line of intersection of two planes

Line of intersection

Example

Find the vector equation of the line of intersection of the following planes

1 2
nl:r.<—1>=4 nz:r.<1)=5
3 ==

Solution

Cartesian of ; and m, are
x—y+3z=4
2x+y—2z=5

Adding the equations to eliminate y
3x+z=9

Whenx =0,z =9 . y = 23. Hence (0,23,9) is a possible solution to the equations

When x =3,z =0~ y = —1. Hence (3,—1,0) is also a possible solution.

0 3 -3 1
Directionvector [ 23 |—| -1 ]=(24 | = -3 (—8
9 0 9 -3
0 1
Equation of liner = 23 |+ 1 (—8
9 -3
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Exercise 2.2.11
1 Find the equation of the line of intersection of the following planes
@ 2x —3y+z=3 3x —5y+z=28
b)) x+y+z=6 4x+3y+z=10
€ 2x—y+z=0 x+y+z=6
d x—2y—4z=9 2x+y+6=7
() 5x+4y—2z=31 3x+y+z=10

Show that the three planes whose equations are

x+y+z=10 3x+5y+z=6 2x+3y+z=8
contain a common line.

Prove that the planesx — 2y +z=5 3x—-3y+z=3 S5x —4y+z=1
meet in a common line and find the coordinates of the point where this line meets the
plane z = 0.

Giventwo planes m;: x+y+z =1 andmy:x —2y+ 3z = 1.
Find (a) the line of intersection, and (b) the angle between two planes.

Find the intersection of the planes with Cartesian equations 2x — 2y — z = 2 and
x — 3y + z =5, giving the answer in the form r = a + Ab, where a and b are constant
vectors and A is a scalar parameter.

Show that the planes with Cartesian equations 4x + 5y + 3z = 82 and
—2x + 5y + 6z = 124 intersect along the straight line with equation
r = (1 —6)i+ (20— 21)j+ (24 + 2)k, where A is a scalar parameter.

The planes ;and m, have Cartesian equations:
my:x—2y+2z=0
m 3x—2y—z=5
Show that the two planes intersect along the straight line with Cartesian equation

x—4 _y-3 __z-1
6 7 4
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2.2.12 Finding the perpendicular distance from a point to a plane

| 37

Example

Find the perpendicular distance from the pointP (1, 2, 3) to the plane with equation

)

Solution
Method 1

The vector equation of the line from P to the plane is

1 -1 1—2
r=(2>+l<2>=>r=<2+21>
3 2 3+ 24

At intersection with the plane:

1-4 -1 N
(2+2/1>.<2>=2 =>9+9/’1=2=>A=—5
3+22 2

(16 4 13)
9’9’ 9

Perpendicular distance d = J(l - 1976)2 + (2 - %)2 + (3 = 17,3)2 = \/gg =7/3

Method 2
The Cartesian equation of the plane is —x + 2y + 2z = 2.

Formula for the perpendicular distance

ax+by+cz—d

p = |&oyfeza
vaZ+b2+c2

where
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*An advantage of method 1 is that it gives coordinates of the foot of the perpendicular

Exercise 2.2.12

Finding the perpendicular distance from a point to a plane

1 Find the distance between the plane 4x + 2y + z — 16 = 0 and each point.

2 Find the shortest distance from each given point to the plane. Find the coordinates of the foot
of the perpendicular from the point to the plane.

@ 2x—y+3z=4 A(1,2,3)

@ 3x+3y—-5z=-9 B(—4,-5,3)
(b) 4x—-2y—-7z=21 C(1,4,-9)
() 2x—y+5z+4=0 D(5,-3,2)
d) x+2y+6z—10=0 E(-5,0,1)
(e) 2x—-5y+3z4+6=0 F(—2,3,-3)
(f) 4x—y+8z=2 G(3,-2,0)
(99 3x —5y+6z=9 H(2,5,-7)

(h)y 2x+4y—2z=2 J(3,-2,5)

2 1 2
3 The plane r has vector equation r = (1) + A (1) +u (0)

3 1
(a) Verify that m does not pass through the origin.

2

(b) Find the distance from the origin to .
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Determine, in surd form, the perpendicular distance of the point (—5,—2, 8) from the plane
whose Cartesian equation is 2x — y 4+ 3z = 17.

Find shortest distance of the origin O from the plane with equation
@ x+2y+2z=5 (b) 4x+ 3y — 5z=20

Find shortest distance from the point A(1,3, —2) to the plane with Cartesian equation
x+3y—5z=5.

Find shortest distance from the point P(3,1,3) to the plane with Cartesian equation
x—y+2z=2

Find shortest distance of the point P(1,2,9) from the plane with Cartesian equation
—x + 4y + 8z = 16.

Miscellaneous Exercises 2.2

1 Three points have coordinates A(1, —8,—2), B(9, 2,4) and C(-3,2,10).

(a) Find the vector product AB x AC

(b) Deduce the area of the triangle ABC.

The plane P contains the point B and is perpendicular to AB. The plane Q contains the point
C and is perpendicular to AC.

(c) Find the equation of the line of intersection of P and Q.

Plane 74, has equation r. (i + j — 2k) = 6, and plane 1, passes through the points
A(2,3,-2),B(7,—6, 2) and C(-7,5,5).

@ (1) Find the Cartesian equation of the plane .
(i)  Show that the planes r; and m, are perpendicular to each other. [7]

The point P has coordinates (4, 1, —1). Find the distances of P from
7y, and m,. [4]

Given that the point Q(10, —6, —1) lies in both planes r; and m, find the
vector equation of their line of intersection. [4]
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1 2
3 (a) The line L, has equation r = ( 2 ) +t (1) and the plne m; passes through the
-1 3
points AB and C with coordinates (2,—1, 3), (4,2,—5) and (—1, 3, —2) respectively.
Find the
Q) Cartesian equation of ;. [5]

(i) angle between mr; and L;. [3]

2
(b) The plane m, has equation 7. <—1> = 6.
-1
The line L, lies in the plane m, and is perpendicular to L. The line L, passes through
the point (4, 2, 1).

Find the

Q) vector equation of L, [4]

(i) wvector equation of the line of intersection of the planes m; and m,. [4]
(Zimsec N2018 p2)

4 The planes m; and m, have respective equations
4 1 2 2
[(2)\(1)“1 [(3)](1)0
2 1 3 —2

Q) Find the acute angle between m; and m,.
(i) Find the vector equation of the line L4, the intersection of 7; and ;.

Q) Show that the length of the perpendicular from the point P(0, —6,—9) to
the line L, is 5.

3 3
The line L, has equation r = (1) S <10>,

0 5
Find the coordinates of the point of intersection of L; and L,.

Find the Cartesian equation of the plane containing the two lines.
[20]
(Zimsec N2015 p2)
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The points A, B and C have position vectors 3i — j + 2k, 7i + 2j + 7k and
i +j + 3k relative to the origin O.

@ Find
(M the Cartesian equation of the line AB,
(i) the equation of the plane ABC,
(iii)  the area of the triangle ABC.
A point D has position vector 2i — j — 6k.
0] Find the distance of the point D from the plane ABC.

gmanuwere@gmail.com /+263773975592/+263737967477




