TROCKERS
“Do not worry too much about your difficulties in Mathematics, I can assure you that mine are
still greater.” Albert Einstein.

8

oy
o

—

COMPILED BY TARAKINO N.P. (Trockers)

o«

Definition: It is a method of proof in which a statement is proved for one step in a process,
and it is shown that if the statement holds for that step, it holds for the next.

STEPS

i.  Base Case/Initial Stage
Show it is true for n = 1,n = 2 etc and give a conclusion of this stage.
ii.  Assumption/Hypothesis Stage
Suppose/ assume the statement is true for n = k.
iii.  Thesis Stage
Stating the result forn = k + 1.
iv.  Proof Stage
Proving true for n = k + 1. Use the thesis stage and the hypothesis stage to get the
required result. Give a conclusion of this stage.
v.  Conclusion Stage
State four conditions clearly: n = 1,n =k,n =k + landn € Z*

Areas to consider

Divisibility
Series/Summations
Matrices
Integration
Differentiation

YV VVVYVYYVY
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» Factorial Notation
» Composite Functions
> Binomial etc

DIVISIBILITY

1. Prove that 4™ + 5 is divisible by 3 for all € Z* .
2. Use the principle of Mathematical Induction to verify that for n, any positive

integer, 6™ — 1 is divisible by 5.

1. Let B, denotes the statement that 4™ + 5 is divisible by 3 for all n € Z*.

When n = 1: P, = 4! + 5 = 9, which is divisible by 3 or we can say 9 is a multiple

of 3. = P, is true for n = 1. [EESCICESCHNGNISIENE)

Assuming that P, is true for n=k  ie 4¥+5=34 - 4%¥=34-5.

Then for n = k + 1: Pyq — 45+1 + 5 = 3B. [SESIa08)

Proof
4%t 45 =4k 41 +5
=4'.4% +5
=4(34A-5)+5
=43A—-20+5
=4.34A—-15
=3(4A-5)
= 3B ~ B = 4A — 5; whichis true forn = k + 1.

« B, is true for n = k + 1. [ECCHSEGE
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Since P, istrueforn = 1,n = k,n = k + 1 . P, is also true for n € Z*[GONCHSIOMSIEIE)

SUMMATIONS/SERIES

n

n
1. Prove by induction that: Z r=- (n+ 1) foralln e Z*.
r=1

2. Prove by induction that:

1+4+7+-+3n-2) =260

2

1. Let B, denotes the statement that }.)'_, r = Z(n+1)forallin e Z*.
r=1 2

for all positive integral values of n.

When n = 1:
P,LHS =1
PnRHS=%(1+1) =%(2) =1=P,LHS

Since P, RHS = P, LHS = 1 = P, is true for n = 1. [ESCICascHNGNSIE0e)

k
Assuming that B, is true for n = k: i.e. Z r= %(k +1) _
r=1

Stage)
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k+1
Then forn = k + 1: Pyyq — Z r=Z=[(k + 1) + 1]. (Thesis Stage)
r=1

Proof

Note:
Q) Tk r=1+2+43+-+k
b) Sir=1+2+3+-+k+(k+1) =3k r+(k+1)
Yitir=Xiar+(k+1)
=2+ D)+ (k+1)
=(k+1) (§+ 1)
e ()
_ (k n 1) [(k+;)+1]

= % [(k + 1) + 1], which is true forn = k + 1.

~ B, istrue for n = k + 1. (Proof Stage)

Since P, istrue forn = 1,n = k,n = k + 1 - B, is also true for n € Z*[[SONCIHSIOMSIEUE)

2. Let B, denotes the statement that:

For all positive integral values ofn, 1+ 4 + 7 + - + (3n — 2) = 220

2

When n = 1;:
B,LHS=31)-2=3=2=1

P, RHS = X0 _1@ _2_ 4 —p jyg
2

2
Since P, RHS = P, LHS = 1 - P, is true for n = 1. [EEScICoclNcICIE00)

k(Bk-1)

Assuming that B, is true for n=k: ie 14+4+74+ -+ @Bk—-2)=

_ (k+1)[3(k+1)-1]

Thenforn=k+1: Py 2 1+4+7++[3(k+1)—2] .

Proof
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1+4+7++3k+1)-2]=1+4+7+--+Bk+1)
=14+4+7+--+Bk—-2)+Bk+1)
=23k -1+ 3k +1)
__ k(3k—1)+2(3k+1)
2
3k2—k+6k+2

2
3k%+5k+2

2

— L (Factorisaton)
2

_ (k+1D[(3k+3)—-1]
2

_ (k+D)[3(k+1)-1]

> which is true forn = k + 1.

«. P, istrue for n = k + 1. [EiCOHSI08)

Since P, istrue forn = 1,n = k,n = k+ 1 = P, is also true for n € Z*[GoNCHSIOMSIE0E)

arces |

1. Prove by Mathematical Induction that if Z = (

n_(Mm+1 -—-n
Z_( n 1-n

2 -1

1 o0 ) then

) forallnezt.
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1. Let B, denotes the statement that:

IfZ=(i _01),thenZ”=(n;|;1 1__ )foraIIneZ+
When n = 1:

PnLHS=Zl=Z=(i _01).

PnRH5=(1J{1 1‘_11)=(i _Ol)EPnLHS

Since B, RHS = P, LHS = (© 1)« B istrue forn = 1. _
1 0
i . = : . k N k + 1 _k _
Assuming that B, is true for n = k: i.e. Z* = ( I 1— k)

Stage)

3 _ kel ([(k+1)+1) —(k+1)>
Thenforn=k+1: P4y > Z —( k+1 1—(k+1)
Proof

a) zk+1=zk 7t
k+1 _ ok 71 _ (k+1 =k 2 -1
zkt = 7870 = ( K 1—k)'(1 o)

(2k+1) =k —1(k+1)+0
_<2k+1(1—k) —-k+0 )

2k +2 -k —k—1)
2k+1—k -k

(
(vt 1)

_(k+2 —(k+ 1)

k+1 1—(k+1)) which is true forn = k + 1.

« By is true for n = k + 1. [ElGONSIE08)

Since P, istrueforn = 1,n = k,n = k + 1 . P, is also true for n € Z*[GONCHSIOMSIEE)

Compiled by Nyasha Patrick Tarakino - BSc. (Hon’s) Mathematics (M.S.U.)
+263772978155/+263717267175



TROCKERS
“Do not worry too much about your difficulties in Mathematics, I can assure you that mine are
still greater.” Albert Einstein.

INTEGRATION

n+1
1. Use Induction to prove thatf x™ = J;T + ¢ forn € Z*.

n+1
1. Let P, denotes the statement that: [ x™ = ’;T + ¢ forn € Z*.
When n = 1:
2
P, LHS = [x'dx =" +¢

1+

x1+1 x2 _
P, RHS = 1+1+C=-2—+C:PnLHS

2
Sine B, RHS = By LHS = £+ ¢ - , s tue for n — 1. |
\ ; ) xk+1
Assuming that B, is true for n=k: ie [x*="—+c

kD +1

Thenforn =k + 1: Pyq » [ a1 =

Proof

(k+1)+1 te
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[xk*ldx = [x*. xldx

d Xk+1

u dv
letu=x! s —=1and—=x¥->v =
dx dx

k+1
dv du

Nowuse [u—=uv— [v—dx
dx dx

xk+1

k+1g xk+1 1d

X X=X—— X

f k+1 k+1 ( )
xk+1 xR+

=X.

k+1 (k+D[(k+1)+1] i

x(kt1)+1 x(k+1)+1
= - +c
k+1 (k+1)[(k+1)+1]

xk+D+1 T 1
T k41 _1 - [(k+1)+1]] tc
_ xR e ) 41] 1

T k+1 L[k+D+1] [(k+1)+1]]+c

_ xRHDH (1) +1]-1
T k+1 L [(k+D)+1] ]+C

x(k+1)+1 B k+1
= ] +c
k+1  L[(k+1)+1]

xEk+D+1

= + ¢ ;whichistrue forn = k + 1.
(k+1)+1

~ Py istrue for n = k + 1. [EiCONSIE08)

Since P, istrueforn = 1,n = k,n = k + 1 . P, is also true for n € Z*[GONCHSIOMSIEE)

 DIFFERENTIATION
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1. Prove by Induction that =— d(x ) = pan1,
2. Use Mathematical Induction to prove that if y = xe* then = (x+n)e*
d(x )

1. Let P, denotes the statement that —— = nx""! for all n € Z*.

When n=1;
p, LHS = 46D — ¢
dx

PB,RHS=1.x1"1 =1.x°=11=1=PB, LHS

Since P, RHS = P, LHS = 1 .. P, is true for n = 1. [EESCICsclNGISIE00)

k
Assuming that P, is true for n = k: i.e. % = kx*™1 _
Thenforn =k +1: Py, q = d(’; = (k+ 1)xk+D-1, -

Proof

dktly  d(xkal)
dx =~ dx

d d _
letv=x! 5= =1andu = xk > &£ = kxk1
dx dx

d(uv) dv + Uﬂ

Now use ——= .
dx dx

k+1
) = k(1) + 2 (kx )

= x*(1) + kx*
= x*(k + 1)

= (k + 1)xk

= (k + 1)kt
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= (k + 1)x®+D=1 'which is true for n = k + 1.

= By is true for n = k + 1. [EiG0HSIE08)

Since P, istrueforn = 1,n = k,n = k + 1 . P, is also true for n € Z*[GONCHSIOMSIEIE)

2. Let B, denotes the statement that if y = xe* then d—y = (x +n)e* foralln e Z*.
When n=1:
P, LHS—d—y—Z—y—xe +e* (1) =xe* +e* = (x+ 1)e*

P, RHS = (x + 1)e* = P, LHS

Since B, RHS = P, LHS = 1 = P, is true for n = 1. [BESciOasclNcIcE0e)

k
Assuming that P, is true for n=k: i.e. ZTi= (x + k)e* _

Stage)

k+1
Thenforn =k + 1: Pk+1—>2 k+’1’ [x + (k+ 1)]e* -

Proof

aktty d(y)
dxk+1 - dx"-

dx [dxk

(0

=((x+k)e*+e*(1)

=e*[x + (k+1)]
=[x+ (k+ 1)]e* whichistrue forn =k + 1.

~ P, istrue for n = k + 1. [EiCONSIE08)

Since P, istrueforn = 1,n = k,n = k + 1 = P, is also true for n € Z*[GONCHSIOMSIE0E)

FACTORIAL NOTATION
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Prove by Induction that ¥*_, r(r)! =(n+1)!-1for alln € Z*.

2. Let B, denotes the statement that: ¥*_, r(r)! = (n+1)!-1foralln € Z*
When n=1:
PLLHS=1(1)I=1x1=1
P,RHS=(1+1)!-1=2'-1=2%x1-1=2-1=1=B,LHS

Since P, RHS = P, LHS = 1 = B, is true for n = 1. [EESCIOasclNNGNSE0e)
Assuming that P, is true for n = k: i.e. ¥¥_,r(r)! =(k+1)!-1 [ESSURPHONIEYDOMEsE

Stage)

Thenforn =k + 1: Ppyq = X))l =[(k+1)+1]!-1
(Thesis Stage)

Proof

Note:

Q) rl=rx@E-Dx@-2)x..xr-n); r>n
DIEFEDIEEHRDR < (r— D X = 2) X .. x (r — ) ies
S+ D=0+ xr!

Skl = Y r@)!+ (k+ D[k + 1)1]

=[(kk+DI'=1]+ {k+ D(k+ 1)
={kk+D&+DY+ k+1)!—1]
={kk+D[&+ D]+ &+ D}-1]
={k+D!'k+1+1]}—1]
={k+D!'xk+2)}—-1]
=((k+2)!-1

= [(k + 1) + 1]! — 1; which is true forn = k + 1.
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« B, istrue for n = k + 1. [EiGONSIa08)

Since P, istrueforn = 1,n = k,n = k + 1 . P, is also true for n € Z*[GONCHSIOMSIEIE)

COMPOSITE FUNCTIONS AND SEQUENCES ‘

1. Ify=xe*,find:
i) 2
i) 42
iy 2

iv) Suggest a formula for %
V) Prove your result in (iv) by Mathematical Induction.
2. Given that a sequence Uq,U,,Usg, ... is defined by Uy =3 ;(n>1) U,,1 =3 —Ui.

n+1 _
Prove by induction that forn € Z* ,U,, = Zzn _11

| 4 i)z—z=xex+ex(1)=xex+ex=(x+1)e"_
DB = () L L o) e
II)dxz—dx(dx = [xe* +e*(1)] +e

=xe* +e* +e*

= (x + 2)e*

Lddy  d (dzy) _ X X X X
|||)dx3—dx > =[xe* +e*(1)]+e*+e
=xe* +e*¥+e* +e*

= (x+3)e*

. odn
iv) ﬁ = (x+n)e*

V) The proof has been worked out on the differentiation section.

2. U, =21 foralinezZ*.

2n -1
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When n = 1:
U —&—E—E—B = the given condition U, = 3
17 514 T 211 217 7 T Y 1=

= Uy is true for n = 1. [EESCIOESCNRBANSIAE8)
. . ; 2k+1 -1
Assuming that U is true forn = k: i.e. Uy = T _ Stage)
(k+ D+1 _ 4
Thenforn =K+ 1: Upys = g -

Proof

2
Upy1=3——

Un
_ 2
S Uni1 =3 — g7 —
2k — 1
202k —1)
_)Un+1—3_ 2k+1 _ 1

k+ 1 _ _ k _
N :3(2 1)-202% -1)

n+1 2k+1 _ 1
_3x2ktl — 32 x2k_2
> Up41 = 2k+1 _ 1

_ 3 x2k+t1_3_BEKEL_p
> Up41 = 2k+1 _ 1

U (2 x 2k+1y - 1
- n+1 2k +1 _ 1

. mEm
- Tl+1_2k+1 -1

2(k+1)+1 -1 . .
n+1 = @ —7—» Whichistrue forn =k + 1.

U is true for n = k + 1. [BiG0HSIE00)

Since U, istrue forn = 1,n = k,n = k + 1 = U, is also true for n € Z*[SONCISIOMSIE)

-

o PRAcTIEQUESTIONS

1. Prove that 5™ + 2(11™) is a multiple of 3 for all positive integers of n.

2. Prove by Mathematical Induction that n® — n is a multiple of 5 for all natural
numbers n.

3. Prove that 5™ + 2371 — 1 is a multiple of 7.

4. Prove that 6™ + 8™ is a multiple of 7, when n is odd.
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e A matrix is a rectangular array of numbers.

e Each entry in the matrix is called an element.

o Matrices are classified by the number of rows and columns that they have.

e Let A be the matrix with m rows and n columns then A called an (m X n) matrix said
mbyn

e (mbyn) is called the order of matrix A.

e If (m = n) then the matrix is called a square matrix.

e The element of A can be denoted by a;;.

e i isthe row in which the element is found and j represent the column in which the
element is found
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1 -6 3
1. GiventhatT = <2 5 —1)
0 -10 4
a) State the order of T.
b) List the elements a,, and as,.

1. a) Since T has 3 rows and 3 columns thus it is of order (3 x 3).

b) a1 = 1 and a32 == —10

MW&'

«=»

e Addition and subtraction of matrices is defined if and only if the matrices are of the
same order.

e The sum/difference of matrices A and B is the matrix obtained by adding/subtracting
the elements in corresponding positions of matrices A and B.

o If you multiply the matrix A by a scalar m then every element of A is multiplied by m.
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“Do not worry too much about your difficulties in Mathematics, I can assure you that mine are

1. Giventhat4 = (3

)
i)

1. )A+B

B+A:<—

SinceA+ B =<

NowA—B=<

5

1

still greater.” Albert Einstein.

-2 4

4 0 O
1 —-1]andB = (—2 6 2
0o -1 0 -2 4

Provethat A+ B=B+AandA—B #+#B — A
Find4A—%B

5
=3
1

4
2
0

4

B—A=<—2

0

-1 2
= (—5 5
-1 -2

-2

1
_<5
1 2

-5

5

-2
1
0

0
6
-2

9
1
1

-2 4
7 and B+ A =
-2 3

s
@505
JiC ) V)

—24

) A+B=B+A
—2 3

-2 4

0
6

5
ii)4A—§B=4<3
1
20 -8 16
=(12 4 -4
4 0 -4

-2 4
1 —1) <2 6 2>=(5 -5 —3)
0 -1 0 -2 4 1 2 -5
0 5 -2 4
2)—(3 1 —1)
-2 4 1 0 -1
_4>

4
-3

) # A — B but —(A — B) (proven)
-5

-2 4

. 4 0 O
1 -1]—=5|-2 6 2
0 -1 0 -2 4

2 0 O
-{-1 3 1
0 -1 2
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still greater.” Albert Einstein.
18 -8 16
=113 1 =5

4 1 -6

e Let Aand B be matrices. Then the multiplication of A and B is possible if and only if
then number of columns of A is equal to the number of rows of B.

e IfAisan (m X n) matrix and B isan (x X y) matrix, then the product AB exist if
and only if = x .

e AB willbean (m x y) matrix.

E

-1 1 0 2 0 1
1. GiventhatA=| 0 2 —-2]JandB=(-2 0 2

1 0 -1 0 -1 1
) Prove that AB # BA
i) Find A2
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-1 1 0 2 0 1
1. )AB = ( 0 2 —2) (—2 0 2)
1 0 -1 0 -1 1

(—1x2)+(1x-2)+(0x0) (-1x0)+(@Ax0)+((0x-1) (-1xD+Ax2)+(0x1)
=[(0x2)+(@2x=-2)+(-2x0) (OX0)+2x0)+(-2x-1) OxD+@2x2)+(-2x1)
AXxD+O0X=2)+(=1x0) (1x0)+(O0x0)+(-1x-1) (IX1D+(0x2)+(-1x1)
—-2-2+0 0+0+0 —-1+2+0
=(0—4+0 0+0+2 0+4—2>
2+0+0 0+0+1 1+4+0-1

-4 0 1
=|1-4 2 2
2 1 0

2 0 1 -1 1 0
and BA = (—2 0 2) ( 0o 2 —2)
0 -1 1 1 0 -1

(2x-1D+(O0x0)+(1Ax1) (-2x1)+(O0x2)+(1A%x0) (-2x0)+(0x-2)+(1x-1)
= (-2x-1D)+(O0x0)+(2x1) (-2x1)+(O0x2)+(2x%x0) (-2x0)+(O0Ox-2)+(2x-1)
Ox-1D+(-1x0)+(Ax1) OxD+(-1%x2)+(1A%x0) (0x0)+(-1x-2)+(1x-1)
2+0+1 -2+0+0 0+0-1
=(2+O+2 —-2+4+0+0 0+0—2>
0+0+1 0-2+0 O0+42-1
3 =2 -1
=(4 -2 —2)¢AB (proven).
1 -2 1

—1 1 0\/-1 1 0
iNa2=(0 2 —2|[o0 2 -2
1 0 -1/\1 0 -1

1+40+0 -1+2+4+0 0-2+4+0
= 0+0—-2 0+4+0 0—-4+2
-1+0-1 1+0+0 0+0+1

1 1 =2
= (—2 4 —2)
-2 1 -1

NOTES ‘
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e An Identity Matrix is a special matrix in which if you pre-multiply or post-multiply
any matrix A by it, A remains unchanged. i.e. [,A = Al, — A

e The identity matrix of an (n X n) is represented by I,, where n is the number of rows
or columns since it is a square matrix

1 0 0 0

0 1 i 0 \
e The general matrix of an identity matrix is givenby: I, =| : 0 0 :

0 :{ .. 010 /

0 0 0 1

1 0

0 1) is an identity matrix for a (2 x 2) matrix and

e Forexample: I, = (
1 0 0
I;=10 1 0]isan identity matrix for a (3 x 3) matrix.
0 0 1
e The Zero Matrix is a matrix whose elements are all Zeroes.

e The Zero Matrix is represented by Z e.g. a (3 X 3) matrix is given by

00 0
L=(0 0 0
00 0

e Adding Z to any matrix, say A leaves A unchanged and pre-multiplying or post-
multiplying Z with A, leaves Z unchanged
o ieZ+A=A+Z=AandZA=AZ =127

MATRICES - TRANSPOSING

NOTES ¢

e The transpose of a matrix A is found by inter-changing rows and columns of
matrix A. i.e.
e The transpose of matrix A is represented as AT orA’

a b ¢ a d g
. IfA=<d e f)thenATz(b e h).
g h i c f 1

e The elements in the diagonal column does not change i.e. a, e and i

—— e ——
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TROCKERS
“Do not worry too much about your difficulties in Mathematics, I can assure you that mine are
still greater.” Albert Einstein.

2 5 11
1. Giventhat A=|-8 0 7 |;find4".
3 10 9

2 -8 3
1. A = ( 5 0 10)
11 7 9

- MATRICES - DETERMINANTS

e Determinants play a major role in finding the inverse of the matrix and also in
solving a system of linear equations.

' DETERMINANTS - 2X2 MATRICES |

b
d

of A can be written as |A| or det(A4) or |‘Cl Z| =ad — bc.

e Suppose A is any (2 x 2) Matrix such that A = (Ccl ) then the determinant

1. GiventhatA4 = (2 _11

the determinant of B.
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TROCKERS
“Do not worry too much about your difficulties in Mathematics, I can assure you that mine are
still greater.” Albert Einstein.

1. det(A) =ad —bc=6(1)—(—1x4)=6+4 = 10.
det(B) = ad — bc = cos6(cos) — (sinf x —sinf)
= cos?0 +sin?60 =1

DETERMINANTS - 3X3 MATRICES

NOTES ¢

a b c
e Suppose A is any (3 x 3) Matrix such that A = (d e f) then the
g h i
a b
d e
g h
o Several techniques can be employed to find the determinants for
(3 x 3) Matrices i.e.
i) The Basket weave formula
i) The method of cofactors
iii) Multiplying A by its Adjoint Matrix.

determinant of A can be written as |A| or det(A) or

Cc
;
l

DETERMINANTS — The Basket Weave Formula

NOTES 4

e We add the first and the second columns of A as follows:

a b ¢, ay bj
o det(A)=|d e f d e
g h <@g h
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“Do not worry too much about your difficulties in Mathematics, I can assure you that mine are
still greater.” Albert Einstein.

e det(A) = "sum of products along the /7 diagonals" —
"sum of products along “diagonals"
e =aei+bfg+cdh—gec—hfa—idb

DETERMINANTS — The Method of Cofactors

NOTES <

e This method can be applied to all (n X n) Matrices.

a b c
e Suppose A is any (3 x 3) Matrix such that A = (d e f) then to find the
g h i

determinant you choose a row or column to work with; for instance we are going to
choose the row containing the elements (a b ¢).

e When choosing the row or column to work with, choose the one with 1 or more
zeroes because it is easy to simplify.

o We multiply each element a;; in the chosen row/column by the determinant of a
(2 x 2) matrix which remains when the row and the column containing a;; are
deleted from A. This is illustrated as follows:

e e

h
o i’ represent the row in which the element a;; from the chosen row/column is found
'j" represent the column in which the element a;; from the chosen row/column is

found
e If (i +)) iseventhen a;;isevenandif (i+ j) isodd then a;;isodd. For example:
i. (—DYla=(-1)2%a=+a
i. (—D*bp=(-1D3b=-b
i. (=13 c=(-D*c=+c

i det(4) = a? ﬂ—b 3 {

o d
+ (- |
(D e|]

_l_de
Cgh
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“Do not worry too much about your difficulties in Mathematics, I can assure you that mine are
still greater.” Albert Einstein.

3 1 1
2. Giventhat A = (2 -1 2 ); find the determinant of A using the both methods.
1 1 =2

a. The Method of Cofactors
-1 2 2 2 2 -1
Lodet) =3[0 S|y S+ ) T
=32-2)—-1(-4-2)+ 12--1)
=3(0) —1(—6) + 1(3)
=0+6+ 3
=9

b. The Basket Weave Formula

1. det(4) =

=@Xx-1x-2)+(Ix2xD)+(1x2x1)-(1x-1x1)—-(1x2x3)—(-2%x2x1)
=@O+@D+@)--D-(6)- (-9

=104+1-6+4

=544

=9
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TROCKERS
“Do not worry too much about your difficulties in Mathematics, I can assure you that mine are
still greater.” Albert Einstein.

" INVERSE OF MATRICES
- 2x2 MATRICES

a b
d

o If A= (C
e AA™! = A7'A = I where [ is the identity matrix.

) ,then 471 = ﬁ (_dc _ab); where ad — bc is the determinant.

e Ifad = bc then adibc = %, which is not defined and in this case, A" does not exist

and the matrix A is described as singular or non-invertible.
e If A71 exist, then the matrix A is described as being non-singular or invertible.
e If we have two matrices A and B then (AB)™! = B~ 1A~

1. Find the inverse of A = (3 _4)

2 1

1. Det(d) =ad—bc=3(1)—-2(-4)=3+8=11

nowa = (4 ) =50, TG =50 )

33 MATRICES |
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“Do not worry too much about your difficulties in Mathematics, I can assure you that mine are
still greater.” Albert Einstein.

e Forany (n X n) matrix the Adjoint and determinant are defined and satisfy:
A X adj(A) = adj(A) x A = det (A) x I,,
e If det(4) # 0 then A is said to be invertible and A~ exist i.e.

1 1 ;
A7Y = s X adj(A).

e If det(4) = 0 then A4 is said to be non-invertible and A~! does not exist.

—Gm—_—

2 1 0
1. Find the inverse of 4 = (3 -1 4).
1 1 2

1. We begin by finding the Minors of matrix A, followed by the Cofactors of matrix A
then the Adjoint and finally A™1.
i.  The Matrix of Minors
e For each of every element of matrix A, a;; ,we define the minor, M;; of a;;,
to be the determinant of the 2 x 2 matrix which remains when the row and the
column containing a;; is deleted from A.
» i’ represent the row in which the element a;; is found and ’j’ represent the
column in which the element a;; is found
<M11 M, M13>
e M=|My My My

M3z, Mz, Ms;

M11=|_11 ;|=(—1x2)—(1x4)=—2—4=—6

M12=|i ;|=(3x2)—(1x4)=6—4=2
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“Do not worry too much about your difficulties in Mathematics, I can assure you that mine are
still greater.” Albert Einstein.

Mlgzi _11|=(3><1)—(—1><1)=3+1=4
10
My=|7 J=(x2D-(1x0)=2-0=2
_ |2 0]_ _ _
Mp=] ) =@x2D-(1x0)=4-0=4
2 1
Myp=] =@xD-axD=2-1=1

M, = _11 2|=(1><4)—(0><—1)=4—0=4

M=% Y =@x4)-(0x3)=8-0=8
3 4
_|12 1)_ _ _
My =|; |=@x-D-(x3)=-2-3=-5

-6 2 4
~M=(2 4 1
4 8 -5

ii. The Matrix of Minors

e We define the cofactors of A as follows:
a. Cj = M;;ifi+ jiseven.
+ — +
e Hence the following pattern of signs is produced; (— + —).
+ - +
e Now C is the matrix of cofactors of matrix A and it differs from matrix M by
the above pattern of signs

+(=6) —-(2) +#) -6 -2 4
c=| -@ +® - =(—2 4 _1>

+(4) —=(8) +(-5) 4 -8 -5
iii.  The Adjoint

e The Adjoint of A is C' or CT, which is the transpose of the matrix of cofactors
of A.

-6 -2 4
Adj(A) = <—2 4 —8)
4 -1 -5
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“Do not worry too much about your difficulties in Mathematics, I can assure you that mine are
still greater.” Albert Einstein.

Iv.  The Inverse
e We now compute A X Adj(A)

2 1 0\/-6 -2 4
AxAdj(A)=<3 -1 4)(—2 4 —8)
1 1 2/\4 -1 -5

Bx—6)+(-1x-2)+(4x4) Bx-2)+(-1x4)+@x-1) (Bx4)+(—1x-8)+(4x-5)
AIx-6)+(1x=-2)+(2x4) Ix-2)+(1x4)+(2x-1) (1x4)+(1x-8)+(2x-5)
(—12—2+0 —44+440 8—8+0>

<(2><—6)+(1><—2)+(0><4) C2x-2)+1Ax4)+((0x-1) (2x4)+(1><—8)+(0><—5)>

-18+4+16 —-6—4—-4 12+8-20
-6—2+8 —-2+4-2 4-8-10

-14 0 0
( 0 —-14 O )
0 0 -14

e NowA X adj(A) = adj(A) x A =det(4) X I,

-14 0 0 ) 1 0 O )
Hence| O -14 0 = - X 0 1 0)=—=XI,.

14

0 0 —14 0 0 1

~ det(4) = —14

e N.B. This is the other method of computing the determinant of any (n X n)
matrix.
L L -6 -2 4

-1 _ i - —— | — —
Now A™" = ®, X Adj(A) = |2 4 8) .
4 -1 -5

MATRICES -Solving Systems of Linear Equations

2x2 MATRICES

NOTES L
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“Do not worry too much about your difficulties in Mathematics, I can assure you that mine are
still greater.” Albert Einstein.

e Ingeneral if:
ax+by=ce
cx+dy=f

e Then the equations can be re-written as follows:

X e

(g Z) (y) - (f)

o Now we find the inverse of a 2 X 2 matrix and pre-multiply both sides of the

equations by it, i.e.

G ED0-C)0
5= O ()

-1

~6)=€ 70
<

1. Use the matrix method to solve the following system of linear equations.

2x—y=1

x+3y=4
1. The equations can be written in matrix form as follows:
2 -1\ _r1
G 3)6)=0)

Now let 4 = (i _31)

Det(A) =ad —bc=23)-1(-1)=6+1=7

Compiled by Nyasha Patrick Tarakino - BSc. (Hon’s) Mathematics (M.S.U.)
+263772978155/+263717267175



TROCKERS
“Do not worry too much about your difficulties in Mathematics, I can assure you that mine are
still greater.” Albert Einstein.

Now 4~ =2 (6 ) =30 TEY)-

\IIH

Gy 2)

Pre-multiplying both sides by the inverse yields

15 26 )(;2 (520

~1()=35, D0)

X
~ ()= D0

x (B3x1)+(1x4)
_’(y) 7I(-1x1)+(2x%x4)

X
_)(y) 7(7)

X
_’(y)=(1)
~x=1landy=1

3x3 MATRICES
NOTES 4

e Ingeneral if:
ax+by +cz=m
dx+ey+fz=n

gx+hy+iz=o0

e Then the equations can be re-written as follows:

a b c\ ,x m
(@ e 1))
g h i/ \z 0
e Now we find the inverse of a 3 x 3 matrix and pre-multiply both sides of the
equations by it, i.e.
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“Do not worry too much about your difficulties in Mathematics, I can assure you that mine are
still greater.” Albert Einstein.

1. Solve the following system of linear equations.

2x +y =1
3x—y+4z=2
x+y+2z =-1

2. The equations can be written in matrix form as follows:
2 1 0\ x 1
£ 90-C)
1 1 2/ >z -1

2 1 0 ) -6 —2 4
NowletA=(3 —1 4|thendl=—-——(-2 4 -8

1 1 2

Pre-multiplying both sides by this inverse:
L -6 -2 4 2 1 0\ /x ) -6 -2 4 1
- —§<—2 4 —8) (3 -1 4) (y) = _E<_2 4 —8)( 2 )
4 -1 -5/\1 1 2/ ‘\z 4 -1 -=5/\-1
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“Do not worry too much about your difficulties in Mathematics, I can assure you that mine are
still greater.” Albert Einstein.

X . -6 -2 4 1
—>13<y>=—a -2 4 -8 2
z 4 -1 -=5/\-1

x [(—6x 1) +(-2x2)+ (4 x-1)
a(y):—i (—2x1)+@x2)+(—-8x-1)
z (4x 1)+ (-1x2)+(-5x-1)
X . —-6—4—-4
_’<Y>=—E —2+8+8>
z 4—-245
x et
G)=-4()
z 7
. (_—14)1'
-(2)=|e9)
Z 7
()]
X 1
-6)-(2
Z _1

PROVERBS 16'V3
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