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SYLLABUS (6042) REQUIREMENTS

» Find the conjugates, moduli and arguments of

complex numbers

Carry out operations with complex numbers

Represent complex numbers on an Argand

diagram

> Solve polynomial equations with at least one pair
of non- real roots

> Express complex numbers in polar form

» Carry out operations of complex numbers
expressed in polar form

» Illustrate equations and inequalities involving
complex numbers by means of loci in an Argand
diagram

> Derive the DeMoivre's Theorem

> Prove the DeMoivre's Theorem

» Prove  frigonometrical identities  using
DeMoivre's Theorem

> Solve equations using the DeMoivre's Theorem

> Solve problems involving complex numbers

» N™ roots of unity

Y VYV
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The Complex Number System

—bi\/b2—4ac

2a
o Now b? — 4ac is called the discriminant.

o Ifax?+bx+c=0,thenx =

(i) If b2 — 4ac = 0, there is one repeated real root
(i) If b2 — 4ac > 0, there are two distinct and real roots
(iii)If b? —4ac < 0, there are no real roots but we have imaginary roots

represented by i.

Example
Solve the equation x? + 4x + 20 = 0

Suggested solution

x> +4x+20=0

x% +4x = —20

x% +4x + (+2)% = =20 + (+2)2
(x + 2)%2 = =20 + (+2)?
(x+2)2=-16

x+2=+V/-16
x+2=+V16x =1
x 42 = +44-1
x+2=4=4i
Lx=—-214i

The symbol i is used to denote v—1

= -1 =%
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The General Complex Number

o A Complex number is represented in the form x + iy, where x and y are real

numbers.
o x represents the real part and y represents the imaginary part.

o The set of real numbers (R) is also a subset of the complex numbers (C)

NB: Real numbers can be expressed in the form x + 0i

The modulus and argument of a Complex Number

o Complex numbers can be represented by points on a plane

o The diagram of points in Cartesian coordinates representing complex numbers is called

an Argand diagram
o The y-axis represents the imaginary part and the x-axis represents the real part of a

complex number x + yi.

Im OP(x;y)

v

o If the complex number x + yi is denoted by z, and hence z = x + yi, |z| is defined as
the distance frpm the origin O to the point P representing z.

o Thus|z|=0P=r.

o The modulus of a complex number z is given by: z = \/x2 + y?2

o The argument of z, arg (z) is defined as the angle between the line OP and the

positive x axis is usually in the range (—m, ) or (—180°, 180°)
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o (m, —m) is sometimes referred to as the Principal argument.

o The argument of a complex number z is given by arg(z) = 6, where:

tanf = i4
X

NB: One must be very careful when xory, or both are negative. The quadrant in
which it appears will determine whether its argument is negative or positive

and whether it 1s acute or obtuse.

(1) Angles in first quadrant are measured anticlockwise from the positive real axis so 6 is the

required angle.

v

(if) Angles in second quadrant are measured anticlockwise from the positive real axis so the

required angle is (. — 6) or (180° — §) or = — tan™! (%) or 180° — tan™! (%)

(m —0)

~(

\ 4
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(iii)Angles in third quadrant are measured clockwise from the positive real axis and is

negative so the required angle is —(w — 6) or — [n —tan™! (%) ]or —1 + tan™? (%) or

—[180° — tan~* (2) |.

(iv)Angles in fourth quadrant are measured clockwise from the positive real axis and is

negative so the required angle is —8 or [27r — tan™? (%) ] or [360° — tan™? (%) ]

NB: Degrees are also applicable

Solved Problems

Example
Find the modulus and argument of the complex numbers:

a) —1++/3i b) —V3 —i ) V3 —i d) 1 ++/3i
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Suggested solution

a) —1 +/3i

v

() (-1 + (V3 = Vi =2

(i1) From the argand diagram, 8 lies in the second quadrant hence

A 4

() (A3 +(y =VEZ 2

(if) From the argand diagram, @ lies in the third quadrant hence

- (G-

C) \/§_i A

\ 4
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(i) J(ﬁ)z +(-1)2=vVE=2
(if) From the argand diagram, @ lies in the fourth quadrant hence

1 s
0 = —tan™! <—> =—=
\3 6

d) 1+\/§i A

-
H_____
v

0 J(V3)'+@2=vi=2

(i1) From the argand diagram, @ lies in the first quadrant hence

0 =tan~! <?> =tan"}(V3) = g

Addition, Subtraction and Multiplication of complex number of the

form x + iy

o Ingeneral, if z; = a; + ib, and z, = a, + ib, then:
(i) zy + zy = (a; + a,) +i(b; + b)
(i) z, —z, = (ag —ay) +i(by — by)
(iii)z1z, = (aqa, — b1by) + i(ayby + ayby)
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Example
Giventhat z; =3+ 4iand z, = 1 — 2i, find

a) z; + 2, b) z, — z, C) 2,2,

Suggested Solution

a)z, +2z, =3+ 4i)+ (1 —2i)
=34+4i+1-2i
=442 or

7+ 2, = 3+ 4i) + (1 — 2i)
=@B+D+i(4-2)
=4+ 2i

b))z, —z, = (3+4i) — (1 —2i)
=34+4i—1+2i
=246 or

zy — 2z, = 3+ 4i) — (1 — 2i)
=(3-1)+i[4—2]
=24 61

C) 212, = (34 4i)(1 —2i)
=3 — 6i + 4i — 8i?
= 3 =2i + 8 (sincei? = —1)
=11—-2i or

ZIZZ = (3+4l)(1_2l)
—(B3x1—-4x-2)+i(1x4+3%x-2)
=11-2i
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The conjugate of a complex number and the division of complex

numbers of the form x + iy

o The conjugate of a complex number Z = x + iy, is denoted Z* or Z, is the complex
number Z* = x — iy eg the conjugate of —3 + 2i is — 3 — 2i
o On an Argand diagram, the point representing the complex number Z* is the
reflection of the point representing Z on the x axis
o The important property of Z* is that the product ZZ* is real since:
Z7" = (x + iy)(x — iy)
= (x% + ixy — ixy — i?y?
— xZ +y2
NB: ZZ* = |z|?

o When dividing complex numbers we use the complex conjugate.

Example

Z
Simplify = where z, =3 +4iand z, = 1 — 2i

Z3

Suggested solution

z;  (3+4i)

z, (1-—2i)

[Multiply the numerator and denominator of ZZ—l by Z,* ie (1 + 2i)]
2

_B+4)+20)
T (1-2D)(1+ 20)

_(B+6i+4i+i°8)

(12 + 22)
_ (3+10i-8)
=
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_ —5+10i

=-14+2i

The Polar form of a complex number

Im ].,P(x; y)

v

o Inthe diagram above x = rCos6 and y = rSinf

o If P is the point representing the complex number z = x + iy, it follows that z may be
written in the form rCos6 + irSinf

o This is called the polar form or modulus argument form of a complex number.

o A complex number may be written in the form Z = r(Cos6 + iSin6), where |Z| =r
and arg(Z) = 6

o For brevity, r(Cos@ + iSin6@) can be written as (r, 9)

Example

3 . - :
1. Express T in polar form, giving exact values of r and 8 where possible, or value

+iV3
to two d.p.
2. Write in the form (a + ib), wherea € Rand b € R.

a) 3v2 (Cos §+ iSinE)
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—-51 .. —DOT
b) 4(Cos -+ lSlnT)
Suggested solution

3 3(1-i/3)
)1+i\/§_(1+i\/§)(1—i\/§)

_ 3— i3v3
12 + (vV3)°

_ 3—i3V3

by the conjugate

3
+iV3

NB: Multiply the numerator and denominator of

i.e. (1-iv3)]

(if) From the argand diagram, @ lies in the second quadrant hence

33

f = —tan !

= —tan"'(V3) = —g

-plw‘-p

Therefore the solution is ; [Cos (— %) + iSin (— %)
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2) (2) 3V2 (Cos 5 + iSin7) = 3v2 <£ N l‘/_—>

2
_3x2  3x2
T Ty
=343

(b) 4 (Cos _75” + iSin _sﬂ) _4[ 3 +i (— 1)]

[l [l
L
5
AN
N/

Products and Quotients of complex number in their Polar form

o] If Z1 = T‘l(Cosel + lSlTLHl) and Zy =T (60502 + lSlnez) then
(a) lez = ‘r'11"2 [COS(G]_ + 02) + lSln(@l + 02)] and

Z
(b) Z_l — 7‘17‘2 [COS(Hl - 02) + LSln(@l - 92)]
2

Example
Simplify z,z, where z; = 2 (Cosg + iSing) and z, =3 (Cosg — L'Sing)

Suggested Solution

Z1Zy = 2 (Cosg + iSing) 3 (Cos% — iSin%)

— i T_ o™ icinX® T_2¢,0cinl
—6[C053C056 1C05351n6+15m3Cos6 L51n351n6]

=6 [(CosgCos%+ iSingSin%) +1 (SingCos%— CosgSing)]

6|cos (5-5) +i5in(5-3)]

NB Use the identities: Cos(A — B) = CosACosB + i SinASinB

Sin(A — B) = SinACosB + i CosASinB
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:6[Cosg+i5ing]

Problems involving complex numbers

o You can solve problems by equating real parts and imaginary parts from each side of an
equation involving complex numbers.
o This technique can be used to find the square roots of a complex number

o If X1 + lyl =Xy + iyz, then X1 = Xy al’]d Vi =Y»

Worked Examples

Example 1
If 34+ 5i=(a+ib)(1+1i)where aandb are real, find the value of a and the value of b

Suggested Solution

(a+ib)(1+i)=a(1+i)+ib(l+i)=a+ai+bi—b=(a—-b)+i(a+Db)
So(a—b)+i(a+b) =3+5i
= a — b = 3 (i) (Equating real parts)
a+ b =5 (ii) (Equating imaginary parts)
Adding (i) and (ii): 2a = 8 =>.a =4
a—b=3 (i)
= 4—-b=3
~b=1

Example 2
Find the square root of 3 + 4i.

Suggested Solution

Suppose the square root of 3 + 4iis a + ib where a and b are real.

= (a+ib)> =3+ 4i
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a? + 2abi + i?b? = 3 + 4i
(a®? — b%) + 2abi = 3 + 4i

Equating real parts and Imaginary parts together:

a’ —b* =3 (1)
2ab =4 (i)
From (ii):
,_2
= (iii)
2\ 2
= a? - (—) =3
a
4
= a2 — E =3

=2>a*-3a*-4=0
s>a*—4a’+a*-4=0
=>a*(@*-4)+1a*-4)=0
=@+ 1)(@-4)=0
=>a*’+1=00ra*-4=0

= No real solutionora* —4 =0

= a’—-4=0

sa=+2
2
bza (iii)
2
>b= ii
~b =41

= The roots are +(2 + i)

Example 3

1+i)*

simplify 0,

giving your answer in the form a + bi

Suggested Solution

a+d* @+t
(2-20)3 " 23(1-1)3
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@+t
- 8(1-1)3
Let1+i=i(1—1i)br
a+o*  [i(1-d*

8(1—-i)3 8(1-1i)3

A=t
- 8(1-1i)3
11—+
N 8
1
8

| -
mlﬁ.

Polynomials: Roots of Polynomial equations with real coefficients

o Iftheroots « and B of a quadratic equation are complex, a and S are always a complex
conjugate pair

o Given any complex root of a quadratic equation you can find the equation

o Complex roots of a polynomial equation with real coefficients occur in conjugate pairs

o Suppose the equation ax™ + bx™ ! + cx™ %+ dx" 3+ .-+ k has n roots « , B and

¥, ... then the
(i) sum of the roots = —g
(if) sum of the products of all possible pairs of roots = g
(iii)sum of products of all possible combinations of roots taken three at a time, and
d
soon =——=
a

D"k
L k

(iv)product of n roots =
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Worked problems

Example 1
Given that the root of 3z3 — 1022 + 20z — 16 = 0 is 1 — +/3i. Find the other roots.

Suggested Solution

The other root is 1 + +/3i (conjugate).

2

. .. VA
Since sum of roots = coefficient of — —
VA

Let the 3" root = x.

Hence x + (1 +V3i + (1 - V3i) = — (- %)

3
x+1+1=23
10 4
X—?—Z—g

-~ The roots are (1 + \/§i) and %.

Example 2
ZIMSEC 2018 Paper 1 #1
The equation x3 — 2x% + 4x — 8 = 0 is 2i as one of its roots. Find the other roots. [3]

Suggested Solution

The other root is —2i (conjugate).

2

. .. x
Since sum of roots = coefficient of — -
X

Let the 3" root = x.

Hence x 4+ 2i -2i = — (— %)

x = 2.

~ The roots are 2 and — 2i .

Example 3
7 + 2i is one of the roots of a quadratic equation. Find its equation.

Suggested Solution

The other root is 7 — 2i (conjugate).
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NB: The equation with roots aandf is (x —a)(x— ) =0
> [x—(7-2)][x—(7+2))]=0

= x% — x(7 + 20) — x(7 = 2i) + (7 = 20)(7 + 20) = 0
>x2—Tx—Txi—T7x+7xi + (72 +2%) =0
=>x?2—-14x+53=0

Example 4
Show that x = 2 is a solution of the cubic equation x3 — 6x? + 21x — 26 = 0.

Hence solve the equation completely.

Suggested Solution

Let f(x) = x3 —6x2% +21x — 26
Ifx = 2the f(2) = 0
= F(2) = (2)° —6(2)2 +21(2) — 26 = 8 — 24 +42 — 26 =0

~ (x — 2) is a solution.

x%> —4x + 13

x—2 x3 —6x%+21x + 26

—  x3—=2x*

—4x?% +21x =26

— — 4x% + 8x

13x — 26

— 13x — 26

f(x)=0
>(—-2)(x?—-4x+13)=0
=>x—2=0 or x?—4x+13=0

Tarakino N.P. (Trockers) ~ 0772978155/ 0717267175
Page 18




x% —4x = —13

x? —4x + (=2)? = -13 + (-2)?

(x—2)*=-9
x—2=+V=-9
x—2==3i
x=2=3i

wx=22+3ior2—3i

NB: For a cubic equation either

o all the three roots are real or

o one of the roots is real and the other two roots form a complex conjugate pair.

Further consideration of |Z, — Z;| and arg(Z, — Z;)

B(x2,¥2)

O Let Z = Zz - Zl Where Zl = X1 + lyl and Zz = X2 + lyz

o The points A and B represent Z; and Z, respectively, on Argand diagram.

o Z=7Z,—27;=(x,—x1)+i(y, —y;.).Hence OABC becomes a parallelogram.

o |Zy =27, = |0C| = [(xz — %) + (¥, — y1)?]

in the Argand diagram.

N

i.e. |Z, —Z| is the length of AB
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o arg(Z,— Z,) is the angle between OC and the positive direction of the x axis.

NB: arg(u*) —arg (u) = arg (uf)

Example

Solution

v

7 =7,—27, = (=4~ 50) +i(—1 +20)
= (4+1) - i(5+2)
=-=3-7i

Now:

1Z, = Z1| = J(=3)% + (=7)?
=9+ 49 = /58 and

7
arg (Z, —Zy) =0 = — [n — tan™? (5)]
= —1.975688113 rad
= —1.98rad
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LOCT ON ARGAND DTAGRAM

o Alocus is a path traced out by a plant subjected to certain restrictions.
o Paths can be traced out by points representing variable complex numbers on an Argand

diagram just as they can in any other coordinate system.

Types of LOCI

1) |Z| = k represents a circle with centre O and radius k.
If the point P represents the complex number Z: |Z| = k, then the distance of P from

the origin O is a constant and so P will trace out a circle.

2) |Z — Z,| = k represents a circle with centre Z; and radius k.
If |Z—Z,| =k, where Z; is a fixed complex number represented by point A on an
argand diagram then |Z — Z, | represents the distance AP and is constant. It follows

that P must lie on a circle with centre A and radius k.

If |Z—2Z,| <kor|Z—Z;| <k then the point representing P cannot lie only on the

circumference ( NB: for |Z —Z;| < k ), but also anywhere inside the circle. The
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locus P is therefore the region on ( NB: for |Z — Z;| < k) and within the circle with

centre Z, and radius k.

a) |[Z-Z1| <k b)1Z -Zi| <k
NB: |Z — Z,| = k|Z — Z,| also represents a circle

4) |Z —Z,| = |Z — Z,| represents a straight line. It is the perpendicular bisector of the line

|Z—Z,|
|Z—

joining Z; and Z,. NB: 72|

N
v

5 |Z—-Z,| <£|Z—-Z,|. Thelocus Z is not only the perpendicular bisector of AB, but also

the whole half plane, in which A lies, bounded by this bisector.
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AN
N
o
\%}

NB: All the loci considered so far have been related to distances - there are

v

also simple Loci in Argand diagrams involving angles.

The simplest case is the locus of P subject to the conditions that arg (z) =« where «

is a fixed angle.

6) arg (z) =« represents the half line through O inclined at an angle « to the positive

direction of Ox.

NB: The locus of Pis only a half line - the other half, shown dotted in the
diagram below, would have the equation arg(z) = m+« possibly +2m if

m+o falls outside the specified range for arg (z)

o )

e
7
7
7

7) arg (z — z;) = represents the half line through the point z; inclined at an angle « to

v

the positive direction of Ox.
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8) x<arg(z—2z) <p indicates that the angle between AP and the positive x — axis

lies between o« and f, so that P can be on or within the two half line as sown in the

diagram below.
‘1

9) arg (%) = 0 describes an arc with end points A and B making an angle 6. Draw an
arc starting from A to B.
NB: If 0 is positive, then draw the arc going anticlockwise (ﬁ ) and if 6 is
negative then draw the arc going clockwise ( 4_/))

Z—a
NB:arg(Z_b)=9 = arg(z—a)—arg(z—b) =0
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Solved Examples

Question 1
Sketch on argand diagram the locus of points satisfying:

a)arg(z—1)=§ B |z—2—i=5 c)|z| =3

Suggested Solution

% a
a) b) c)
)
A % (2;1) X
(1;0) X
arg(z—1) =7 lz= 24D =5
Question 2

Sketch on argand diagram the locus of points satisfying:
a) |z —3i| <3

b) % < arg (Z—4 —2i) <=

z—3i T
o arg(53) <35

|z| =
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Suggested Solution

A

A
y y 1 ‘ A4 (0;3)
L ‘ -
a) 0;3 b) 42) ¢ .

x B(—4;0)
X

. i . 5m z—3i n

|z —3i| <3 ;Sarg(Z—AL—Zl)S? arg(z+4)§§

Question 3
The point P represents a complex number z on an Argand diagram, where
|z—6+3i|=3|z+2 -]

Show that the locus of P is a circle, giving the coordinates of the centre and the radius of this

circle.

Solution

Letz =x+1iy

|z — 6+ 3i|=3|z+2— i

x +iy=6+3i| =3|x4+iy+2—i

|(x—6) +i(y+3)| =3|(x+2) +i(y — 1|
(x—-6)?2+(y+3)?=9[(x+2)* + (v — 1’
x2—12x+36+y*+6y+9=9[x*+4x+4+y>—2y+1]
8x%+8y%+48x — 24y =0

x2+6x+y2—3y=0
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3 3
center: <—3,§> and radius: E\/g

Question 3

Sketch on argand diagram the locus of points satisfying:

T
arg(z—2i) —arg(z+4) = ——

12
Solution
T

arg(z —2i) —arg(z+4) = BT

<Z—2i)_ T
TINTva)T 12

z— (0 + 2i) _m
T e+ o) |12

v
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Solved Past Examination Questions

Question 1

ZIMSEC JUNE 2019 PAPER 2

On a single diagram shade the region defined by the inequalities

%Sarg(Z—4)S%and |z—4| <4

Solution

< (Z—-4) < T 4 < 4

¢ = arg =3 |z —'4| <
Ar A

v

/4 /6 m

[3]

v

The required region is:

Im

/4

v

/3 Re
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Question 2

ZIMSEC NOVEMBER 2019 PAPER 2

The complex number z satisfies the inequalities 2 < |z| < 3and = < arg z < %.

Sketch and shade on an Argand diagram the region represented by the inequalities.

[4]

Solution
gSargzgg 2<]z| <3
//
Ve
Ve
T e >
LT
e P
7 ~
o=
////5\/ n/3 ) m/6
The required region is:
Im 4 //
1 /
///’ \\\ /
i /\\ - ~
n/3 ’ 21 // \
/ VA /6
/ m
; ! z : ;
—3| \ ] I3
\ -
\ 2\\ // 2 /
\ \\‘ ’// //
\\ -2 /
AN /
N Ve
\\ //
-3

Tarakino N.P. (Trockers) ~ 0772978155/ 0717267175

Page 29

v




DEMOIVRE'S THEOREM

o Giventhat Z = r(Cosf + iSin®) is a complex number and n is a positive integer, then
Z" = [r(Cos6 + iSin@)|™ = r™*(Cosnb + iSinndh)
NB: DeMoivre’s theorem holds not only when n is a positive integer, but also

when it is negative and even when it is fractional

o The DeMoivre’s theorem can also be written as
N = rein@
o Z =r(Cosh + iSinM) can also be written as Z = re®®

NB: One very important application of DeMoivre’s theorem is in condition of

complex numbers of the form (a + ib)"

Solved Problems

Example 1
3
. . 1 v TT
Simplify (Cos€+ lSlng)

Suggested solution

3
(Cosz+i5inz) =Cos3—n+i5in3—n
6 6 6 6

=C 7T+'S'7T
= Cos5 +iSin-

=0+i

=1
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Example 2
Find (V3 +i) " in the form a + ib.

Suggested solution

NB: (i) Clearly it would not be practical to multiply (v/3 + i) by itself ten times.

(i) Express it in polar form.

A

r=J(3) + @2 =vi=2

1
tan = —=0 =

T
3 6
Thus (V3 + ) = 2(Cos = + iSin7 ) and

10 s T\ 10 107 107
(V3+i) =2 (Cosz +isinz) | =2 ( Cos——+ iSin—)

6
1 3

= 1024 (E + l7>

=512 —i512V3

Example 3
3
. . s coe T
Simplify (CosE— lSlTlg)

Suggested solution
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NB: DeMoivre’s theorem applies only to expression in the form (Cos@ + iSin®)

and not (Cos@ — iSin), so the expression to be simplified must be written in

the form [Cos(—8) + iSin(—0)]
- (COS% — iSin g) = Cos (— g) +iSin (— g)

Hence

(Cos% — iSin %)3 = [Cos (— %) +iSin (— %)]

s 3 +iSi 3
= cos (-5 + sin(-5)

3

Example 4

1
Find W in the form a + ib.
—24+2v3i

Suggested solution

‘\9

v

r= \/(—2)2 +(2V3)2 =16 = 4
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0 tan™t 2v3 ﬂ
= _— —_— : —_— —_——
T an > T 3
B 21
-3
1 _
= (—2+2v3i) "

B 21 o 21
=473 [Cos (—3 X ?) +iSin (—3 X ?>]

1 o
= [Cos(—2m) + iSin(—2m)]

1
=—(1+0
(110

Example 5
If z = cosO + isin6, show that

1
— = cosO — isind.
Z

Hence use the DeMoivre’s theorem to show that
cosB — isinf = Cos(—0) + iSin(—0).

Suggested solution
1 1

Zz  cosO + isind

_ 1(cos@ — sin0)
~ (cos + isinB)(cosH — isinh)
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cosf — sinf
co0s20 + sin%6

cosf — sinf
1

= cosf — sin6 (as required)

Now:

1

—=z"1=(cosH + ising) ™!
z

= cos (—0) + isin(—0) Using DeMoivre’s theorem

cosO — sinf = cos(—0) + isin(—0) (as required)

APPLICATION OF DEMOIVRE'S THEOREM IN ESTABLISHING
TRIGONOMETRIC IDENTITIES

Example 1
Show that Cos36 = 4Cos36 — 3Cos8

Suggested Solution

Cos30 +iSin360 = (Cosf + iSinb )3 (Using DeMoivre’s Theorem)

n(n—1)a" 2

2 ...
o1 b +

(a+b)"=a"™ +na™ b+

Now:
Cos360 + iSin30 = Cos30 + 3C0s%0(iSinf) + 3CosO(iSinb)? + (iSinh)3
= Cos30 + 3iC0s?0Sinf — 3CosHSin*0 — iSin36 (Since i? = —1)
Now Cos386 is the real part of the LHS of the equation, and the real parts of both sides can be
equated
Cos36 = Cos30 — 3CosHSin?0
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= Cos30 — 3CosO(1 — Cos?0) (Since Cos?6 + Sin?0 = 1)
= 4Cos30 — 3Cos0

Example 2
Express Tan36 interms of Tané.

Suggested Solution

Sin36
Cos 360

NB: Sin36 and Cos36 are obtained from the expansion of (Cos8 + iSind )3.

Tan360 =

Now
Sin36 3C0s%0Sin6 — Sin36

Tan30 = -
an Cos 30 Cos30 — 3Cos0Sin20

Dividing every term by Cos38

(3C05265in6 B Sin39>
Cos30 Cos30

Tan3t = < Cos36 _ 3Cos95in29)
Cos30 Cos30
<35in0 [ Sin39>

_ \Cos@ Cos306
a <C0539 | 35m29>
Cos360 ' Cos?6
_ 3Tanb — Tan36
~ 1—=3Tan28
Example 3

Express Cot36 interms of Cotf.

Suggested Solution

Cos36
Sin 360

Cot360 =

Tarakino N.P. (Trockers) ~ 0772978155/ 0717267175
Page 35




NB: Sin380 and Cos36 are obtained from the expansion of (Cos@ + iSin6 )3.

Now

Cos36 Cos30 — 3Cos08Sin%6
Sin30  3Cos26Sind — Sin36

Cot30 =

Dividing every term by Sin36

< Cos30 3C0$95in29)

Sin6  Sin30
Cot36 = (3C05295in9 - 5m39>
Sin30 Sin30

Cos3®6 3Cos6b
<Sin39 ~ Sinf )
3Cos2%0 Sin30
<Sin29 _sm39>

B Cot36 — 3Cot0
"~ 3Cot?%6 —1

EXPRESSIONS FOR POWERS OF Sinf AND Cos6 IN TERMS OF
SINES AND COSINES OF MULTIPLES

o Expressions for powers of Sinf and Cos8 in terms of sines and cosines of multiples of 6
canbe derived using the following results:

Suppose z = Cosf + iSind, then
1
z 1= -= (CosO + iSinB) ™1
= Cos(—0) + iSin(—0)

= CosO — iSin®

Tarakino N.P. (Trockers) ~ 0772978155/ 0717267175
Page 36




. 1
o Therefore if z = Cos@ + iSin® then - = CosO — iSin6
(i) Adding z + % = 2Cos6 and

(ii) Subtracting z — % = 2iSinf

NB: If z = Cos6 + iSin6: z + % = 2Co0s0 and z — % = 2iSin6

o Also z" = (CosO + iSinf)" = Cos(n@) + iSin(nh),
o Thenz™ = = (Cos6 + iSing)™"

= Cos(—n0) + iSin(—n0h)
= Cos(nB) — iSin(nh)

o Combining z™ and in as before:
zZ
(i) Adding z" + - = 2Cos(n8) and

(ii) Subtracting z" — zl” = 2iSin(nf)

NB: If z = Cosf + iSind: 2" + 7 = 2Cos(nd) and z" — - = 2iSin(nd)

NB: A common mistake is to omit the i in 2iSin(nd), so make a point of

remembering this result carefully.

Solved Examples

Example 1
Use DeMoivre’s Theorem to show that Cos®0 = 1_16 (Cos56 + 5Co0s36 + 10Cos0).

Suggested Solution

Suppose z = Cos6 + iSin6 then z + % = 2Cos6

Now
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(2Co0s0)° = (z + E)S

1\’ 1 1\? 1\° 1y’
(z + —) =z°+5z* (—) + 1023 (—) + 1022 (—) + 5z (—) + (—)
VA Z Z Z Z VA

1 1S /1\°
:zs+523+102+10<—)+5(—> +<—)
Z VA VA

1\° 1,3 1
= 32 Cos°0 :z5+<—) + 523 +5(—> +10z + 10 (—)
Z Z Z

o) osfee ()] el )

Using the results established earlier: z™ + zln = 2Cos(nB)

2% + = = 2Cos(56)

1
z3 + — = 2Cos(36)

and z + % — 2Cos6

Hence 32 Cos®0 = 2Cos(58) + 5[2Cos(36)] + 10(2Cos0)

/ 2Cos(50) . 5[2Co0s(30)] N 10(2Cos0)

5
Cos)o 32 32 32

1
~ Cos®8 = E(COSSQ + 5Co0s360 + 10Cos0) {as required}.

NB: One very succesful application of the example above would be integrating Cos>8
1
f Cos®0 = IE(COSSH + 5C0s36 + 10Cos0)

4+ 10Sinf8| + ¢

1 [Sin(SH) 5[Sin(36)]

=6l 5 T 3
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Example 2
a) Show that Cos®6 Sin®¢ = - (35in20 — Sin66)

b) Evaluate

T
2
f Cos36 Sin36.
0

Suggested Solution

(2Cos6)* = (z+ %)3 (i)

(2ising)? = (z - %)3 (ii)
Multiplying (i) and (ii)

3

1 1
8Co0s30 x 8i3Sin30 = (z +;> (z ——)

3

—64iC0s%0Sin30 = [(z _ 1) (z + 1)]3 A (22 L i)

Z Z z2

- )4 (- )

72

3

1 1
=Z6—322+3(Z—2>—Z—6

1 1
- (=) -3(-%)
e 1 , 1
Now z° ——'= 2iSin660 and z° —— = 2iSin26
Z Z

= —64iC0s30Sin30 = 2iSin66 — 3(2iSin20)
Dividing by (—64)

1 3 1
Cos30Sin30 = —3—2(Sin69) + 3—2(Sin29) = 3—2(35in29 — Sin60) {as required}

b)
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1

Cos30 Sin6do =
0s in %

(3Sin26 — Sin660)do

OV\NN
O\‘Nl;‘

1 —3co0s260 cos66

_ _[ + /2
32 2 6 0
113 1 3 1

= — |- ——— + —)

18
3273
~12

Exponential Form of a Complex Number

If Z =1r(Cosf + iSinf) then Z = re'® and 2" = re™?

Example
Express 2 — 2i in the form re'?.

Suggested Solution

2—-121

\ 4

(i) J(2)2+(@2)2=+V8=2V2

(if) From the argand diagram, @ lies in the fourth quadrant hence

o=} -3

W2—2i=2/2e %
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The Cube Roots of Unity

o The cube roots of 1 are numbers: when they are cubed their value is 1.
o They satisfy the equation z3 — 1 = 0.
o Clearly, one of the roots of z3 — 1is=1
= (z — 1) must be a factor of z3 — 1.
o . Factorising (after performing long division) we get (z — 1) (z2+z+1)
o Now the other roots come from the quadratic equation z? + z + 1 = 0.
o If one of these roots is denoted by w, then w satisfies the equation z% + z + 1 = 0 so
thatw? + w+ 1 = 0.
o It can also be shown that if w is a roots of z3 = 1 then w? is also a root, in fact, the
other root.
o i.e. Substituting w? into the left hand side of z3 = 1 gives
w?)3 =wb = Ww3)? =12 =1,asw? = 1 since w is a solution of z3 = 1.
o Thus the cube roots are 1, w and w?, where w and w? are non-real.
o wcan be expressed in the form a + ib.

i.e. wZ+w+1=0
12 1
:(W-I_E) _Z+1_O

(w+3) =3
= ) =2
w3

—1+i/3 —1-iy/3

or as

NB: It doesn’t matter whether w 1s labelled as because each 1is

the square of the other.
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—1+iV3

In other words of w = 5 then:

e <—1 + i\/§>2 _1-20/3+2(3)

2 4
_ 1-3-2iV3)
- 4
_ —2-2i3)
B 4
-1-i3 :
= (which is the other root — conjugate)
If w= _1+N§, then w? = _1;\/?.

o Now the cube roots of unity are 1, w and w?, where:
i wi3=1
(ii1+w+w?=0

—1+iV3 ~-1-iV3
(iii)the non-real roots are = and >

Solved Examples

Example 1
Simplify w” + w® where w is a complex cube root of 1.

Suggested Solution

w =wlxw=Ww32xw=12xw=w {because w3 = 1}
w8 =wé xw?=w32xw2=12xw?=w? {because w® =11}

cw’+w=w+w?=-1 {because 1 + w + w? = 0}
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Example 2
Show that

LS S SR
14w 1+w?2 wH+w?

Suggested Solution

1+w+w?2=0=()1+w=—w?
(ii)1+w?=-w
(iii) w+w? = -1
Now the equation simplifies to

1+1+1
-w?  —w -1

Multiply the first term by w and the second term by w2 (NB: Multiply both on the numerator

and the denominator)

But

woow
W3=1:>_—1+_—1—1=—W—W2—1=—1(W+W2+1)

=-1(0)=0 {Since 1 + w + w* = 0}
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The N™ Roots of Unity

o The equationz™ = 1 clearly has at least one root, namely z = 1, but actually has

many more , most of which (If not all) are complex.

o To find the remaining roots, the right hand side of the equation z" = 1 should be

expressed in exponential form,
= 7N = eani

o Taking the n™ root of both sides gives

2kmi
Z=e n

o Different integer values of k will give rise to different roots

o Thus the equation z" = 1 has roots:

2kl

z=en, k=0123,..,(n—1)

Worked Examples

Example 1

Find in the form a + ib, the roots of the equation z® = 1 and illustrate these roots on an

argand diagram.

Suggested Solution

2kmi @
z°=1=e 6 =e3 k=0,1234,,5.

Thus the roots are:

k=1, z= e%i = cos (E) + isin (E)

3 3
_1+_\/§
—27'5
2mi 2T 2T
k=2, z=¢e3 =cos(?>+i5in(?>

Tarakino N.P. (Trockers) ~ 0772978155/ 0717267175

Page 44




p— 1+'

ol

k=3; z=e™ =cos(n)+ isin(n)

=-1
4mi a1
k=4 Z=e3 —COS(?>+lSlTL( )
_ 1 V3
-T2y

NB: (i) The arguments of the roots should be between -7 and +m instead of 0

kmi

and 2m. In the example above the roots would be given as z = e3 for

k=04+14+23.
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(i) Some equation may not involve unity so they are treated as the example

below:

Example 2

Solve z° = 64

Suggested solution

7% = 64

76 =202kl — 2076k =0,1,2,3,4,5.

The only difference would be the modulus of each root would be 2 instead of 1, with
the consequence that the six roots of z® = 64 would lie on the circle |z| = 2 instead

|z| = 1.

Solutions of the Binomial Equations

Case 1
Z = AN where A is a real positive number and N is a fraction.

Z=NA [cos (?) + isin <&>]

n
wherek = 0,1,2,3,...,(n—1)

Case 2

Z = AN where A is a real negative number and N is a fraction.

+ 2k + 2k
Z ="14| [cos (%) + isin (u)]

n
where k = 0,1,2,3,...,(n—1)
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Example
Solve z3 = -8.

Suggested Solution

+ 2k + 2k
Z, = 3| =8| [cos (%) + isin (%)]

where k = 0,1,2.
Zy=—-1+iV3
Z; = -2
Zs=1-iV3.

The roots of z" = a where « is a non-real number

o Every complex number of the form a + ib can be written in the form re®®, where r is
real and 6 lies in an interval of 2w (Ussually from 0 to 27 or from - to )

o Suppose that o = re®?

o Now ef+27 = o0 x g2m — o0 (hecause e?™ = cos(2m) + i sin(2m) = 1)

o Similarly, el0+2kmi — 510 o g2kmi _ ,i6

o S0z" = q = yeld+2kmi

o Takingthe n™ root of hoth sides

1 .(9+2k71’)
Z =rne\ n k=0123,..,(n—1).
o ~Theequationz™ = a, where a = re'? has roots:
" l.(9+2k1r)
Z="\re\ n k=0123,..,(n-1).
n l.(9+2k7t)
Z="\re\ n k=0123,..,(n—1) or

n 0 + 2kn . (0 + 2kn
Z="\r [cos (T) + isin (T)] where k = 0,1,2,3,...,(n — 1).
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Worked Example

Example 1
Find the three roots of the equation z3 = 2 + 2i.

Suggested Solution

Express 2 + 2i in exponential form.
A

A
A |
|
!
2

Im

v

Re

(i) V2?2 +(2)*=+8

(i1) From the argand diagram, @ lies in the first quadrant hence

o= (2) =3

~2+42i =+/8e'

= ZN = \/gei(%+2kn)

] %4‘2/(7{
11 3 L.(1+8k)7r]
=7 = (\/5)36 =+2el 12 where k = 0,1,2

The roots are

I R v, =7Tm
k=2 " z=+2e"120r [V2e"12

NB: These roots can be written in the form r(cos6 + isinf) i.e.

V2 [COS ((14_1{32]()”) + isin ((14_182]{”)] fork =0,1,2(or — 1).

NB: You can also express them in the form a + ib.
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SOLVED PAST EXAMINATION QUESTIONS

Question 1
ZIMSEC JUNE 2010 PAPER 2

Express —8 — i8v/3 in the form r(cos® + isin@). Hence or otherwise find all the fourth roots
of —8 — i8+/3.

Suggested Solution

Let z=—-8—i8V3

Im

A

—8y3

o ()

= —[n — tan=1(¥/3)]

-

r= J®2+(8V3)°
= V64 + 192

= V256
=16

fz=16 [Cos (— 2;) +isin (‘ 2?77)]
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n 0 + 2km . (0 + 2kn
Zy = W[cos( >+151n(

)] where k = 0,1,2 and 3

n n
. (— 2%) + 2km (— 2%) + 2km
= Z, = V16|cos R E— + isin i where k = 0,1,2 and 3
(— 2?7{) + 2km (— 2?7{) + 2km
= 7, = 2|cos i + isin{———}|where k = 0,1,2 and 3
(— %”) +2(0)m (— %”) +2(0)m
= Zy, = 2|cos 7 + isin 7

(- 2—”) + 2D (- 2—”) +2(Dm

= 7, =2]cos + isin

2 [cos (2) + isin ()

_ <l+£>

22
=1+iV3
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2m o
= Z3 = 2|cos (_?): 2@)m + isin (_?): 2(3)m
=2 [cos (4?”) + isin (4?”)]
1 3
} (5‘“7>
=-1-iV3

Question 2
ZIMSEC JUNE 2013

Using the substitution w = z*, solve the equation z8 — z* — 6 = 0 where z is a complex

number.

Suggested Solution

z8—z'—-6=0

Letw = z*

U
S
|
N =
I
-
N| Ul
N

1

1 5
SWE3Es

1 5 1 5
ﬁW:E'FEOI‘ E—E
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~w=30r —2
But z* =

=z¥=3o0rz*=-2

0+ an) 0+ ZkT[)

Z, =17l [COS( +isin( ]wherek-OlZandS

T+ 2km T+ 2km
=7y = 1/ — 2| [cos( ) + isin (T)] where k = 0,1,2 and 3

e

. (m+ 2km
+ isin (—)

= 7, = V2 |cos ]wherek—OlZandS

=7, =12 icos {—ﬂ al Z(O)ﬂ} + isin {—ﬂ al 2(0)71}]

4 4
=2 :cos (%) + isin (%)]
- (7 47)

= 0.840896415 + i0.840896415
= 0.84 + i0.84(to 25. f.)

oz, = 4\/_l {71’ + 2(1)77} h, A {n + 2(1)71}]

el (i )
o ¥

= —0.840896415 + i0.840896415
= —0.84 + i0.84 (t0 2s.f.)

> 7, = 32 [cos (T2 4 i {12 2D
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= V2 [cos (%) + isin (%)]
e

= —0.840896415 — i0.840896415
= —0.84 — i0.84 (to0 2s.f.)

o 2, = V2 [cos {TH 2O 4 i 12O
=2 [cos (%I) + isin (%)]
V2 .ﬁ)

= 0.840896415 — i0.840896415
= 0.84 — i0.84 (to 2s.f.)

ALSO:

z¥ =3

7y = W[cos(

0 + 2kn ] 0 + 2km
) + lSiTL( )] where k = 0,1,2 and 3

. 2km . (2km
=7, = V3 [cos (T) + isin (T)] where k = 0,1,2 and 3

=>7Zy= V3 lcos {Z(Z)H} + isin {Z(Z)H}]

= V3[cos(0) + isin(0)]
= V3(1)

= 1.316074013

=13 (to2s.f.)

>7Z; = V3 Icos {2(1)77} + isin {2(1)7TH

4

T

=13 [cos (g) + isin (E)]
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= V3(1)
= 1.316074013i
= 1.3i(to 2s.f.)

=7, = V3 lcos {Z(E)H} + isin {Z(i)ﬂ}l
= V3[cos(n) + isin(m)]
= V3(-1)

= —1.316074013
=—13(to2s.f.)

=73 = V3 [cos {Z(z)ﬂ} + isin {Z(i)n}]
=3 [COS (%T) + isin (3;)]
= V3(=1)
= —1.316074013i
= —1.3i(to 2s.f.)
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PRACTICE QUESTIONS

Question 1

Solve the following equation z* + 8 + i8+/3 = 0, giving your answer in the form
r(cos@ + isinf)

Question 2

Solve the following equations and express them in the form re‘®. Answers are in red.

3 . 6 l.(8k—1)n'
a) z2=1-1 [\/Ee 12 fork = 1,2,3]

s L.(6k—1)n
b) z8 =1-3i [ﬁe — 24 fork =123, ...,8]

L.(4k—1)7'c
c) (z+1)3=8i [Ze 6  fork= 0,1,2]

Question 3
a) Use DeMoivre’s theorem to show that cos56 = cof(16cos*8 — 20cos?6 = 5).
b) By solving the equation cos560 = 0, deduce that cos?6 (1—7:)) = 5+2‘/§.
c) Hence, or otherwise, write down the exact values of cos?6 (j—’;),cosze (Z—Z) and
cos?8 (?—D.
Question 4

a) Express 4 — 4i in the form r(cos6 + isin@), where r > 0, — < 6 < m, where r and
6 are exact values.

b) Hence, or otherwise, solve the equation z> = 4 — 4i leaving your answers in the form
z = Re~*™ where R is the modulus of z and k is a rational number such that
-1<k<1.

c) Show on an Argand diagram the points representing your solution.
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Question 5

(cos 3x+isin 3x)? o .
in the form cos nx + isin nx where n is an integer to be found.

Express .
cox—isinx

Question 6

Use DeMoivre’s theorem to evaluate
1

2 2

a) (1—1)° b)

Question 7

a) If z=1r(cosb + isinf), use DeMoivre’s theorem to show that z™ + zin = 2cosnd.

3
b) Express (22 + Z%) in term of cos66 and cos26.

c) Hence , or otherwise, show that cos326 = acos66 + bcos26, where a and b are
constants.

d) Hence, or otherwise

ol

f c0s3260 do = kV/3,
0

where k is a constant

(cos 3x+isin 3x)?

e) Express in the form cos nx + isin nx where n is an integer to be

cox—isinx

found.

Question 8
The region R in an argand diagram is satisfied by the inequalities |z| < 5 and |z| < |z — 6].

Draw an argand diagram and shade in the region R.

Question 9
a) Sketch in on the same Argand diagram:
(i) the locus of points representing |z — 2| = |z — 6 — 8i],

(ii) the locus of points representing arg (z — 4 — 2i) < 0,
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(iii)the locus of points representing arg (z — 4 — 2i) < g
The region R in an argand diagram is satisfied by the inequalities |z — 2| = |z — 6 — 8]
andarg (z—4 —2i) < g

b) On your sketch in part (a), identify, by shading the region R.

Question 10
a) Find the solutions of the equation z6 — 1 = 0.
Hence, plot the answers on an Argand diagram.
b) Sketch on an Argand diagram the locus of points satisfying both
|z—i|=1|z +1+2i]and |z +3i]| < 4.

Question 11
a) Express sin36 in terms of powers of sinf.
b) Find the fifth roots of unity in trigonometric form.
c) Find the square roots of the complex number 15 4+ 8i in the form a + bi where a and

b are real numbers.

Question 12
) Simplify? where Z, = 3+ 4iand Z, = 1 — 2.
2

/A

b) Find 2,2, if Z, = 2(cos + ising

) and Z, =3 (cosg + ising)

c) Express 4(v3 —i)inthe formre®® wherer >0and -n <6 <m.

Question 13
a) Express sin56 in terms of powers of sin 8 and hence show that
sin50 — 5sin @ = 16sin°0 — 20sin36.
b) Find
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V3
2
f(16sin50 — 20sin36)do,
Vs

6
giving your answer in exact form.

Question 14
e?
a) (i) Express —= inthe form a +ib
e3

(if) Hence find the sixth roots of a + ib, the complex number obtained above. Give
your answer in the form r(cos@ + isinf)
b) (i) Sketch on an argand diagram the locus of points of z where
z—1—-1i| =|z+ 2+ 3i]

(if) Hence or otherwise state the Cartesian equation of this locus.

Question 15

a) The polynomial 2x* + x3 + 17x? + 9x — 9 is denoted p(x).
(i) Show that 3i is a root of the equation p(x).
(ii) State the other complex root of the equation p(x) = 0.

(iif)Hence or otherwise find the other 2 roots of the equation p(x) = 0.

N € 1) L : .
b) Simplify =———— giving your answer in the form a + ib
(2-2i)3
c) Use DeMoivre’s theorem to show that

tan40(1 — 6tan?6 + tan*@) = 4tan6 — 4tan36.
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ZIMSEC PAST EXAMINATIONS QUESTIONS PAPER 1

ZIMSEC NOVEMBER 2003 SPECIMEN

. . .1 -3i . :
a) Given that the imaginary part of Z is— pt where Z = % find possible values of a.

[2]
b) GiventhatZ, =1+ iv3andZ, = V3 +i.
(i) Calculate the modulus and argument of Z; and Z,.
(if) Hence plot on an Argand diagram Z;Z, and ? [4]
2
¢) Giventhat (a + ib)? = 8 + 6i, find the values of a and b. [4]
ZIMSEC NOVEMBER 2003
Giventhat z; =1+ 3iand z, = 3 + 2i, find
(D) |zl [1]
(ii) arg z,, [1]
(ii1)z, z,, [2]
. Zq
(iv) [2]

Show the complex numbers z; and z, on the same Argand diagram, clearly labelling |z, | and
arg z,. [2]

ZIMSEC JUNE 2004

2+4i . . - .
a) Express Z = 3—i in modulus argument form. Hence find their simplest form the moduli

and arguments of numbers:

(i) z2,
(i) [6]
b) (i) Shade the area represented on an argand diagram by:
|Z —1+2i| <3 [2]
(i) Sketch the locus of Z if

arg(Z—1)—arg(Z+1) = g, [3]
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ZIMSEC NOVEMBER 2004

Given that Z = 4 — 2i, find

(1) |Z| and arg Z, [2]
o Z. _ _
(i) Zin the form a + bi, where Z represents the conjugate Z and a and b are real

numbers. [2]

ZIMSEC NOVEMBER 2005

The complex number z = 2 + 3i has a modulus k and argument «.

a) Determine the value k and «. [2]
b) w is the complex number z + 3iz. Find w in the form a + ib and hence represent w

on the Argand diagram. [3]

ZIMSEC JUNE 2006

a) Express the complex number z = ?Ei in the form a + ib. Hence find |z|and
arg(z) . [4]
b) Show by substitution that w = 2 — 3i is a root of the equation w? — 4w + 13 = 0.
[3]
ZIMSEC NOVEMEBER 2006
The complex number z = x + iy satisfies the equation ZZ: =2-1
Find the value of x and the value of y. [4]
ZIMSEC JUNE 2008
Given the complex number W = 2 — 3i,
evaluate
() w,
(i) W+ iw. [3]
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Plot the points P,Q and R representing the complex numbers W, iW, W + iW
respectively on an Argand diagram. [2]

Hence name the quadrilateral OPRQ, where O is the origin. [1]

ZIMSEC NOVEMBER 2008

3T
A complex number z has modulus 8 and argument R

State the modulus and argument of z2. [2]

Using these values show the number z? on an Argand diagram, and hence express z? in the
form a + bi. [2]

ZIMSEC JUNE 2009

The complex number p = 3 — 5i and it is given that g = 4ip

a) State the relationship between

(i) Ipland|ql,

(i) arg(p) and arg(q), [2]
b) Giventhatr = p + q, find r in the form a + bi where a and b are real numbers. [2]

c) The points P, Q and R in an Argand diagram represent the complex numbers p, g and
r respectively.
(i) State the kind of quadrilateral that OPRQ is, where O is the origin.
(i1) Find the area of OPRQ. [3]

ZIMSEC NOVEMBER 2009

The complex numbers z and w are given by —3 + 2i and w = 5 + 4i.

Find
() |zl, [1]
(i) arg(2), [2]
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(iii)% in the form a + ib where a and b are exact.

Hence represent% in an Argand diagram. [3]

ZIMSEC NOVEMBER 2010

1+ .
Express z = ;411' in the form a + bi, where a and b are real. [3]

Hence or otherwise find |z| in the form cv/d where d is a prime number. [2]

ZIMSEC JUNE 2011

Itisgiventhat z; = 2 —4iand z, = 6 — 2i.

a) Find z; — z, and z,z, in the form a + ib. [3]

b) ifw = Zl obtain the exact values of the modulus and argument of w. [4]
1

ZIMSEC NOVEMBER 2011

a) The complex number u is such that (=1 + 3i)u = 5 — 3i.
Find
(i) the modulus of u,
(ii) the argument of u. [4]
b) Given that complex number w is 2i.
Find in the form a + ib
M .

(i) uw. [4]

ZIMSEC JUNE 2012

4+3i
3-2i

The complex number w =
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a) Express w in the form x + iy where x and y are real. [2]
b) Find
(1) modulus of w,

(i) argument of w. [5]

ZIMSEC NOVEMBER 2012

v

30°

|z, =2

A complex number z ; has modulus 2 and is positioned as shown in the Argand diagram

above.

(i) State the principal argument of z ; and write z ; in the form a + ib where a and b are
exact real numbers. [3]

(ii) Find exactly in the form a + ib, the complex number w, given that

M @ [2]

(iii)Show a sketch of w in an Argand diagram, labelling the modulus and argument values

in your diagram. [3]

ZIMSEC JUNE 2013

Giventhatp =54+ iand q = -2 + 3i,

a) (i) show the complex numbers ip and p + g on an argand diagram,

(ii) describe the geometrical transformation which maps ip ont p. [3]
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b) Find
(i) the modulus and argument of p,
(i) pq,
-
L 5
(i) (5]

ZIMSEC NOVEMBER 2013

IfZ, =—-1+iand Z, = -1 —V3i,
Find

(i) the modulus and argument of Z,,. [2]
(i) (8) Z123,

(b) j—: [4]

ZIMSEC JUNE 2014

Giventhata =2+ iand b = 1 + 3i,

(i) show on asingle argand diagram the complex numbers

1. ab
a
2. [6]
(i) find the modulus and argument of each case in (i)1 and (i)2. [4]

ZIMSEC NOVEMBER 2014

The complex number z satisfies the equation

z+ 2z = 13
-2+ 3i
Find
(i) zinthe form x + iy, [3]
(i) the modulus and argument of i [4]
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ZIMSEC JUNE 2015

] . w 2 3
The complex number w = 3 — 4i and u is such that— = — + — i
u 13 13

a) Find
(i) winthe form x + iy
(i) 1. |ul
2. arg (u). [7]
b) Sketch u on an argand diagram showing clearly the |u| and arg(w). [2]

ZIMSEC NOVEMBER 2015

Two complex numbers z = x + iy and w = a + ib are such that

z+iw=2 and iz+w =2+ 3i.

Find
(i) 1.z,
2. w, [4]
(i) the modulus of zw, [2]
(iii) the argument % [3]

ZIMSEC JUNE 2016

4-1
(i) Express the complex number w = 8 + Te2i in the form x + iy. [4]

(i1) Hence, or otherwise, find

1. |w| in the form av/b.

2. argument of w. [6]

ZIMSEC JUNE 2017

The complex numbers z; and z, are suchthat z; = 2 — 3iand z, = 1 + 3i.

a) Find
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(i) j—: in the form x + iy 3]

. 21
(ii) o [2]
Z1
(iii)arg (Z2 ) 2]
b) Hence represent ZZ—lon a clearly labelled Argand diagram. [2]
2
ZIMSEC NOVEMEBR 2017
Given the complex numbersw =1+ 2iandu = 3 — 1, find
a) inthe form a + ib, where a and b are real numbers
) u+w [1]
(i) uw [1]
b) the argument of uw. [2]
ZIMSEC JUNE 2018
The complex number w = —2 + (2v3)i
Find
a) |w| the modulus of w, [1]
b) the argument of the conjugate of w, [2]
C) WTH in the form x + iy. [3]
ZIMSEC NOVEMBER 2019
A complex number is give by = %
(a) Express u in the form a + ib where a and b are real numbers. [2]
(b) Find the modulus and argument of w. [2]
(c) Show the complex number v on an Argand diagram. [1]
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ZIMSEC PAST EXAMINATIONS QUESTIONS PAPER 2

ZIMSEC NOVEMBER 2019

a) The equation x* — 4x3 + 3x? + 2x — 6 = 0 hasaroot 1 — i.

Find the other three roots.

b) The complex number z satisfies the inequalities 2 < |z| < 3 and % <arg z < g

Sketch and shade on an Argand diagram the region represented by the
inequalities.
c) Solve the equation z* — 8v/3 + 8i = 0 giving your answers in the form

a + ib, correct to 2 decimal places.

ZIMSEC JUNE 2019

a) On asingle diagram shade the region defined by the inequalities
w A
gSarg(z—éL) Sg and |z — 4| < 4.

b) Solve the equation z3 = —5 + 12i.

c) Use DeMoivre’s theorem to show that

sinfsin56 = 16sin0 — 20sin*0 + 5sin?6.

ZIMSEC JUNE 2018

a) Itis given that (x + 2v2) and (x — 2v/2) are factor of the polynomial
f(x) =x*—6x3+ ax? + bx — 104
(i) Find the value of a and b.

(i) Hence, or otherwise, find the roots of the equation f(x) = 0.

4
b) Find the real part of (2 + %) , giving your answer in exact form.

[6]

[4]

[6]

[3]
[6]

[7]

[5]
[5]

[6]
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ZIMSEC NOVEMBER 2017

d) Find the value of (2 + 2\/§i)4 using the De Moivre’s Theorem. [4]

£ sin66
e Xpress
) P 4sinf

in terms of cos6. [6]

ZIMSEC JUNE 2017

a) Given that the complex numbers W; =1 + ix and W, = x + iy, where x and y are
numbers, satisfy the equation W, — W, = 3i,
find the value of x and the value of y. [4]
b) Indicate by shading on a single Argand diagram the region in which both of the

following inequalities are satisfied:

T < < T
g Sargz=z
|z—3i]| <3
[3]
c) Use De-Moivres theorem to
12
(i) find the value of (cosin+isinin) \ 2]
A 3
(ii) Show that tan4p = —xtand—4tan’6 2]

1—6tan®@+tan*e’

ZIMSEC NOVEMBER 2016

a) Express in the form r(cos8 + isin@), the roots of the equation z7 — 8 — 8i = 0. [9]

b) show Arg(z+1) = g in an argand diagram. [2]

ZIMSEC NOVEMBER 2015

@ Isz; =3+1i,2z, = -3 —4iand z; = x + iy, sketch the locus of points
7z, = 3 4+ P(x;y) on the Argand diagram for which |z — z;| = |z,]. [3]
(b) Hence, from (a) write down the number z corresponding to the point on the locus for

which
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(i) the imaginary part is i,

T

(i) arg(z —z;) = 3 [3]

>

(c) Giventhat z = 3e 2 + 4,

find
() Iz,
(i) arg (2). [3]

ZIMSEC JUNE 2015

a) Given that = % find the fifth roots of z in the form re?. [8]

b) Given that 1 + i is a root of the equation z3 + pz? + qz + 6 = 0 where p and q are
constants,
find
1. the other two roots.

2. the values of p and gq. [6]

ZIMSEC JUNE 2013

(@) Using the substitution w = z*, solve the equation z® —z* — 6 = 0 where z is a

complex number. [10]

z+2
(b) The real part of the complex number s is zero. Show that the locus of the point

representing z in the Argand diagram plane is a circle centre (0,0) and radius 2.  [4]

(c) Sketch in an argand diagram the set of points representing all complex numbers z

A A
satsfying both the inequalities |z — 3 — i| < 4 and 3 < arg(z -4 — Zi) < Py [3]

ZIMSEC NOVEMBER 2012

\4
(@) Simplify ((zljzli))Ff’ giving your answer in the form a + bi. [4]
. ) cos360+isin36
(b) (1) Simplify c0s20—isin26’ [2]
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(i1) Use De Moivre’s theorem to express sin56 in terms of sinf. [6]
(c) (i) Sketch an argand diagram of the locus of z where |z — 1 —i| = [z + 2 + 3i]

(ii) Hence or otherwise state the Cartesian equation of the locus. [5]

ZIMSEC NOVEMBER 2011

N 20 -\ 20
(a) Express in exponential form (% + %) - (g — %) . [5]

_ 4tanf—4tan30 .
(b) (i) Prove that tan46 = based on DeMoivre’s theorem.
1-6tan?6+tan*6

(ii) Hence find the first four exact values of 6 for which

tan* — 4tan30 — 6tan?6 — 4tand + 1 = 0. [10]

ZIMSEC NOVEMBER 2009

. 1
Given that z = cos@ + isinf. Show that z — A 2ising. [3]
Hence express sin*@ in terms of cos*@ and cos26 using De Moivre’s theorem. [4]

a) Express 4(v/3 — i) in the form re® wherer > 0 and - < 6 < . [3]

b) Given that x, = 1 + 2i is a root of the equation x* — 4x3 — 6x? + 20x — 75 = 0,
find the other three roots. [5]

ZIMSEC NOVEMBER 2008

1+i)°>
(1-1)7

a) Find the modulus and argument of for -t < argz < m. [4]

b) Sketch in an Argand diagram the set of points representing all complex numbers z
satisfying both of the inequalities.
|z—2i| <2 and |z-2i| <|z| [3]

c) Use DeMoivre’s theorem to express sin56 in terms of sin6. [5]
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ZIMSEC JUNE 2007

a) Illustrate on an Argand diagram the set of points representing the complex number z

satisfying both
lz—1-2i| <3 andarg(z—2—i) ==~ [3]
b) Giventhatz = 2 (cos% + isin %) and w =+/3 (cosz?n + isin 2%) find the
modulus and argument of
(i) zw, [2]
.. z
(i) [2]
c) Giventhatz = 1+ iV3, prove that z1* = 210(1 — iv/3). [3]

ZIMSEC NOVEMBER 2006

a) The equation 3z° — 1022 4+ 20z — 16 = 0 has 1 — +/3i as one of its roots.

(i) Find the other two roots. [5]
(ii) Sketch these roots in an Argand diagram. [2]
b) Express 3v/3 — 3i in the form rei®. [3]

Hence find the 4™ root of 3+/3 — 3i, giving your answers correct to 2

decimal places. [5]

ZIMSEC NOVEMBER 2005

a) By using the substitution z = x + iy, show that the Cartesian equation of the circle
representing the complex number z, where

|z 4+ 1] = 2|z — 1], can be expressed in the form Ax? + Bx + Cy? + D = 0, where

A, B, C and D are integers. [3]
Sketch this circle on an Argand diagram. [3]
b) Using De Moivre’s theorem to express cos66 in terms of powers of cos6. [6]

¢) Solve the equation z* + 8 + i8+/3 = 0 giving your answers in the form
r(cosf + isin®). [8]
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ZIMSEC NOVEMBER 2004

A complex number Z has modulus 8 and argument %. Another complex number W has

1 T
modulus > and argument P

a) Write each of the complex numbers in the form a + ib.

(i) zw?, [6]
ZZ
Oy [6]
b) Find the smallest value n such that |W™| < 0.01. [3]

ZIMSEC JUNE 2004

a) Use De Moivre’s theorem to express sin56 in terms of powers of sin6. [5]
b) Given that Z* = 8 — i8v/3, find all possible values of Z giving your answers in the

form a + ib with a and b correct to 2 decimal places. [7]
c) Sketch on an Argand diagram the locus of Z, where

1Z + 4] = |Z — 4i

[2]
Hence or otherwise state the Cartesian equation of the locus. [1]
ZIMSEC NOVEMBER 2003
a) Sketch the following locus on an Argand diagram
2 (Z -1 ) m
"I\z=4i) T3
[4]
b) Express cos®8 in terms of cosines of multiple angles. [7]
c) Show that 2 + 3i is a root of the equation z3 — 3z% + 9z + 13 = 0.
Hence find the other two roots. [6]
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ASANTE SANA
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