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TOPIC 7: COMPLEX NUMBERS

Learning Objectives
After completing this chapter you should be able to:

e express complex numbers in polar and exponential form,

C: Complex Numbers

carry out operations of complex numbers expressed in

polar form,

5+ Vv—15i

e derive and prove the de Moivre’s Theorem,

e prove trigonometrical identities using deMoivre’s
P:Pure
Imaginary
Numbers

Theorem,

e solve equations using the deMoivre’s Theorem,

e solve problems involving complex numbers.

e solve polynomial equations with at least one pair of non-
real roots,

e illustrate equations and inequalities involving complex

numbers by means of loci in an Argand diagram,

“t tell you, with complex numbers you can do anything” - John Derbyshire
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7.2.1 Polar Form of a complex number

Consider the complex number z = x + iy. We can express z in the form

r(cos @ +isinf), wherer > 0 and —w < 6 < m, with r € IR. This is known as the polar form.

Let the point P (x; y) represent the complex number z = x + iy and 6 be the angle OP makes

with the positive x-axis direction as shown in the diagram.

Y /N
P(x; y)
cos¢9=§:>x=rc059 |
|
|
. _y _ _ . r ..
sm@-; =>y =rsinf Y
|
|
r=4x%+ y? 0 B \
0 rd
: X X
We can now write z = x + iy as

zZ=r1rcosf +irsinf

that is z = r(cos 6 + i sin 8)

Note that 8, the argument, is not unique. The argument of z could also be 6 + 2w, 8 + 47 etc.
To avoid duplication of 8, we usually quote 6 in the range —m < 6 < m and refer to it as the

principal argument, arg z.

Example 1
Express the following complex numbers in the form
z = r(cos @ + isin ), where

r>0and—-mT <8 <7

@i z=1+i (i) z=V3-i

“t tell you, with complex numbers you can do anything” - John Derbyshire
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Solution
0) z=1+1i
lz| =V1Z+ 12 =2

argz = tan"'1 = %

Hence z = \/E(cos% + isin g)

(i) z=+v3-—i
2l = V3 + (12 = 2
— _pgn-1 L _ _T
argz = —tan~" == —¢

Hence z = 2 (cos (— %) + i sin (— %))

V(3 . . I
=2 (cos—— lsm—)
6 6

7.2.3 Complex Exponentials
It is often very useful to write a complex number as an exponential with a complex argument.

The complex number z = r(cos 6 + i sin #) in exponential form is written as z = re®* where r

is the modulus of z and @ is the argument.

In the same way, the conjugate of z, Z = r(cos @ — isin ) = re 9%,

Example

Express the following in the form re?, where —m < 8 <

@ z2=2-3i (b) . (cos (2?”) — i;sin (2?71) )

“t tell You, with complex nunmbers You can do anything” - John Derbyshire
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Solution

@ z=2-3i

r=+v22+32=+13 6 = —tan~t (g) — 098
n 7z =+/13e70980

®  z=2(cos(3)-isin(5))
Re-write as z = 2 (cos (— 2?”) + isin (— 2?71) )

2T

Sor=2and9=—?

21T,

nz=2e 3"
Exercise
1 Express the following in the form x + iy
@ e+ b) e © e
2 Express the following complex numbers in exponential form
@) z=1-1i (b) z=2+3i (c) z=-—6

“t tell you, with complex numbers you can do anything” - John Derbyshire
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7.2.3 Multiplication of a complex number by i

Example 1

Express the following in the form a + bi

(a-i)* (7+8i)10
(a+i)3 (0) (—8+7i)11
Solution
(a-i)*
(a) (1+i0)3

(b)

Observe that 1 —i = —i(1 + i)

a-0* _ D*a+d*

ABTEE (1+)3 ~ (1+0)3

_ (+)*
T (1+0)3
=141

(7+80)10

(—8+7i)11

(7+80)1°  (8i+7)1°

(-8+7D)11 ~ (—8+7i)11

Observe that —8 + 7i = i(8i + 7)

@i+7)1°  (8i+7)!°
Hence (—8+70)11 ~ j11(gi+7)11
(8i+7)10
T —i(8i+7)11

“ tell you, with complex numbers you can do anything”

- John Derbyshire
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_ 1
T —i(7+80)

_ 1
T (8-70)

_ 1 8+7i
T (8=70) " (8+70)

Exercise

Express the following in the form a + bi

(1+10)5 (1+i)* (—2-5i)°
1 a-i)7 2 (2-2i)3 3 (5+2i)7
(7-30)6 (2+30)?
4 (3+7i)* 5 (-3+2i)*

7.2.4 Product and quotient of two complex numbers in polar form

Let
z, =1,(cosO; +isinb,); z, =r,(cosB, + isinb,).
Then
Z,Z5 = 1y1,(cos 0, + isinB;)(cos O, + isinb,)
= r1,{(cos 8, cos B, — sin B, sin B,) + i(cos B, sin B, + sin O, cos 6,)}

= rry{cos(0; + 6,) + isin(6; + 6,)}

i.e. To find the product of two complex numbers, multiply their moduli, and add their arguments

“t tell you, with complex numbers you can do anything” - John Derbyshire
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Taking the case of the quotient,

z; _ 11(cosB;+isinB;) _ 11(cosB;+isinb;) (cosB,—isinby)

Zy - 15(cos 6,+isin ;) - r5(cos O,+isinB,) (cosB,—isinB,)

__ 11 (cos B;cos B;+sin B;sin 6;)+i(sin O, cos 6, —cos B sin H;)

T c0s20,+sin26,
= :—1 {cos(6; — 0,) + isin(6, — 6,)}
2

i.e. to find the quotient of two complex numbers. Divide their moduli and subtract their

arguments.

And so we have established that:

It is important to
remember this

Z1Zy = T‘lrz{COS(Ql + 92) + lSln(Ql =P 02)}

Z T

2= L {cos(8, — 8,) + isin(6; — 6,)} CO) result
Example 2
Simplify

@ 3(cos 20 — isin 20)x5(cos 8 + i sin 8) (b) S Yl

cos 20—isin 260

Solution

(@ 3(cos28 —isin260)x5(cos360 + isin36)
= 3(cos(—260) + isin(—260))x5(cos 36 + i sin 360)
= 15(cos(—26 + 36) + isin(—26 + 360))
= 15(cos 0 + isinH)

( ) cos360+isin36 cos36+isin 36
cos 20—isin 26 cos(—20)+isin(—26)

= cos(360 — —20) + isin(30 — —26)

“t tell you, with complex numbers you can do anything” - John Derbyshire
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= cos(50) + isin(50)

Exercise
1 Express the following complex numbers in the form z = r(cos 6 + sin ),

where r >0and—nT <0 <7

(@ z=—-1-—i (b) z= —1++3i
_ 1 V3. _ 1, 1.
(©) z= -1 d) z= 5T 5t
(e) z=-5 H z=3i
2 Express each of the following in the form x + yi

51 , .. 5w
@) z=2 (cos? + lsm?)

21T . . 2T
(b) z=6 (cos? + lsm?)
(©) z= \/E(cos% + isin%)

d z=+2 (cos (_TM) + isin (%))

3 Simplify the following

(a) 1 (b) cos46—isin46

cosO+isin @ cos260+isin26

3(cos§+isin§) . .
4 Express ——=2——=34 in the form x + iy.
4(COS?+1 sm?)

“t tell you, with complex numbers you can do anything” - John Derbyshire
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7.2.5 The de Moivre’s Theorem and its applications
Let z = r(cos @ + isin @)
z2=zxz=r7r(cosf +isinf) xr(cosf + isinh)

=1%(cos(8 +0) +isin(@+ ) (" ; 7, = rr,{cos(0; + 6,) + isin(6, + BZ)D

= 12(cos 20 + isin 26)

z3 = z2xz =1?(cos 20 + isin20) xr(cos O + i sin B)

=13(cos(20 + 0) + isin(20 + 8))(  z,z, = rir{cos(6, + 6,) + isin(6; + 9@

= 1r3(cos 30 + isin 36)

z* = 2% x 2% =1r%(cos 20 + isin 20) xr?(cos 26 + i sin 26)

= r*(cos(26 + 20) + i sin(26 + 26)) Z,Z, = 1y1r{cos(0; + 6,) + isin(6; + HZD

= r*(cos 40 + i sin 40)

And so, in general
z" = (r(cos 8 + isin )" = r™*(cosnb + isinnh) o0

This is the de Moivre’s
theorem

The de Moivre’s theorem states that, for a positive integer n,

z" = [r(cosf + isin0)]™ = r"(cosnb + i sinnoh)

It is possible to prove the de Moivre’s theorem by Mathematical induction forn € Z*.

Proof

We want to prove that for any positive integer n

[r(cos@ + isinB)]™ = r™*(cosnb + i sinndh)

“t tell you, with complex numbers you can do anything” - John Derbyshire
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Forn=1 LHS = [r(cos 8 + isin8)]* = r(cos @ + isinH)
RHS =r1(cos 18 + i sin16) = r(cos 8 + i sin )
LHS = RHS, hence true forn = 1.

Assume that the theorem is true for n = k, where k € Z* that is we assume that
[r(cos@ + isin0)]* = r*(cos k6 + i sin kO)

If the theorem is true for n = k, we show that it is also true for n = k + 1, that is we will show
that
[r(cos@ + isin8)]**! = r**1(cos(k + 1)0 + i sin(k + 1)6)

Taking the LHS
[r(cos @ + isin0)]**1 = [r(cos O + isinB)]* x r(cosO + isinh) Gy Laws of indices >

= r¥(cos k@ + isinkB) x r(cosB + isinh) QBy assumption >

= rk¥*1(cos kO x cos 6 — sin k@ xsin 6 + i(sin kO xcos O + cos k6 xsin6b))
= r¥*cos(kO + 0) + i(sin(k6 + 6))] Gy addition formulae for trigs
= r**1(cos(k + 1)8 + i sin(k + 1)6)

Which is what we intended to show

Since the theorem is true for n = 1, and if true for n = k implies itistrue forn = k + 1, it

follows from the Principle of Mathematical Induction that it is true for any positive integer n.

The de Moivre’s theorem also holds when n is a negative integer or a fraction.

’ g 5 8 8 N .
In exponential form, if z = re?’ the de Moivre’s theorem is z" = (reel) = phendi

“t tell You, with complex nunmbers You can do anything” - John Derbyshire
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Example 1

Use the de Moivre’s theorem to simplify
6
i Qi v/ T .. T
@ (cos@ +isinB) (b) (cos L~ Lsin 4)

© (1+V30)"

Solution

(a) (cos@ +isinf)” =cos76 +isin76

(b) (cos G) — isin (E))s
= (cos (_ g) + isin (_ %))6 @ng cos(—6) = cos 8 and sin(—6) = —sinD
= cos (—Tsn) + isin (_76”) QV the De Moivre’s theorem >
= cos (_73”) + isin (—7371)

[ o T
- €08 (E) TJ (5) @ added to express in polar form >

=i

Note that it is apparent from this example that (cos 8 — i sin )™ = cosné — i sinn#. It is very
important to realise that this is a deduction from the de Moivre’s theorem and it must not be
quoted as the theorem.

© (1+v3)"

Letu =1+ 3i

=> Jul = J12+V3 =2

“t tell you, with complex numbers you can do anything” - John Derbyshire
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arg(u) = tan~*+/3 :%

Hence in polar form

(1 + \/§i)10 = [2 (cosg + i sin g)]m

10 , .10 .
= 210 (cos Tn + isin Tn) Gy the De Moivre’s theorem >
_ 910 (COS%’T + isin 4?") @ subtracted to express in polar foD

— 910 (_l_ﬁi)

2 2

=512(—1 + V3i)

Example 2

Simplify

(cos36+isin36)° (b) [2(C0573—7T+isin7?n)]4

(cos26+isin 26)7 [5(cos4?”—i sin%")]e

(@) (©)

(1+v3i)°

Solution

(cos30+isin36)°
(cos26+isin20)7

_ c0s276+isin276 @v the De Moivre’s theorem >
cos 140+isin 146

“t tell you, with complex numbers you can do anything” - John Derbyshire

(a)
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A

1 . .
= cos(276 — 140) + isin(276 — 140)| . = {cos(0, — 6;) + isin(6;, — 6,)}

=cos 136 + isin136

4
[2 (cos7—n+i sin7—n)]
3 3

am . . 4m\]°
[3(COS——l sm—)]
3 3

_ 2(cos73—7r+isin—73")]4 . . _ . _ .
_ — —-0) = —
= [ ) - Since cos(—60) = cos 6 and sin(—0) sin @

. 16(cosan+isiann) —— i
_243(cos(—an)+isin(—2(]T”)) Yy the D€ Mo1vre s theorem

16 28w 20m 28w 20m Z4q

= —~|cos (T — T) + isin (T = T)] P = :—: {cos(6, — 8;) + isin(6; — 6,)}
=3 [0s(3) + 15 (5]

= % [cos (2?") + isin (2?")] @ subtracted to express in polar foD

(b)

16 1 3
=aﬂ7+7)
%(—1 ++/3i)

i - N
(C) m = (1 A \/§L)

-5
= [2 (COSE + isin g)] ( Polar form >
=275 (COS _TSE + i sin —Tsn) Gy the De Moivre’s theorem >
=25 (cosg + isin g) @ added to express in polar form >

(145
32 \2 2

“t tell you, with complex numbers you can do anything” - John Derbyshire
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= —(1++3i)

Example 3
(1) Use the De Moivre’s theorem to show that

cos 60 = 32co0s®0 — 48cos*6 + 18 cos? 9 — 1.

(i)  Deduce that cos% is a root of the equation 32x® — 48x* + 18x? — 1 = 0 and

write down the other four roots in a similar form.

Solution
(i) cos 60 + isin 60 = (cos 0 + i sin 8)°

= c0s 0 + 6c0s>0(isin0) + 15cos*6(isin )% + 20cos30 (i sin 6)3 + 15 cos? 8(isin B)* +

+6 cos 6 (isin6)° + (i sin 6)°. @scal’s triangle used to expand RHD

= c0s ®0 + 6icos®0 sin 0 — 15cos*0sin?0 — 20icos30sin36 + 15 cos? 0 sin*6

+ 6i cos 0 sin®°0 — sin®0

". cos 60 = cos °0 — 15c0s*0sin?0 + 15 cos? 0 sin*6 — sin®0 (After equating real parts >

= cos °0 — 15c0s*0(1 — c0s?8) + 15cos? 8 (1 — cos?0)? — (1 — cos?0)3

= cos °0 — 15c0s*0 + 15c05°0 + 15 cos? 6 — 30 cos* @ + 15cos® 0 — 1 +

3cos?6 — 3 cos* 0 + cos® O
= 32c0s®0 — 48cos*6 + 18 cos? 9 — 1

Notice that by equating imaginary parts of the equation, we will obtain an expression for sin 66.

(i)  When 6 ==, cos (6xl) = cos— = 0 hence cos— is a root.
12 12 2 12

51 71T

The other roots of cos 60 = 0 are + 3—”, +— +—, + o etc..
12 12 12 12

“t tell you, with complex numbers you can do anything” - John Derbyshire
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So the other roots of the equation 32x® — 48x* + 18x% — 1 = 0 are

3 51 71T It 11w
COS—, COS—,COS—, COS—, COS —.
12 12 12 12 12

Example 4

5tan 8—10tan36+tan°6
1-10tan20+5tan*0

Using the de Moivre’s theorem, show that tan 56 =

Solution
Consider cos 50 + i sin 50 = (cos 8 + i sin 0)°

We will expand in the same way we did in example 3. We will let cos 8 be ¢ and sin 8 be

s to avoid too much writing.

cos 50 +isin50 = (c +is)® = c® + 5ic*s — 10c3s? — 10ic?s3 + 5¢s* + is®.
Equating the real parts in the equation cos 58 = ¢ — 10c¢3s2 + 5¢s*.
Equating the imaginary parts in the equation sin 50 = 5¢*s — 10c?s3 + s°

sin50 _ 5c*s—10c?s3+s®
cos 560 ¢c5-10c3s2+5cs*

Now, tan 50 =

Dividing numerator and denominator of RHS by ¢> we have

5tan O —tan30+tan>0

tan 560 =
1-10tan?6+5 tan* 6

“t tell You, with complex nunmbers You can do anything” - John Derbyshire
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Exercise
in66 .
1 Express —— in terms of cos 6.
4sin 6
2 Use the de Moivre’s theorem to show that

cos 70 = 64cos 70 — 112c0s°0 + 56c0s360 — 7cosb

Hence obtain the roots of the equation 128x7 — 224x° + 112x3 — 14x +1 =10

in the form cos qm where q is a rational number.

7.2.6 More Applications of the de-Moivre’s theorem

If z=cosf +isinf

~=z1=(cosf +isinf)7!

= (cos(—0) + isin(—0)) @y the De Moivre’s theorem >
= cosf —isinf Qince cos(—6) = cos 0 and sin(—0) = —siD

Now,z+§=cosG+isin9+cos€—isin9

= 2cos6
z—é =cosf +isinf — (cosB —isinB)
= 2isinf
Notice also that

If z* = (cos@ + isin@)™

“t tell you, with complex numbers you can do anything” - John Derbyshire
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= cosnb + isinnb Gy the De Moivre’s theorem >
1

—=z"=(cosf +isinf)™"

ZTL
= (cos(—n8) + i sin(—nh) ) Gy the De Moivre’s theorem >
= cosnf — isinnf @Ce cos(—0) = cos 0 and sin(—0) = —siD

1 . . ..
Now, z™ +z_": cosnf + i sinnf + cosnf — i sinné

= 2 cosnf

1 9.4 L
zm o= cosné + isinnf — (cosnb — i sinndh)

55

= 2i sin n@

And so we have established that:
z+§=2cos€ and z"+zin=2cosn9

1 . . T
Z—;—ZlSll’l@ and VA —Z—n—ZLsmnB
Example 1

Express 8cos*8 in terms of multiple angles of cos 8.

Solution

NG )
(2C059)4:(Z+E) <SInC€32cost9:z+l >
Z
= 16cos*0 = z* + 4235 + 622 zlz + 4z. zi3 + Z% @pansion of RHS using Pascal’sD

1 1
= 16cos*6 =z4+2—4+4(22+z—2)+6

“t tell you, with complex numbers you can do anything” - John Derbyshire
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= 16c0s*0 = 2cos 46 + 4(2cos20) + 6 Qsing z™" + zin = 2 cos n9>

Dividing both sides by 2 gives

8cos*0 = cos 46 + 4 cos 26 + 3.

Exercise

1  Using applications of the de Moivre’s theorem prove that
cos®0 = %(cos 56 + 5 cos 36 + 10 cos 8), and hence find [ cos®6 do.

2  Showthat 32co0s®0 = cos66 + 6 cos40 + 15cos 26 + 10

Hence find fon/6 cos®6 do in the form am + bv/3 where a and b are constants

3 (3 Express (z2 + 212)3 in terms of cos 66 and cos 26.
(b)  Hence or otherwise show that cos326 = acos 68 + b cos 26,
where a and b are constants
(c) Hence or otherwise show that fo% cos®260 d6 = k+/3, where k is

a constant.

4 Simplify the following in terms of multiples of 6

(8  22%+5z'+5—=+6

7 35 21 1
(b) Z7—7ZS+Z—5—3SZ+?—Z—3+2123—Z—7

“t tell you, with complex numbers you can do anything” - John Derbyshire
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7.2.7 Solution of Complex numbers using the de Moivre’s Theorem

Recall the forms in which the complex number z may

be written:

z=x+iy=7(cosf +isinf) =re'

where r is a real number with r > 0, and 0 is an angle such that - 7< 6 < «.

We need to add multiples of 2x to obtain other angles that are co-terminal to 6 and therefore have

the same cosine and sine. In other words we obtain the same complex number.
z =re'? = rel0*+2km) = y[cos(@ + 2km) + i sin(0 + 2km)] fork =0,1,2,..,n— 1.
Also recall the de Moivre's theorem which states

z" = {r(cos@ + isin0)}"* = r"(cosnb + i sinnh)

This follows immediately from the properties of complex exponentials:

7" = (reie)" — rnheind

Example 1

Find all the complex solutions of the equation z* = —256 and illustrate your solutions on
an argand diagram.

Solution

z*=-256+0i ==>|z* =256 andarg(z®)=nm

“t tell You, with complex nunmbers You can do anything” - John Derbyshire

_gmanuwere@gmail.com /+263773975592_




20

Z4 — 256e(n'+2kn')i

7 = [256e(n+2k11')i] 1/4

z, = 475 6e(’”j"”)i @y the De Moivre’s theorem >

Zy = V256 (cos (E + an) + isin G + an)) Polar form
Zp = 4(cos(g+kz—n) + isin(g+k7n)) fork=0,1,2,3.
For

k=0: z,= 4(cos%+ isin%) = 2V2 + 2V/2i

Im(z)

k=1 z1=4(cos?jT”+isin“’jT”)=—2\/§+2\/§i \
> 2v2 — 2V/2i

k=2 z, =4(coss—n+isin—n)=—
4 4

\ Re(z)
. _ 7T NI N g
k = 3: 23—4(COST+lSIHT)—2\/§—2\/§L \J

Notice that the pairs (z, , z; ) and (z; , z,) are conjugates having the form x + iy .

When a polynomial equation has real coefficients, then it is always the case that the complex

solutions occur in conjugate pairs.

“t tell you, with complex numbers you can do anything” - John Derbyshire
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Example 2

Find all cubic roots of z = —1 + i and illustrate your solutions on an Argand diagram
Solution
We want to solve z3=—1+1i
Lletu=—-1+i ==>|ul=+2 andarg(u) = %n

U= \/Ee Gn+2kn)i

1
Z=u/3

(=)
z, = \2e ’
Zy = 3{/f(cos( +—)+l 1n( +2k—”))

1

Zk=23(cos( +—)+Lsm( +2an)) fork =0,1,2.

=0 — 7 Tyicint Im(z
k=0: 20—26(c034+131n4) (z)

k=1: 21—26(c03—+lsm1—2”) /

Re(z
k = 2: 22=26(cos—+131 1— k (2
12
-

“t tell you, with complex numbers you can do anything” - John Derbyshire
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Example 3

Find the fourth root of —16i and illustrate your solutions on an Argand diagram

Solution

We want to solve z* = —16i
Letz* =0—16i ==>|z*| =16 andarg(z*) = %n

Z4 — 16e(g7t+2k7t)i

1 1/3 g
Zr, = 16Ze1(5”+2k")l Im(z)
3 1 g
2, = 2eG™ fork = 0,1,2,3. Y
_9 3 . .3
Zy = (COSET[ + lSlngﬂ) Re(z)
Zy =2 (coszn +1i sinzn)
8 8
zz=2(cos%n+isin%n) T

15 . . 15
z3=2(cos?7r+Lsm?n)

Example 4

Using the substitution w = z*, solve the equation z® — z* — 6 = 0 where z is a complex
number.

Solution

“t tell you, with complex numbers you can do anything” - John Derbyshire
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w2—w—-6=0
w-3)(w+2)=0

w=30r —2

z4 =3

Takingw =3+ 0i ==>|w| =3 and arg(w) =0
7 = A5 e(zm)ii

km.
7, = V3ez' fork=0,1,2,3.

Zy = %(cos’;—n+isink7”) =43
Z; = %(cosg+ ising) = V3i
z, = V3(cosm + isinm) = —V3

Zz = ‘{/?(cos%n+isin37n) = —/3i

Considering z* = —2

Takingalsow = -2+ 0i ==>|w| =2 andarg(w) =7
7, = We%(n+2k7t)i

_ 4{/— (17T+lk7'[)i _
Z = V2e\s 2 fork=0,1,2,3.

70=VZ(Z+L2)) =221+

“t tell You, with complex nunmbers You can do anything” - John Derbyshire
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Exercise

1  Solve the equation z3 = 2 + 2i leaving your answers in exponential form.

2 Express 3v/3 — 3i in the form re?:. Hence find the fourth root of 3v/3 — 3i giving your

answers correct to 2 decimal places
3 Solve the equation z* + 9i = 0, giving your answers in the form re®, where r > 0 and
—-n<O0<m

4 Leaving your answers in the form r(cos 6 + i sin 8), find all the cube roots of z =

-1+1i.

5  Leaving your answers in the form r(cos 6 + i sin 8), solve the equation z* + 8 +

i8vV3 =0
6 Solve the following equation giving your answers in the form a + bi correct to 2dp.
@ z°+32=0 (b) z*=8-8V3i

7 Solve the following equations, expressing your answers for z in the form
r(cos@ +isinf), r>0and —w < 6 < .

(8 z3=-16V3—16i by z*+2V/3i=2 () 2z"-8-8i=0
8 Leaving your answers in exact form in the form a + bi, solve the following equation

3 = 1. Show your solutions on an Argand diagram.

“t tell you, with complex numbers you can do anything” - John Derbyshire
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7.2.8 nth Roots of unity
The solutions of the equation z™ = 1 are called the nth roots of unity.
Notice that the modulus of z™ is always 1, and the argument of z" is always zero.

Therefore nth roots of unity can be expressed in the form.

2km.
2kn 2km . . 2k
Zy=en' Or zk=cosTn+Lsan fork=0,1,2,3,...,n—1

Example 1

Find the fifth roots of unity and show your solutions on an Argand diagram.

Solution

We want to solve z° = 1.

2km.

We consider z, = e s * fork =0,1,2,3,4.

ZO=60=1

2T,

= 21 . . 2T
zl=esl=cos?+Lsm—

5

L1z 4w . . AT
Z, = €5 =Cos?+151n?

6TT.

— 61 . . 6T
z3=esl=cos?+Lsm—

5

81 8’ . . 8m
Zy = €5 =Cos?+151n?

“t tell you, with complex numbers you can do anything” - John Derbyshire
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7.2.9 Roots of complex numbers

When a polynomial equation has real coefficients, then it is always the case that the complex

solutions occur in conjugate pairs.

Example 1
(@) Show that 2 — 3i is a root of the equation 2z3 — 922 + 30z — 13 = 0.

(b) Hence find the other roots.

Solution
(@) Letf(z) =22z%-92z2+30z—13
f(2-3i) =22 -3i)3-9(2—3i)% +30(2 — 3i) — 13
= 2[8 + 3x4(—3i) + 3x2(—3i)? + (-3i)3] —9(4 — 12i — 9) + 60 — 90i — 13
=2(8—-36i —54+27i) —36+108i + 81 + 60 —90i — 13
=16 — 72i — 108 + 54i — 36 + 108i + 81 + 60 — 90i — 13
=0
Since f(2 — 3i) = 0, it means 2 — 3i is a root of the equation.
(b) If 2 —3iisaroot then its conjugate 2 + 3i is another root.
So z — 2+ 3iand z — 2 — 3i are factors of the complex number.
Hence a quadratic factoris (z—2+3i)(z—2—3i) = z? — 4z + 13
Using long division to find the third factor we get

2z — 1 as the third factor

“t tell You, with complex nunmbers You can do anything” - John Derbyshire
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Taking 2z — 1 = 0 means % is the third root.

Example 2

Given that u = 1 + 2i is a root of the equation z* + pz3 + qz? — 6z + 65 = 0 find the
values of p and q.

Solution
Let f(z) = z* + pz3 + qz? — 6z + 65
If u =14 2iisarootthen f(u) = 0, that is
A+2D)*+p(1+20)3+qg(1+20)?-6(1+2i)+65=0
Now, (1 + 2i)* = 1 + 4x2i + 6x(2i)? + 4x(20)3 + (2i)* = —7 — 24i
(1+2i)3 =1+ 3x2i + 3x(20)2 + (2i)3 = —11 — 2i
(14+20)?=-3+4i
Thus, —7 — 24i + p(—=11 — 2i) + q(—3 + 4i) —6(1 + 2i) + 65 =0
—7—24i—11p—2pi —3q+4qi—6—12i + 65 =0
(-7—-11p—39—6+65)+(—24—2p+4q—12)i=0

Equating the real parts we have

Equating the imaginary parts we have
—-36—2p+4q=0............ (2)
From (2),p = —18 + 2q

=~ Substituting into (1) =>52 — 11(—18+2q) —3q =0

“t tell You, with complex nunmbers You can do anything” - John Derbyshire
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52+ 198 — 229 —3q =0

q=10 andp =2

Exercise

1 (@)  The equation 3z% — 10z% + 20z — 16 = 0 has 1 — +/3i as one of its roots.
(1) Find the other roots.
(i) Sketch the roots in an Argand diagram.

2 Show that —2 + i is one root of the quartic equation

z* 4+ 223 4 222 + 10z + 25 = 0, and find the other roots.

3 Verify that z = i satisfies the equation z* + 4z3 + 6z? + 4z + 5 = 0. Find the other

roots.

4 ki is a root of the equation 2z3 — z2 + 18z — 9 = 0, where k is a real number.

Find the values of k and the three roots of the equation 2z3 — z2 + 18z — 9 = 0.

5 Given that 1 + i is a root of the equation z3 + pz? + qz + 6 = 0 where p and g are

constants, find

(@)
(b)

(b)
(©)

the other two roots,

the values of p and q.

Factorise z? — 4 and, hence or otherwise, solve the equation z2 — 4 = 0.
Show that z2 — 4 is a factor of z3 + (3 + i)z% — 4z — 4(3 + ).

Find the three roots of the equation z® + (3 +i)z? — 4z —4(3 +i) = 0.

“t tell you, with complex numbers you can do anything” - John Derbyshire
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A locus is a path traced out by a point subjected to certain restrictions.

CASE1l:|z—z]| =k

This is a circle centre z; and radius k.

Example 1

locus of

() z| = 2
(i) Jz—1]=1

(i) lz—1-i2=9

Describe and sketch on an Argand diagram the

Solution
@B lzl=2
Re-write as [z — (0 + 0i)| = 2

Itis a circle centre (0, 0) radius 2.

Im(z)

AR

“t tell you, with complex numbers you can do anything” - John Derbyshire
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(i) lz—1] =1 Im(z)
Re-writeas [z — (1 + 0i)| =1
It is a circle centre (1,0) and radius 1

Notice that the vertical axis is a tangent to the circle
0 1 7 Re(z)

(iii)y |z—1-i]?=9
Taking square roots of both sides we get
lz—1—-1i] =3
Re-writeas [z — (1 +i)| =3 Re(2)

Itis a circle centre (1,1) and radius 3

Example 1

Describe and sketch on an Argand diagram the

locus of

() |zl <2
(i) 2<|z1<3

“t tell you, with complex numbers you can do anything” - John Derbyshire
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Solution Im(z)

0) |z| <2
Re-Writeas |z — (0 + 0i)| < 2
!
2

This is the circumference and inside ofa -2

circle centre (0; 0) and radius 2

(i) 2<|zl<3
Re-writeas 2 < |z — (0 4+ 0i)| <3

This is the region between the two circles,
one with centre (0;0) and radius 2 and the

other with centre (0;0) and radius 3.

Notice that the circumference of the

smaller circle is a broken line.

CASE 2: |z — z{| = |z — z,|

Perpendicular bisector of the line segment joining complex numbers z; and z,.

“t tell you, with complex numbers you can do anything” - John Derbyshire
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Example 1

Sketch on an Argand diagram the locus of

lz+i| =]z - 1]

Solution
lz+i| =|z—-1]|
Re-writeas |z — (0 —1i)| = |z — (1 + 0i)]

Perpendicular bisector of the line joining (0, —1)

and (1,0)

Example 2

Sketch on an Argand diagram and describe the

locus represented by

lze+ il = |z — 1|

“t tell you, with complex numbers you can do anything” - John Derbyshire
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Solution Im(z)

It is a half plane to the right of the perpendicular bisector
joining (0,—1) and (1, 0).

Notice that this locus consists of points closer to (1; 0) than
(0, _1). O

CASE 3: Arg(z—z;) = «a

This is a half line having one end at z; and making an angle a with the (positive) horizontal

direction.

Example

On an Argand diagram, represent the following loci
(i)  Arg(x) =3

(i) Agz+1-i)==

(i) Argiz—2-i)=-7

(iv) Z<arg(z-2)<7

“t tell you, with complex numbers you can do anything” - John Derbyshire
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Solution

(i)

(i)

(iii)

T

A = — -
rg(z) = - imlz)

Re-write as Arg(z — (0 + 0i)) = %

This is a half line having one end at O and
making an angle % with the (positive)

horizontal direction.

=

Argz+1-1i) == Im(z)
This is a half line having one end at (—1,1)

and making an angle 2?" with the (positive) 3

horizontal direction. ’

1 o} *Re(z)

T

Arg(z—Z—i)=—Z Im(z)

Re-write as Arg(z — (2 +i)) = _%

This is a half line having one end at (2,1)
and making an angle % below the (positive) \

horizontal direction. 0 B e(z)

“t tell You, with complex numbers You can do anything” - John Derbyshire
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(iv) Z<arg(z—-2)<7

ImZa
It is the region bounded by the half lines
arg(z—2) = g and arg(z — 2) = g
0 2 ReZ
. Z—Zq _
CASE 4: Arg (_—Z) =0
This locus is an arc of a circle in which the chord made by joining points z; and z,
subtends an angle of 8 on the arc.
Example
. zZ—2-2i T
Sketch the locus defined by arg ( —= ) 7
Solution
z—2-20\ _ T i
arg( Z—6i ) T4 Im (z)
Re write as arg(z — 2 — 2i) — arg(z — 6i) = % . f2
Let [, be the half line satisfying arg(z — 2 — 2i) = 6 Q0.6 .
. L | 6 /5
and [, be the half line satisfying arg(z — 6i) =«
This implies that —occ= g
All points on [; satify the locus arg(z —2 — 2i) = 6 R[;zf
All points on [, satify the locus arg(z — 6i) =« 0 Re(2)

Point P is at the intersection of [, and [,

“t tell You, with complex numbers You can do anything” - John Derbyshire
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Notice that QSR = 8 is an exterior angle for AQPS

Hence QPS = §—x= %

The locus is an arc of a circle in which the chord made  Im(z)
by joining (2; 2) and (0; 6) subtends an angle of % on
the arc. ,," ~P

a(o, 6) ¥

Re(z)

7.2.11 Cartesian Equations

Example 1

Using algebraic methods find the Cartesian equations represented by the following loci
(i) 12 = 2lp= |20 2|

@i 1Z2-3+il=5

(iii) Arg(z—2-1i)= _%

“t tell you, with complex numbers you can do anything” - John Derbyshire
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(i)

(i)
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|z — 2| = |z + 2i|

Letz=x+1iy

lx + iy — 2| = |x + iy + 2i|

[(x—2)+i(y +0)| = |(x +0) +i(y + 2)| Grouping real and imaginary parts>

(x—2)22+@+0)?%=(x+0)2%+ (y+ 2)? @ property of modulus >

x2—4x+4+y =x>+y +4y+4

y=-—x

So the locus is a straight line with equation y = —x.
|Z—-3+i|=5
Letz =x+ iy

Ix+iy—3+i|=5

|(x—3)+(y+1i|=5 @ouping real and imaginary parts>
(x-32+@+1)%=5 @ property of modulus >

“t tell you, with complex numbers you can do anything” - John Derbyshire
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x2+y?—6x+2y+5=0

This is a circle centre (3; —1) and radius 5

Arg(z —2 —1i) =—%

Letz=x+1iy

Arg(x+iy—2—i)=—%

Arg((x—2)+ (y— Di) = -

y=—-—x+3

3

4

@ property of argument

D

The locus is a straight line with equation y = —x + 3

Example 2

Show that the locus represented by |z — 2 — i| = 3|z + 6 + 3i| is a circle and find its
centre and radius.

Solution

lz—2—i| =3|z+ 6+ 3|

“t tell you, with complex numbers you can do anything” - John Derbyshire
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Letz=x+1iy
|(x = 2) + (v = Di] = 3[(x +6) + (v + 3)i

(x =2+ (- 1?=3%[(x+6)* + (y + 3)*]
x2+y?—4x—2y+5=9(x%+y%+ 12x + 6y + 45)
x2+y%—4x — 2y +5=9x%+ 9y? + 108x + 54y + 405
8x% + 8y? + 112x + 56y + 400 = 0

x2+y2+14x+ 7y +50=0

(x+7)2*+ @+ %)2 — 475 @y completing the square >

This is a circle centre (—7; - Z) and radius \/23

2

Example 2

Given that the complex number i—i is completely imaginary, show that the locus
representing z in the Argand plane is a circle centre (0; 0) and radius 2.

“t tell You, with complex nunmbers You can do anything” - John Derbyshire
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Solution

z+2

z—2
Letz =x + iy

x+iy+2
x+iy—2

(x+2)+iy
(x—=2)+iy

(et2)+ly , (x=2)-1y Multiplying numerator and denominator by conjugate of denom@
(x-2)+iy  (x-2)-iy

(x%+y?-4)-4yi
(x-2)2+y?

(P+y*-4) ( 4y ) .

(x—2)%2+y? (x—2)%2+y?
Now, since the the complex number is completely imaginary it means the real part is zero.
That is

(x2+y%-4)
(x-2)%+y?

x2+y?—4=0
(x —0)* + (y — 0)* = 22

This is a circle centre (0; 0) and radius 2.
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Exercise

1

Sketch on an Argand diagram the locus of Z, where
|z + 4| = |z — 4i] [2]
Hence or otherwise state the Cartesian equation of the locus. [1]
(1) Sketch an argand diagram of the locus of z where

lz—1—-1i| =]|z+ 2+ 3i|
(i) Hence or otherwise state the Cartesian equation of the locus. [5]

Sketch in an argand diagram the set of points representing all complex
numbers z satisfying both the inequalities

|z—3—i|S4and§£arg(z—4—2i)£§. [3]
Indicate by shading on a single Argand diagram the region in which

both of the following inequalities are satisfied:

%< arg(z) < g |z —3i| <3 [3]

Illustrate on an Argand diagram the set of points representing the

complex number z satisfying both:

lz—1-2i| <3 andarg(z—Z—i)z% [3]

Ifarg(z — 2) = g sketch the locus of P(x, y) which is represented by

z on an Argand diagram. Find the Cartesian equation of this locus.

“t tell you, with complex numbers you can do anything” - John Derbyshire
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11

12

Describe the locus represented by |2 — 5i — z| = 3.

On the same axes, draw a diagram showing the locus of z in each of the

following
1. lz| < 2 2. % < arg(z) <§
Shade the region which is common to both loci above. [3]

Sketch in an Argand diagram the set of points representing all complex

numbers z satisfying both the inequalities
|z—2i] <2and |z — 2i] < |z| [3]
The complex number z is such that

0Sarg(z+1)£2?n and %Sarg(z+3)£n

Q) Sketch on an Argand diagram the region R in which z must lie.
(i) Mark on this diagram the point A belonging to R at which z has
its least possible value.

@ Shade in, on separate Argand diagrams the region represented by
0] |z — 4 — 2i] < 2, (i) ]z — 4] < |z — 6],
(i) O0<arg(z—2-2i) <7,

(b) Hence on one Argand diagram shade in the region which satisfies
|z — 4 -2 <2, |z—-4] < |z - 6] and
0<arg(z—2- 2i) <7.

If |z — 6] =2|z + 6 — 9i],
@ use algebra to show that the locus of z is a circle, stating its centre and
its radius.

(b) sketch the locus of z on an Argand diagram.

“t tell you, with complex numbers you can do anything” - John Derbyshire
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13 Sketch the following locus on an Argand diagram:

@  Ag(=)=3 4
(b) Arg(E=E) =1 [4]
© Arg(5) =1 (4]
@ Ag() =3 4
e Ag(s)=1 [4]
O A(R) =3 4]

14 Ifarg(z — 2) = g sketch the locus of P(x, y) which is represented by z on an
Argand diagram. Find the Cartesian equation of this locus.

15 Given that 22%861 is completely imaginary and z = x + iy, where x and y
are real, show that the locus of the point representing z in the Argand

diagram is a circle. [3]
Hence by first finding its centre and radius, sketch the circle on an Argand

diagram. [4]
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Miscellaneous Exercises 2

1 Describe geometrically and sketch the region on the complex plane for which
-1 c V[
@) L= arg(z — 2i) < 3
z—5+71 T
(b) arg (z+1+i) 7

© 2<|z—3+i|<5

(d) arg(z+2)—arg(z—3)= g

€ lz=2|+]|z=3+i|=0

z—5+7i) _ T
T2

) arg (—

z+1+1
@ arg(z—3)*="
2 @) Sketch on one Argand diagram:

(i) the locus of points satisfying |z - i| = |z - 2|;

(i) the locus of points satisfying arg(z - i) = in

(b) Shade on your diagram the region in which

z-i| < |z-2land-2< arg(z — i) <2
7 g 4

2 Simplify (1 +i)° — (1 —)1°.

Given that n is a positive integer show that (1 + i)*"* — (1 — i)*" = 0.

3 Find all values of n such that (—v3 + i) + (V3 —i)" =0

“t tell you, with complex numbers you can do anything” - John Derbyshire
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The complex number z satisfies the equation |z + 1| = v/2|z — 1]. The point P
represents z on an Argand diagram. Show that the locus of P is a circle and find its

centre and radius.

Use the method of Mathematical induction to prove that
(cosB + isinB)™ = cosnb + i sinnf when n is a positive integer.

Deduce that the result is also true when n is a negative integer.

(i) Use the de Moivre’s theorem to show that
A" _on ng . . NI
(V3-i) =2 (cos6 131n6)

(i)  Find the least positive integer m for which (v3 — )" is real and positive.

(i) ~ Given that (v3 — i) is a root of the equation
z2+16(1+)z3+a+ib=0,
find the values of the real constants a and b.

Find all the solutions for each of the following, giving your answers in both polar

and cartesian form.

@ z'*—4=0 (b) z*+8+8V3i=0 () z°=64.
Solve for z if
(a) z* + 1622 — 225 =0 (b) z*—182z2-243=0

Given that x; = 1 + 2i is a root of the equation x* — 4x3 — 6x? + 20x — 75 = 0,
find the other three roots.
Given that 2 + 3i is a solution of the equation 2z* — 323 + 322 + 77z — 39 = 0,

find the other solutions.

“t tell you, with complex numbers you can do anything” - John Derbyshire
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