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SYLLABUS (6042) REQUIREMENTS

> use the method of differences to obtain the sum of

finite series
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The Method of Differences

o When working with sequences and series, sometimes partial fractions are needed to
solve the problem.

o The first step is to recognize what types of sequence or series problems require the
use of partial fractions.

o Solving the partial fraction will help set up a new series that enables to solve using
limits.

o The first two examples require the use of partial fractions.

Solved Problems

Question 1
Find

C 1
;(r+2)(r+3)

Suggested Solution

Step 1

1 . . .
Express ————— into Partial Fractions.
(r+2)(r+3)

t 1 - A B
€ r+2)(r+3) = (+2)  (r+3)

L

=2>A(r+3)+B(r+2)=1
Whenr =-3;,—-B=1=B = —1.

Whenr =-2;A=1
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NB: Sum of constants should give zeroi.e. A+ B =0

) 1 1 1
T a+2)(r+3) T @+2)  (r+3)

Step 2

o Write out the first few terms of the series and notice what is happening with the
values.

o The second value is always cancelling with the exception of the last term, along with
the first value after the initial term.

o This is a Telescoping Series.

r=1 r=2 r=23 r=4 .. r=n

1
Zr+2)(r+3) (r+2) (r+3)

Now

Z r+2) (r+3)

1 11
-——f+ (forr =1)
_3/(
» 1—+ fi =2
27 5] forr =2)
E 1_+ fi =3
T % (forr =3)
.t
(forr=n-1)
(forr =n)

Tarakino N.P. (Trockers) ~ 0772978155/ 0717267175
Page 4




o After performing relevant cancelling ( See the illustration on the 1% two and the last

two lines) we should obtain

Z”: 1 1 11
h «(r+2) (r+3)° 3 n+3
r=

Question 2

Find if the series converges or diverges. If convergent then find its sum.

- 1
;(r+2)(r+3)

Suggested Solution

i 1 1 1 1
1(7’4—2) (r+3) 3 n+3
r=

1 1]_111
T3 o 3

= Limnc [g_ n+3

o Since it is‘possible to solve for the limit, it is known that the series converges, and the

o1
sum of the series is —.

v 1 1 1
";(r+2)_(r+3) 3

Question 3

ZIMSEC November 2018 Paper 2

a) Find
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n

2
Zr(r +1)(r+2)

r=1

[6]

b) Hence, or otherwise deduce the value of

(0]

2
zr(r +1)(r+2)

r=1

(2]

Suggested Solution

a)
Step 1
2 . . i
Express WT)(HZ) into Partial Fractions.
2 _A B c
et r(r+1)(r+2) ~ 7 + (r+1) . (r+2)

A+ 1D +2)+Br)T+2)+C(MH(r+1)=2

Whenr=0; " 2A=2>A=1
Whenr=—-1;—-B=2=>B =-2

Whenr=-2;2C=2=>C=1

NB: Sum of constants should give zeroi.e. A+ B+ C =0

2 1 2 1

'.'r(r+1)(r+2)Er_(r+1)+(r+2)
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Step 2

o Express terms as differences using Step 1 and we should do this for at least first 4
terms and at least last 3 terms so that we can show relevant cancelling clearly.
i.e. forr=1 r=2 r=3 r=4 r=5 .. r=n—-2 r=n—1 r=n

n

_ 2 Ral 2 1
"Zr(r+1)(r+2):;?_(r+1)+(r+2)

r=1

Now

n

1 2 1 _
;;_(r+1)+(r+2)_

(forr=1)
(forr = 2)
(forr =3)
(forr = 4)
(forr=15)
.t
AR
n—2 n-1 (forr=n-2)

]+ (forr=n-1)

(forr =n)
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o After performing relevant cancelling ( See the illustration on the 1% three and the last

three lines and also observe the matching colours) we should obtain

n

1 2 1 1 1 2 1

—— -+ ==+ — -
Zr r+1) r+2) 2 n+1 n+1 n+2
r=

1 1 1

+
2 n+1 n+2

'EZ 2 1ot 1 1
L+ Dr+2) 2 ntl n+2 T2  m+r D +2)

r=1

= 2 1 1
b Z =——
) 1r(r+1)(r+2) 2 (n+1D(n+2)

r=

Ny [1 1 ]_1 1_1

oo |0 " s Dn+ 21 =2 oo 2

NB: — =0

(ee)

* Th 1 fi 2 —1

e vaeo _1r(r+1)(r+2)_2
Question 4
Show that

1 1 B 2
rr+1) G+DE+2) rr+ D +2)

Hence, or otherwise find a simplified expression for

n

2
Zr(r + 1D(r+2)

r=1
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NOTES
o There is no need for partial fractions as we must show the difference between the two
fractions is the SINGLE fraction given.
o Partial fractions would be needed if working the other way round.
o Show that the single fraction can be written as the difference between the two

fractions

Suggested Solution

a)

1 1 B 1(r+2)—1(r)
rr+1) T+D@+2) rr+Dr+2)

_ r+2-—r
Cr(r+ 1D +2)

2
N r(r+ D(r+2)

(asrequired)

b)

n n

2 _ 1 1
Zr(r+1)(r+2) _Zr(r+1)_(r+1)(r+2)

r=1 r=1

Notes
o Write out the first few terms of the series and notice what is happening with the
values.
o The second value is always cancelling with the exception of the last term, along with
the first value after the initial term.
o This is a Telescoping Series.

r=1 r=2 r=3 r=4 .. r=n
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n

1 1 B
2r(r+1)_(r+1)(r+2)_

r=1

r 1 177 ¢ _
oo Be Tt =D
_ . .
e oml T =2
r 1 1 7 ¢ —3
ow @el T rr=3

ot

1
+ [(Tl — 1)(71) B (Tl + 1)] (fOI‘?’ =n— 1)

1
/+L{(n+1)_(n+1)(n+2)] (forr=m)

o After performing relevant cancelling ( See the illustration on the 1% two and the last

two lines and also observe the matching colours) we should obtain

Now

n

1 1 1 1
Zr(r+1)_(r+1)(r+2)_5_(n+1)(n+2)

r=1

Question 5

Cambridge June 2006 Further Mathematics Paper 1

Given that for all the real values of r

Q2r+1)2-Q2r—-13=A4r*+B
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where A and B are constants.

a) Find the value of A and the value of B. [2]
b) Hence or otherwise prove that
n
Z r2 = %n(n + D)@+ 1) [5]
r=1
c) Calculate
40
> ar-1y [2]
r=1

Suggested Solution

a)

(3)(2)(2r)(1)? N @M EnN°1)°
2! A

Qr+1)3=02r)2+B)2r*() +

=8r3+12r2+6r+1

2r—1)3=2r)+ 3)(2r)*(-1) +

B@ENED?  B@WEN (-
2! * 3!

=8r3 —12r¢+6r -1

Qr+1)®—-Q2r—-1)3=0Br3+12r*+6r+1)— (8r3—12r* + 6r — 1)
= 24r%+2

~“A=24andB =2

b) (2r + 1)% — (2r — 1)3 = 2472 + 2

_@r+1)P-Q@r-1°-2
B 24

2

=T
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Now:

z”: Z”:2r+1)3—(2r—1)3—2
’ 24
r=1 r=1

(3)° —z(i)3 —2|, (forr = 1)
(5)° —2<j>3 2|4 (orr=2)
(7)3 —2(:)3 2|+ (forr=3)
ot

+_(2n—1)3—(2n—3)3—2_ (forr=n-1)

24

. [(2n+ 1) — (2n—1)3 -2 (for 7 = )

24

o After performing relevant cancelling (Observe the matching colours) we should

obtain

Z": (2r +1)% = (2r P2 —(1)*+@n+1)*-2n
24

B 8n3 +12n%? 4+ 6n—2n
B 24

B 8n3 4+ 12n% + 4n
B 24
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_4n(2n® +3n+1)
B 24

_4n@2n® +2n+n+1)
a 24

_An2n(n+1) + 1(n + 1)]
B 24

_4n(Zn+1)(n+1)
B 24

1
= gn(n +1)(2n+ 1) (as required)
40

40
o 2(3r 12 = Z(%Z —6r+1)

r=1
40 40 40
:9Zr2—62r+21
r=1 r=1 r=1
1 1
—9 [540(40 +1)(2% 40 + 1) ] ~6 [540(40 +1) |+ @om

[132 840 ] 8 [1 640] L 40
6 2
=199 260 —4 920 + 40

= 194380

NB:

n
1
1) r? = gn(n +1)(2n+1)
=1

r

n
1
2) r= En(n +1)
=1

<

n
3) a=na
=1

=
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Question 6

Cambridge Further Mathematics Paper 1

Find

- r+4
Zr(r+ D(r+2)

r=1

Suggested Solution

r+4 A B C

Let ————
r(r+1)(r+2) r r+l1  r+2

r+4 _Ar+ 1D +2)+Br(r+2) +Cr(r +1)
rr+ DT +2) r(r+ 1) + 2)

r+4=>A0r+1)T+2)+Br(r+2)+Cr(r+1)

Whenr =0:4 =24 Whenr = —-1: 3 = —B Whenr = —=2:2 = 2C

SA=2 .. B=-3

L rhtf 2 3 1
Trr+ DT +2) Tr r+1 r+2

Now

n n
Z r+4 _ZZ 3 2
rr+ 1D +2) 4T r+1 7r+2
r=

r=1

~C=1
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1 3

1

3 2+1
2" n+1 n+2

Hence deduce the value of

- r+4
;r(r+ D(r+2)

Suggested Solution

2 r+4 _ (3 2 N 1)
rr+ D +2) n2e\2 n+l n+2

r=1

+n+1_n+1+n+2
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+
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Question 7

Cambridge Further Mathematics Paper 1

1
(r+1)!

1
Simplify ; -

Suggested Solution

1 1 T+
o +D! T i+ 1)!
[+ D) xrxr—1IX.x1)=[rXr=1x..x1]

- rl(r+1)!
[rx7r—1%..x11{(r + 1) =(1)}
- ri(r+1)!
i}
7 (r+ 1)
A Tr
T+
Hence find
- T
(r+1)'

Suggested Solution

Z r+1)! Z%_ﬁ
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Question 8

Cambridge Further Mathematics Paper 1

1 1
r(r+1)(r+2) = 2r(r+1) - 2(r+1)(r+2)

Given that find

n

1
Zr(r +1)(r+2)

r=1

Suggested Solution

1 w1 1
Zr(r+1)(r+2) :;zm+1)_2(r+1)(r+2)

r=1
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Whenr = 1;

)(3)

| 2(1)<2)/<21</f+
r=2: (

3)(4)) +

r = 3! (2/@7(4)—@5&4'

_ ( r
r=n-—1: Z/Q{—l)(n)

n)(n+1)) +

. 1 —
r=n Q@yﬁn
n

1
2m+1xn+a>

1

1 1
"‘;r(r+ Dr+2) 4 2+Dn+2)

Hence deduce the value of

Answer

o)

[0e]

1
;r(r +1)(r+2)

1 i 1
Zr(r+ Dr+2)  nas (2_2(n+ D(n+ 2))

r=1
11
T4
1
:Z_O
1
T4

Question 10

Cape Pure Mathematics Unit 2

a) Show that

[rr+1)—r(r-1)]

N[ =
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b) Hence show using the method of differences that

n

Zr=ln(n+1)
2

r=1

c) Evaluate

30
z 4r

r=10

Suggested Solution

)1=2lr(r+1) —r(—1)]

LHS:

1 1

E[r(r+1)—r(r—1)] =§(r2+r—r2+r)
_E( T)

= 1 (As required)

D1-
Il
ms

[r(r+1)—r(r— 1] =

r=1 r=1

1

5 [1(2) — 1(0)] + (forr =1)
1

5 [2(3) —2(D)] + (forr = 2)
1

5 [3(4) —3(2)] + (forr = 3)
..t
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+-[(n—1)(n) — (n—1)(n — 2)] (forr=n—1)

N| =

+%[n(n +1) —n(n—-1)] (forr =n)

o After performing relevant cancelling (Observe the matching colours) we should

obtain
n
1
2 r= zn(n +1)
r=1

30 30 9
C) Z 4r = 4Zr—4Zr
r=1 r=1

r=10
1 1
=4]53030+ 1) |- 4[590+D |
= 4[15(31) ] —4[9(5) |

=1860— 180

=1680
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PRACTICE QUESTIONS

QUESTION 1

1 3 2 2—r
a) Show that — — + =
r r+l1  r+2 r(r+1)(r+2)

b) Hence show that

n

2—r _ n
Zr(r+1)(r+2)_ (n+1)(n+2)

r=1
¢) Find the value of

o)

2—r
Zr(r+1)(r+2)

r=2

QUESTION 2

1 1 3
a) Show that — =
) 3r—=1  3r+2 (3r-1)(3r+2)

b) Hence show that

2n 1 ~ n
; GBr—-1)@r+2) 23Bn+1)

QUESTION 3

1 2
r+2 r(r+2)

1
a) Show that .

b) Hence find an expression, in terms of n, for

n

Z r(ri— 2)

r=1

c) Given that

o

Z 2 M qdm £N
1r(r+_2)—-30, 1n e vaue o .

r=N+
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QUESTION 4

¢) Find the value of

QUESTION 5

Show th i_ 1 — 2r+1
) Show tha r2  (r+1)2 = r2(r+1)2

b) Hence find an expression, in terms of n, for

n
z 2r +1
r2(r+ 1)2
r=1
c) Find the value of
i 2r +1
r2(r+ 1)>2
r=2
QUESTION 6
1 4

1
a) Show that — = —
2r—3  2r+1  4r2—-4r-3

b) Hence find an expression, in terms of n, for

n
Z 4
412 — 4r — 3
r=2

¢) Show that
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i 4 4
4r2 —4r —3 3
r=2

QUESTION 7

2 1 1 _ 3r+4
a) Show that — — — =
r r+l1 r+2 r(r+1)(r+2)

b) Hence:

(i) Find an expression, in terms of n, for

z": 3r+4
r(r+ 1)+ 2)
r=1
(ii) Write down the value of
i 3r+4
r(r+1)((r+2)
r=1
c) Given that
i 7Y 7 findth £N
+1r(r +1Dr+2) 10’ tnd the vaue of .

QUESTION 8

a) Show that — — —

1 1 r
rl (r+1)! (r+1)!

b) Hence find an expression, in terms of n, for

1 2 3 r
TR TI TR ey
QUESTION 9
ZIMSEC November 2019 Paper 2
E in the fi ; 2
8) Express r(r+1) - (r+1)(r+2) in the form r(r+1)(r+2) [2]
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b) Hence show that

n

1 1 1 5
zr(r+1)(r+2) 4 2(n+1)(n+2) [5]

c¢) Deduce the value of
;r(r+1)(r+2)' [2]

QUESTION 10

ZIMSEC November 2019 Additional Mathematics Paper 1

a) Show that

z": 13 2n +3 :
1r(r+2)_4 2(n+ D(n+2) 7]
r=
b) Hence, or otherwise, find
Ya: 1
_lr(r +2) 1]

QUESTION 11

Cambridge January 2003 Further Mathematics Paper 4

a) Express in partial fractions. [2]

VAA Y.
(r+1)(r+3)

b) Hence prove that

< _ n(5n+13)
Z (r+ 1)(r +3) 6(n+2)(n+3)

[5]

QUESTION 12

Cambridge June 2019 Further Mathematics Paper 3

a) Use the method of differences to show that
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1 1

N
Z 3r+1)(3r—2) 3

b) Find the limit, as N — oo, of

N

L BGr+DBr-2)

QUESTION 13

1 1
a) Show that — — =
r  r+1 r(r+1)

b) Hence show that

n

;r(r%l- 1) -

c) Deduce that

o)

1
n+1

;r(ri 1) v

stating the value of a

n(2n + 3)

QUESTION 14
Given that f(r) = r(r—i—l)
a) Show that £ (r) — £ + 1) = sy
b) Hence show that
2n
1 j—
;r(r +DEr+2)

c) Deduce that

o)

4n+1)(2n+1)

1

;r(r+

D(r+2)

33N + 1)

[4]

[4]
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