8.3 Derivation of (ax + b)"

X

Example 1
_ 4 v
Ify=(3x + 5), find }T
AN

Solution
g‘_ =403x+5 " x3

X

=12 (3x +5)°

. Example 2

Ify = (4x® + 5%)°, find ?ﬁ .
& 'x‘
Solution

2 =6 (4x + 50" x (126 +5)

oy

= 6 (12x* + 5) (4%’ + 5x)°

Example 3
If f(x)=v2-3x, find 7 {x).

Solution
!

f(x) = (2-3x)2
-1

1(x)= %(2—3,\-)5’ x -3

-1
= %(2»-3‘\»)-*

-3

1| —

2(2-3x)
g
242 -3x

(Ans)
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Exercise 8.3

Differentiate the following with respect to x.

1

2

10

11

12

13

14

Pure 3

(2x - 1®
(3x +2)
(2x* +3)°

(1-4x)7
(1+x%)?

24+ 3x

2y +5)°

s

nematies — 9709

[Ans :
[Ans:
[Ans:

[Ans :

[Ans :

[Ans :

[Ans :

[Ans :

[Ans :

[Ans :

12(2x-1)"]
24(3x+ 2)]
20x(2x°+3)1
2137+ 2)°)

12
(1-4x)? ]

[Ans —

[Ans :

[Ans :

[Ans ;-

9%
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8.4 Gradients

To find the gradient of a curve at a particular point, we have to differentiate the given
function and replace the given point to obtain the gradient.

Calculate the gradient of the tangent to the curve y = 3%’ 5x + 2 at the point (=2,3).

Example 1
Solution
y == 3% 5x + 2
Do 5
dx

v
ey

Therefore the gradient at (-2,3) 18 —17.

AL(-23), x=-2, ‘L= 6(-2)=5=-17

Example 2
Find the coordinates of the points on the curve

gradient i1s —1.
Solution

7
yp=xt- Lxttx
2

® o3 7k
dx
Since the gradient = 1,
3x - T4 1 =1
3 - Tx+2=0

(B3x--D(x-2)=0

Either x = é orx =2

3 2
When x = -1-,y: (l} -1[1] "y
3 L3 243 3 54

Whenx =2,y = (-} 2 +2=-4

1

Hence the required points are [% g EJ and (2,— 4).
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Exercise 8.4

Calculate the gradient of the tangent to the following curves at the given point.

i _1,-*=3x2“7x+6,x=2
2 y=x —5%°+2x -5, x=-3

I T e Y

2 £

X
4 }) = S 1/2

X
5 y=(2x+5)(x-2),x=1
6 y=2xT+3x,y=2

7 yEx 2%,y =1

[Ans :

[Ans :

[Ans :

{Ans :

[Ans :

[Ans :

[Ans :

[Ans: ¥

[Ans:

8.8]

10 Find the coordinates of the point on the curve y = x* = 3x* + 6x + 2 at which the
[Ans: (1, 6)]

gradient is 3.

11 Find the coordinates of the point on the curve y = 2x° — 4x* + x + | at which the

gradient 1s 1.

1 26

[Ans: (1, 0), (E’En

] b - &
12 Given that the curve y = ax” + — has gradient 4 at the point (1,5), calculate the

value of g and 5.

Pure Mathematics -- 9709
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8.5 Tangents

A line that touches a curve at a single point is called a tangent.

YA
I

P(x1,y1)

y=1x)

» X

In the diagram the /, is a tangent to the curve y = f(x) at the point P(x,y,).
We have seen in the previous section that its gradient, m, is given by

m = value of ? at (x1.y1).
X

Hence the equation of the tangent is given by y =y =mX — x;).

Example 1
Find the equation of the tangent to the curve y = x*+3x + | at the point (1,2).
Solution )
Giveny =x"+3x + |
dy

—e=2x+3
X

At(12), x=1, L=21)+3=5
dx

This is by definition the gradient of the tangent at (1,2).
So, we have to find the equation of a line whose gradient is 5 and which passes through
(1,2).
We have y-2=5(x-1)
y-2-:5x~5
V= 9%~ 3
Therefore the equation of the tangent is y == 5x - 3.

Example 2
Find the equation of the tangent to the curve y = x* — x at the point where x = 1,
Solution
Whenx=1,y=(1)-1=0
Now P - 3x? -1
dx
v
At(l1,0),x—1, =
(1,0), x 5

Ay

=3(1y ~1=2

So, we have to find the equation of a line whose gradient is 2 passing through (1,0).
We have y—-0=2(x~1)

0 2x-2

y—2x 2 (Ans)
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JExercise 8.5|

Find the equation of tangent(s) at the given point.

1

2

10

y=x2—5x+6;at(l,2) [Ans:y +3x = 5]
y=3x"-Tx+2;at(-1,3) [Ans:y+13x +10=0]
2
y=x+—atx=-1 [Ans 1y +x+4=0]
X

Using differentiation find the equation of tangent at the point (2,1) on the curve

y=yx’-3). (C) Ans:y=2x-3] '

Find the equations of the tangens to the curve »=x" — 1 Lx which are parallel to
the line y = x. (C) [Ans iy =x-16,y=x+ 16]

3 : ;
The tangent to the curve y=4x - = 21 the pomnt (2,12) meets the x—axis at A and

the y—axis at B. Find the coordinates of the midpoint of AB. (C) [Ans:
(_254)]

Find the equation of tangent to the curve v=x'—8x?+ 15x at the point (4, —4).
Calculate the coordinates of the point where the tangent meets the curve again.
Ansiv+x=0;(0,0)]

Find the equation of tangent to the curva v=3x"—2x + 5 which is perpendicular
to the line 4y + x = 2. Ansty=dx + 2]

5 | - .
The equation of a curve is~+— = < . where @ Is a constant.
X ¥y o

Prove that? =~ and find the equaticn of the tangent to the curve at the point

X X~ ]
(2a, 2a). (C) Ans i lav - x =2a + 4al)
The tangent to the curve y = px° at the point where x =2 passes through the point

22

(1, -10). Find the value of p. (C)  "Arps- p=

SRRV
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8.6 Normals

[n the diagram the line /; is a tangent to the curve y = {(x} at the point P(x; y1).
The line /, is perpendicular to the tangent /; and is called the normal to the curve at
P(xu,y1)-

Hence its gradient is ~L andits equation is given by y —y; = ——-(x X1).
m
Example 1

Find the equation of the normal to the curve y = x* + 2x — 3 at the point (1,3) giving your
answer in the form ay + bx = ¢ , where g, b and ¢ are constants.

Solution

Giveny =x"+ 2x — 3
LI 2x +2
dx

At(13),x=1, dy =2(1)+2=4
The gradient of the tangent at{1,3Y=4

So the gradient of the normal at (1,3) =— %

So, we have to find the equation of a line whose gradient is —-3: and which passes
through (1,3).
We have y—BZ—%(X—l)

4y-3)=-=x+1
dy - 12=-x+1
dy+x=13

Therefore the equation of the line normal is 4y +x =13,
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Exercise 8.6

Find the equation of the normal to the curve y = x” — x at the point (2,1).
[Ans: 11y +x = 3]

Find the equation of the normel to the curve y = x* + x + 1 at the point where
x=1 [Ans:dy +x=13]

Find the equation of normal to the curve y =—3x> + 5 at the point (-1,8). (C)
"o [Ans : 9y = x + 73]

Find the equation of the normal to the curve y = 3x> — 4x + 5 at the point where
x=1. [Ans: 2y +x=9]

Find the equation of normal to the curve y = —2x’ + 3x at the point (~1,5).
[Ans : 7y = x + 36]

Find the equation of the normal to the curve y = 2x* — 7x + 3 at the point where

x=2. Ans:y+x+1=0]
. ; 5 4 g
Find the equation of normal to the curve v = -~ at the point where x = 8.
VY

FAns v =12x-94]

2 :
Find the equation of normal to the curve v = - at the point where x =4.
VX

[Ans:v=8x-31]

1 . .
The normal to the curve y = 2x+~ at x = 2 cuts the x—axis at A. Find the
X

B
8

coordinates of A. TAns: (=0}
The normals to the curve y = 2x + 3 atx=1landx=4 intersect at the point P,
X

Show that the coordinates of P is [g%} .
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8.7 Increasing and Decreasing functions

A function y = f(x) is said to be an increasing function at particular point P{x.y)

if the value of % or 7' (x)at P is positive.

Conversely, a ﬁ-mction y = f(x) is said to be a decreasing function at a particular point
Q(x.y) if the value of % or #'(x)at Q is negative.

The following graphs will give a better idea of increasing and decreasing functions.

i I

Increasing Decreasing

4’

1
¥=
X

» X

The graphs of y = ¢* has a positive gradient throughout. So, we say that f{x) = € is an
increasing function.

Similarly f(x) = ! has negative gradient throughout. Therefore, f(x) = Lisan example of
X X

a decreasing function. ?
However there are some functions which are increasing

and decreasing at the same time depending on the domain
that we choose. The diagram shows the graph of the function
fx)= <> It is an increasing function for x > Oanda
decreasing function for x <0.

—
Example 0 X

A curve has equationy =X + 4 2. Find the value of j—‘ at x = 1. Hence state whether
X . X

the function is increasing or decreasing at X = L.

Solution
y:x—+- i )
RY
=x+4x ' -2
LS S
dx
LA
&
Whenx =2, & ==1- 4 =-3.
dx (h”

Since the value of f:—;i at x = lis negative, the function is a decreasing function at x = 1.
X
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Exercise 8.7

By making a sketch or otherwise, state which of the following functions are increasing,
decreasing or both.

1 fx) — ™ [Ans : increasing]
2 f(x) = In 5x [Ans : decreasing]
3 flx) > x> +2 [Ans : both]
4 )= [Ans : both]
5 f(x) = Inx + 1 [Ans: decrg:asing]
6 fx) > 4-x> [Ans : both]
7 ) ?L [Ans : both]
8 fx) > > [Ans : decreasing]
9 f(x) — % | [Ans : decreasing]

10 A curve has equation y = 5x + 2 _ 3. Find the value of %‘f- at x = 2. Hence state
R1 A%

whether the function is increasing or decreasing at x =2. [Ans : 4.5, increasing]

11 Given that f(x )= (3x% + 5x + 4)°, find f'(~1) and state whether the function f'is
increasing or decreasing at x = —1. [Ans: —80, decreasing]

12 A curve has equation y = 2%’ —-—5,— . Find the value of ? at x = 1. Hence state
hea s X .

whether the function is increasing or decreasing atx = 1. [Ans: 14, increasing]
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8.8 Connected rates of change

Differentiation of the function of a function can be applied to deduce the rate of change
of one variable as compared to another. This is illustrated in the examples below:

Example 1

The radius of a circular blot of ink is increasing at a constant rate of 0.2 cm/s. Find the
rate at which the area is increasing when the radius is 10 cm.

Solution :

Let  be the radius of the circular blot and A cm? be the area of the circular blot.
Given that the rate of change of the radius is 0.2 cm/s.

& g2

dt
Also A=nr2:>£4—=21tr

dr
; dA ‘
Required: rate of change of area => —-
“But dd _ M ar
dt dr dt

=2mr x 0.2 =04nr
When r = 10, i’ﬁ —04xmx10=2%

Therefore the rate of change of the area = 2 cm’/s.

Example 2

The diagram shows a vertical cross—section of a
container in the form of an inverted cone of 4= 20cni >
height 60 cm and base radius 20 cm. The circular
base is held horizontal and uppermost.

water is poured into the container at a constant
rate of 40 cm’/s.

(i) Show that, when the depth of water in the

container is x c¢m, the volume of water in
<%
the container is 52\—7- cm®.

(ii) Find the rate of increasing of x at the instant when x = 2. (C)

Solution
Let y be the radius of the water
Using similarly, U DS
£ Y 20 60 3
2 3
Volume of water = lo/lh= L (i' x= Z_ (shown)
3 3 3 27
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(1}) Now V= f oy
L.
efx G
dv _ ] dx xa’l' — & dx 7 9 40
@ dr dr dr m_:
When x = 2, P ?ﬁ 40 = % ciTy/s.
dr x(? T
ﬁi?xerase 8. 8]
. o o (Fp—2y" dy 1 ,
i Given that »= -~ . . find the value of d— when x = y The rate of increase
X
1. . ‘
of x, when x = 3" 1s 2 units per second. Calculate the corresponding rate of
change of y. (C) [Ans : -5, 10 units/sec]
2 The radius of a circular disc is increasing at a constant rate of 0.003 cm/s. Find the
rate at which the area is increasing when the radius is 20 cm. [Ans : 0.12x]
3 A rectangular box of ice has dlmensmns x em by x em by 4x cm.
(a) Express the total surface area A cm?, in terms of x and write down an
expression for Z—I tAns: A= 18x2 A _ = 36x]
A ax -
(b) Given that the ice is meliing so that the total surface area, A cm”, is
decreasing at a constant rate of 3 cm ?fs, calculate the rate of decrease of x when
K=, [Ans : 1/60 cm/s]
4 A metal cube is being expanded by heat. At the instant when the length of an edge
is 2 cm, the volume of the cube is increasing at the rate of 0.012 cm’ per second.
At what rate is the length of the edge increasing at that instant? [Ans : 0.001}
5 The figure shows the curve y = x” and the .point D(-1,0). P(p,0)is a variable

point on the x~axis and PQ is parallel to the y—axis. Express the area, A, of the
triangle DPQ in terms of p.

(Ans Y (p* + p7) yT
If p is increasing at the rate of 5 units
per second, calculate the rate at which
A is increasing at the instant

when p = 4 units. [Ans : 140]

Di-1,0) O p P x

Pure Mathematics — 9709 109 B T e

!



8.9 Stationary points
Consider the graph of v = f(x)

y A
A
\,/ ¥
B
Points A and B where %1- — ( are called stationary points. To be more specific, point A
. AY

is called a maximum point because y = f(x) has a maximum value at A as compared to
the neighbouring points around A. We can refer to the point A as a local maximum.
However, it does not mean that the point A represents the maximum value of the whole
curve.

Point B is called a minimum point because y = f(x) has a minimum value at B as
compared to the neighbouring points around B. We can refer to' the point B as a local
minimum. Again 1t does not mean that the point B represents the minimum value of the
whole curve.

A turning point is a stationary point which is either a maximum or a minimum point.

-

To find the nature of a point, we have to find d_f .
dy”
; .oy dly
For a maximum point ~~ = (¢ and ~ <0.
dv i
. ; o dy d*y
For a maximum point £ =0 and == > 0.
dx .ode”
However if ? =0 and du;v = 0, then there is no turning point but a stationary point
AW dv-

which is termed as a point of inflexion. The latter is not examinable, so we advise the
reader not ©y identify points of inflexion on given curves.

Example 1

Find the differentiation, the coordinates of the turning points on the curve
o] . .

yx0 - 2x% - 4x + 5, stating the nature of each point. (C)

Solution
Y X - 2% X+ 5
D3 4x. 4
dv

»

For turning points, f? -0
[£A%

AN x40
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(3x+2)(x~2): 0

Either x = - ‘2 orx:-=2

(2 2y 2. 13
3 Y ( 3) ZL_FJ _4("5}5_627
Whenx=2, y=2"-22) ~4(2)+5=-3

T

When x = -

- . . f
5o the turning points are [ i,b 3 and (2,-2

27
Now dn;“ =6x -4
dr”

At L—i,6l—"1,x=ﬁ£, d‘ =6(—3]— =-8
3 27 3 dy” 3
Since dﬁ;‘i <0, [~Z,6£J is a maximum point.

oy~ 3 27
At(2-3),x=-2,  ZX-602)-4-8
dx”
Since Zkf >0, (2,-3) is a minimum point.
o
Example 2

Find the differentiation, the coordinates of the turning points on the curve
y=2x" + 3x” - 12x -+ 7, stating the nature of each point. Also sketch the curve.
Solution .

y= 2%+ 3x7 ~12x + 7

& 6x+6x - 12

ey
. . av
For turning points, = 0
X

6x% + 6%--12=0
X hx-2=0
GOx D=0
Fathefx - -2 orx— |
When x = 2, y=2(=2Y +3(=2)" - 12(-2)+ 7 ~ 27
Whenx ~ 1, y=2(1) +3(1F - 12(1)+7=0
So the turning points are (—2,27) and (1,0).

Now d‘ =12x+6
™
AL(=227),x = -2, ";‘ ~(2(-2)+6=—18
o™
Since a;-':: <0, (-2,27) 15 a maximum point.
ax”
AL(L,0), x = 1, ‘:" = 12(1)+6 = 18
A
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Since _‘_’%‘j >0, (1,0) is a minimum point.
dy”

Also whenx=0,y=7

Pure Mathematics — 9709 112 8 — Differentiation |



Exercise 8.9

Find the stationary points of each of the following and determine the nature of the
stationary points. - ‘

vy [Ans : (1, -2) min; (-1, 2) max]
2 y=2-3 - - 1R [Ans : {- 1. 25) max ; (2, -2) min]
R [Ans : (%, 6) min]
x-

4 Y=X (4 -x)° [Ans : (1, 27) max ; (4, 0) inflexion point]
5 y=x'—8x+2 [Ans : (-1.63, 13.4) max ; (1.63,6.7) min]

_ 9 .3 S
6 y=4x + [Ans : ( —,}—,12) min : (——5,—12) max]

sl o 16 .
7 y=x+ -2 [Ans:(2,12)mm] :

X

Find the coordinates of the stationary points on the following curves and hence sketch the
graphs, ‘

8 y=3x-2x*~5x— 4
9 y=2x - 9x* + 12x
10 y=x*-6x’+9x+1
11 y=x3+x2-—5x—l5
13 ¥ = x(x-- 2)

137 y=x(x+3)
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8.10 Problems on maximum and minimum values

Example 1

The diagram shows a closed cardboard box in the shape of a cuboid with base 3x cm by x
cm and height # cm. The total surface area of the cardboard (i.c the outside of the box) is

ey

g "7 S

3x
X |
1 _ _
h| AT S
(1) By first expressing A in terms of x, show that the volume of the box, V enr, is
given by V=90x(48 - %xz),

(i)  Given that x can vary, find the maximum value of V, explaining why it is a
maximum and not a minimum. (C)

Solution

(1) Total surface area = 2(3xh + 3x° + xh) = 8xh + 6x°
Given that total surface area = 1152 ¢m”
8xh + 6% ¥ 1152
8xh = 1152 - 6x°
po 1152-6x _ 576-3¢7

8x 4x
Now volume of box, V =3 xxxx ﬂi}ﬁ:%xﬁ?é —x°)
9 2
= =(192 -
2 (1922

= 9x(48 — %.ﬁ) (shown)

() V=432x- %x“ L :432-%1-2

X

At maximum value, d—V=0:> 432 — 2229
dx 4
= x* = 64
=x=38

Maximum value of V = 9(8) [48—%(8)2} - 2304

2
Now ] =—£x

2

dx” 2

2
When x = 8, ‘;_2’:_2_27 (8) =108 (< 0)
X

5
Since —- <0, we have a maximum value of V and not a minimum.

dx~
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kExercise 8.10|

1 A rectangular block has a base which measures 2x cm by 3x cm. Given that its

volume is 1800 cm’, prove that the total surface area, A cm”, of the block is given
by A — 12x7 + %%

N
Calculate the value of x for which A has a stationary value. Give a reason why it
is a minimum value and not a maximum.  (C)  [Ans:x= 5]

2 A piece of wire, 40 cm long, is bent to form the shape shown in the diagram.

X Cm X cm

yem ycm

X cm

Express y in terms of x. Show that the area enclosed, A cm’, is given
approximately by A = 20x — 1.07 x°.
Hence determine the value of x for which A is maximum.

[Ans: y =20-<x ; 9.4]

3 A farmer has 120m of fencing to make two identical enclosures using an existing
wall as one side of each enclosure. The dimensions of cach enclosures are x cm
and y cm as shown,

wall

G e K F TP LES

xm ; X1m X m

ym ym

Obtain an expression, in terms of x only, for the total area of the two enclosures,
and show that the maximum value of this area is 1200 m°.
[Ans:y =14 (120 - 3x)]

4 An open tank with a square base is to be made from a thin sheet of metal. Find the
length of the square base and the height of the tank so that the least amount of

metal is used to make a tank with a capacity of & cm’. [Ans 232,32 }
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A cuboid has a total surface are of 150 cm® and is such that its base is as square of
side x cm. Show that the height, # cm, of the cuboid is given by’ . g

h

B 15—x
2x
Express the volume of the cuboid in terms of x. Hence determine, as x varies, its
maximum volume and show that this volume is a maximum. (C)

|

75 3
[Ans:v:—?x—-é-.r Vi _250i|

6 A piece of wire, 60 cm long, is bent to form the shape shown in the figure.

This shape consists of a semi—circular arc, radius » cm, and three sides of a
rectangle of hetght x cm., Express x in terms of » and hence show that the area
enclosed, A cm?, is given by
2
A=60r—27 -2 [Ans:xu—_in—r-lﬂr;r: 60
2 ; ’ 2 d+x

Hence determine, to 3 significant figures, the value of r for which A is stationary.
Determiné whether this value of » makes A a maximum or a minimum. (C)

.

7 A picce of wire, 100 cm in length, is divided into two parts. One part is bent to
form an cquilateral triangle of side x cm and the other part is bent to form a
square of sidc y cm. Show that

_ 100-3x
4

and that the area A cmz, enclosed by the two shapes, is such that

2
A == ...!/:3_);2 4...(,,100_3‘[)
4 16

Calculate the value of x for which A has a stationary value. Sc.ounine whether
this value of x makes A a maximum or a minirnum. [Ans: x = |9]

Gy
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CHAPTER 9

mfrecation as we all know is the reverse process of differentiation. The process of

. v . ; . ; 5 ; .
obtaining 1 from s known as integration. The expression for v involving a constant is
(X

calied an indefinite integral.

9.1 Integral of ax” of Jax" dx

ax™!

I‘ 2
If 2 = ax" theny = —’—--I— +¢,n# -1 and g and c are constants.
iy ot '
The steps for obtaining the indefinite integral of ax” are:
Step 1 : Add | to the power.

Step 2 : Divide by the new power.

Example

(a) [2+%dx (0) [ =+ dx
X

Solution

5.5
(a) [2x* dx = “—:— T

0 f 2+ P dx = [2v 3+ X2 dx
X

3

RY R
T e—+—+t¢
o)
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Exercise 9.1

Integrate the following with respect to x:

1 3%+ 2x
2 8x° + 9x°—x
;- ¥
X
4 Jx
& 6x° - 4y’
7

6 (x+3)(3x-2)

3 2
7 N
.
8 3+ Jx
9 Y27x

LU OV S

11 x2(3+%]
X

12 \/;(w/;*':/z—;)

1," 3}
. +-T
X

Pure Mathematizs - 6769
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[Ans :

[Ans :
[Ans :
{Ans :
. [Ans :

., X
[Ans : T

[Ans :

[Ans:
[Ans:
[Ans:

[Ans: -

x3+xl+c]

2x* +3x° - %.\'3 + ¢}

118
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9.2 Integral of the type (ax + b)"

_ it
f(ax +b)'dx = %—J% + ¢, where n # —1 and a, b and ¢ are constants.
L IXa .

Example
(@ J(2x + 3 dx

(b) §(1 - 3x)° dx

1 .
4+ 3y

()| 'dx

(d) TV v+s dx

Solution
5
@ ee+3)dx =3 L
8x2
. 8
_ (2.\l+63) s
- - N6
(b) [(1--3x)° dx S (L)
6x-3
6
-k v
i
(© | \/ﬁ dx = [ {a+3x) QX
_ (4Jlr_3.\]a e
—X3
2
= %(4T3x)31' +¢
= §\f4+3.\' +c
(d) J ¥2r+s dx =] (21+5); dx
_ (2.\'-!—5);:; e
ixZ
3
= -(2\+5): +c
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Exercise 9.2

Integrate the following with respect to X.

1

10
1t

12

Pur. Mathematics - 9709

2x+ 1)
3x+2)
(5x +3)'
(2-3x)
(1-4x)7
(1+x)7
J2+3x

J1=2x

I
(4x~—5):’

1

(x5

2
3x—4)°

2xF1

[Ans :
[Ans:
[Ans:
[Ans:

[Ans:
[Ans .
[Ans .
[i%ns :
[Ans :
[Ans :

[Ans :

[Ans

6
(2x+1) +e]
12

b
G2 | g
24

5
(Sx+3) | o]
25

6
(2-3x) )
-18

1
8(1 —4x)”

+c]

-1

P+ x

+c ]

3
-:;—(2+ 3x)2 +c¢]

1 3
-—{1=-2x)> +
3( 1}

L]
a—

-1

———t]
B(4x - 5)?

-i

. I
6(2x +5)° ]

2
15(3x — 4)°

: J2x+1 + ¢}

120
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9.3 Problems involving the evaluation of a constant of integration

In this case we are going to deal with equattons of the type~— = f(x). To find y in terms

of X, we have to integrate both sides. By substituting the value of x and y, we can find the
value of the constant of i integration, c.

Example 1
The curve for which g‘— = 2x(x -3} passes through the point (3,6). Find the equation of the
Ay
curve.
Solution
=2x(x—-3)

integrating both sides , we have

y= foz — 6xdx

A ?‘ S3x e

3

Since the curve passcs through (3,6) = x=3,y=6
6 2‘2) —33) +

Sl g
c=15

Hence the equation of the curve is y = 2_3‘*_ 3+ 15

Example 2

. curve is such that Efiza.\‘ -3, whege a 18 a constant. Given that the gradient of the
e : &

normal at the point (2,-1) on the curve is —%, find

{(a) the value of a,
(b) the equation of the curve. (C)
Seolution

(a) gradient of normal = —é = gradient of tangent = 5
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w =4x -3,
dy

integrating both sides , we have

y= I4.\' - Bely

g g 3x e

Since the curve passes through 2,-1) =>x=2,y=-1

1 =202 -3(2)+¢
c=-3

Hence the equation of the curve isy =y = 2%° —3x -3

A curve is such that -31» _~ (3x-2)*. Given that the curve passes through the point
_\.

3
(1,2), find its equation. (C) [Ans:y= (3-‘;2) +‘_97_]

A curve is such that Z__ 1B ~
dx  (2x+1)°

(i) the normal to the curve at P crosses the x—axis at Q. Find the coordinates of

Q.

(ii) Find the equation of the curve. (C)
[Ans : (i)(iji,o]; (i e

and P(1,5) is a point on the curve.

+7
2x+1 ]

The curve for which ?-= J1+2x, passes through the point (4,30). Find the
X

3
cquation of the curve. [Ans: y= —;—(l +2x)2 +21]

A curve for which g}i = 2x -5, passes through the point P(4,-2).

X
(1) the equation of the normal at P, :
(i) the cquation of the curve. - [Ans: () x+3y+2=0; (i)p= x? =5x+2]

Given that & =-2 +1, and that when x = I, —3‘- -3 and y = 3. Find the value of ¥
Y X- X

whenx=2. (C) [Ans : 5]

In an experiment with a cube and a stop—watch it is found that when the stop
watch registers t minutes the side of the cube is increasing at the rate of 0.3 t’
cmymin. Given thai ine sige .7 ihe cube is 6 cm when t = 0, calqulate the fength
of the side when t = 2. (C) [Ans: 6.8]
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9.4  Evaluating definite integrals

B
Consider the expression jf(x) dx. The expression is called the definite integral of f(x)
with respect to x from a to b, Hence, g is the Jower limit of the integral and b the upper
fimit.
h
To evaluate the expression 'f J{xydx, we have to find the valug of [t(x) dx when x=1b and

i

minus the value of [ { (x) dx when x = g,
Example
1 £ 4
I I :
Evaluate (E_l) 5‘.7—: dx (b) [[*_3 dx (c) Jf V2x+1 dx

Solution

() Ifjl_;_ dx = J: ¢ dx

o

(b) ]—]; dx = J"FE dx
1 i

(c) ]J2x+l dx = j'(z_wl)é' dx

4]

é><2 3
2 0 4]
_ [(2(4)4,1)%}_[ (2(0)+1)§J
3 3
_ 2%
)
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Evaluate the following definite integrals:
: 3 .7 o
1 x"dlx Ans i —
.“\ 5 [Ans 3]
. 2 L
2 j—‘r—\ldx [Ans : _BE]
' 5
3 X228+ ek Ans: =
“J [ 2
4 Jere e [Ans: 24]
0
13 5
P s ) . gl
S iJu—--:\""“—"d.\ [Ans . 2 ]
-
6 j‘_l“ld\ [Ans : 2]
1 -
g b I
7 3- 207 +—dy [Ans: —~-6e]
1 X’
4
8 J.QLT"LT#\ [Ans: -5—]
48 3 2
|
9 '[(3.\'—2]5615.' [Ans: L]
7 18
} 14
10 J«/.H— ldx [Ans: -?]
4
4 ! 8
11 '[«/T—j_:m [Ans 5]
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9.5 Plane Areas by integration

Example 1

A region R is found in the first quadrant and bounded by the curve y = x°, the x-axis and
the line y = 2 — x. Show this region clearly on a'Sketch and hence find the area of R.
Solution

_V
A

hY

P
R
0 2\ rad

To find the coordmates of the point of intersection P, we solve the equations
¥ x* and y = 2 —x simultaneously
r =2-x
P+x-2=0
Ft2)(x-1)=0
Eitherx=-2 orx=1
Since R is found in the first quadrant , x = 1
y=1*=1
Therefore P has coordinates (1,1)
To find the area of R, we integrate the curve y = x* from 0 to I and then we find the area
of the triangle fromx =1 to x = 2.

|
Now area of the region R = J._\-z dx + Area of A
0

a7 |
= el +—x1x]
3 0 2
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Exercise 9.5

Find the area represented by the letter R

1 2
4 A
y= x2 . y= ‘jX.
R
» . >
0 3 x 0 1 4 x
[Ans : 9] fAns : 14/3]
3 4
A
y=sinx
—’/I/ m"
0] s x
-1
[Ans : 4.22] [Ans: 2]

5 The diagram shows the graph of y = x(4 - x). State the coordinates of A and B.
Hence find the area enclosed by the curve and the x-axis.

A v=x(4 - x%)
A 0 B % [Ans : 8]

6 The region R is bounded by the curve y = x* and y = Vx. Show the region R
clearly on a sketch and hence find the area of R. [Ans : 1/3]
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9

i1

The diagram shows the graph of y =x+ 1 and the line y=x+3. Find
{(a) the coordinates of A and B.
(b) the area enclosed by the curve and the line.
[Ans: (a) A(-1,2) B(2,5) ; (b) 4.5]

2

vA  pexi+

» X

Sketch the curve y = x* -- 4x. Hence find the area bounded by the curve and the
X—axis. [Ans : 8]

The region R is bounded by the curve y =x"and y = x + 2. Show the region R
clearly on a sketch and hence find the area of R. [Ans : 4.5]

The diagram shows the graph of y = 2 — x* and the line y=-x. Find
(a) the coordinates of P and Q.
(b) the area enclosed by the curve and the line.
[Ans: (a) A(-1,1) B(2,-2) ; (b) 4.5]

4y

X

N

The diagram shows the points A(1,2) and B(4,4) on the curve y = 2Vx. The line
BC is the normal to the curve at B, and C lies on the x—axis. Lines AD and BE
are perpendicular to the x—axis. Find

(a) the equation of the normal BC, g 4 y=2Vx
{b) the area of R. 4)
[Ans: (a) y = -2x + 12 ; (b) 28/3]
(1,2)
R
>
O D E €.
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9.6 Volume of Revolution

When an area bounded by a curve and the x—axis or the y-axis is rotated through 360°
about that axis, a solid of revolution is formed. For example, when a right angle triangle
is rotated through 360° about the x—axis, a cone will be generated as shown below.
Similarly, a rectangle lying vertically, when rotated through 360° about the y-axis, will
generate a cylinder as shown below.

A y4

X

E
i
i
-~ O > _ X

To find the volume of revolution about the x—axis, we use the following formula

SRS FSST—

h
V=n j._vz dx
where @ and b are the lower and upper limits respectively.

Again, to find the volume of revolution about the y-axis, we use the following formula
h

V=n jxl dy

where g and b are the lower and upper limits respectively.

When the area bounded by any two curves y = f{x) and y = g(x) [see figure 1] is rotated

through 360° about the x—axis, and if their points of intersection occur at x = a and x = b,
h

the volume of solid formed is given by V= J { Y- {g(0)} dx.

y
A
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Example 1

The region R is bounded by part of the curve y = {x-2); for which 2 <x <4, the

x--axis, and the line x = 4, Find, in terms of &, the volume of solid obtained when R is
rotated through four right angles about the x~axis. (9] -
Solution

First we make a sketch
b

Now using V== |, dx, we have
But yr= (x ~2)°

4
Thus V=n I(x—2)3 dx

2

{ (,r_z)4J‘
# 2

=7
=1 {(4"2)4};{(2”2)4};;1% (Ans)

N

Example 2

A cup has the shape made by rotating the graph of y = 3x* , for 0 < x < 1, through four
right angles about the v - axis. Find the volume of the cup, giving your answer in terms

of m. (C) '
Solution y A
==,
|
!
F
0 I

Whenx = |, y=3(1)’ =3
. b
UsingV=rn J..\-l dy

Butx’= 2%
3
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Exercise 9.6

Find the volume of revolution obtained when the region R is rotated about the x—axis.

I 2
& A
= S r= Vx
R
¥ >
0 2 x G 1 9
[Ans :32/5n] [Ans : 40m]

Find the volume of revolution obtained when the region R is rotated about the y-axis.

3 v 4 y
4 A
P = X I y= Vx
4
R
R
- >
0 x 0 X
[Ans : 8x] [Ans : 1/5%]
5 The diagram shows part of the graph of y = x(1 — x*). State the coordinates of B.
Hence find the volume of revolution obtained when the region R is rotated
through four right angles about the x—axis.
[Ans : B(1,0) ; 824/35 7]
A »=x(I-x)
/2N
-
0 B X
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6 The diagram shows the graph of y = x* and y = Vx together with their point of
intersection P(1, 1}, Show that the volume of revolution obtained when R is

rotated through four right angles about the y—axis is %zr ¢

7 The diagram shows the graph of y = x*+ 1 and the line v = 3x + 5. Find
(a) the coordinates of A and B.

(b) the volume of revolution obtained when R is rotated about the x—axis.
[Ans: (2) A(-1,2) B(4,17) ; (b) 1412/5 1 ]

vA  yp=xTH

A
» X
8 The area bounded by the curve y = x* ++ 2 and the line y = x + 8 is rotated through
an angle of 27 radians about the x-axis. Find the volume of solid generated.
[Ans : 2507]
9

The region R is bounded by the curve y = x* and y = x. Show the region R clearly
on a sketch and hence find the volume of revolution obtained when R is rotated
about the x—axis. : [Ans: 2/15 ]

10 The diagram shows part of the graph of y* = x — 1. The region in the first
quadrant bounded by the axes, the curve, and the line y = 2 is denoted by R. Find
the volume of solid generated when R is rotated through one revolution,

(a) about the y—axis :
(b) about the x—axis
[Ans : (a) 206/157 (b) 12n]
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[AREA AND VOLUME — PAST EXAMINATION QUESTIONS

1 The region enclosed by the x—axis and the part of the curve y = x (2—x) between
x =0 and x =2 is rotated about the x—axis to torm a solid of revolution. Find the
volume of this solid. [Ans : *:*g-ﬂ' ]

2 Find the volume formed when the region in the first quadrant bounded by y = x,

¥ =2 , x =2 and y = 0 is rotated through 360° about the x—axis.  [Ans: %7{]
X

3 Prove that the area of the region bounded by the coordinate axes, the line x =2,
and the curve y= oy is v 1n 3.

4 The finite region A is bounded by the curve y = x* and a minor arc of the circle
X+ y2 =12. .
" (a) Find the area of A. ;
© (b) Prove that the volume formed when A is rotated through an angle of ©

about the y—axis is 7 (1643 — 3. [Ans: (a) 2m + 3 ]

5 The region R in the first quadrant is bounded by the y—axis, the x-axis, the line
x =3 and the curve y° = 4 —x. ,
(a) Draw a sketch showing the region R and calculate its area.

(b) Calculate the volume formed when R is rotated about the y—axis through one

revolution, [Ans: (a) l; (b) 118_587?]

6 The diagram shows the graphs of y =x? and y = 2 — x*. Calculate
(a) the area of the shaded region.
{b) the volume of the solid generated when the shaded region is rotated through =
radian about the y—axis.

y=X

[Ans: (a) % (b) m] y=2- xj‘i | ' >

7 The finite region bounded by the x—axis, the curve y = ¢, and the lines x = =« is
denoted by R. Find, in terms of a, the volume of the solid generated when R is

rotated through one revolution about the x—-axis.  {Ans: %fz‘(ez” —e ]
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CHAPTER 10

ALGEBRA

10.1 Modulus functions

The function f; x — |.\- » where X is real, is the absolute value function.

We sta‘te the following

I.\‘l': xifx=20
—xifx <0

In general if |o|=|s| , then a® =b*
Example 1

Solve |.\-|=i.r+3| (C)

Solution

We have x°=(x + 3)°
C=x+6x+9

(]

[25)

6x+9=1(
3
X=—-=
2

Example 2
Solve 3x+1f=2jx-2|

Solution

We have (Bx+ 1) =27 (x-2)
Ox” + 6x + 1 =40 — 4x + 4)
9% +6x+ 1 =dx’~ 16x+ 16
557+ 22x-15=0
Bx=NE+5=0

Either x = % orx=-5
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Sotve ' Gilowing
1 ] = fe+ 1l " [Ans:-%2]
- : .3
£ = =3 [Ans: - ]
2
3 [?,x + 3| = |x 1] [Ans: -4,--Z ]
3
4 Ppr+d=|x-7 [Ans: -3, — ]
4
5 |25 =3 =[x+ [Ans: 6, - ]
2
. 4
6 Bx -2~ 2jx -4 [Ans: 0, = ]
Jax-3|=2x+ 2| [Ans: —l, 1]
6 2
8 Solve the equation |x+ 4} =[x, giving your answer in terms of a.
A
[Ans: -2
9 Solve the equation |x+2a4|=x~q|, giving your answer in terms of a.
s —2
[Ans: 2]
10 Solve the equation [2x+a| = jx— 24, giving your answer in terms of a.
[Ans: —3a, %]
11 Solve the equation [3x + 24} = x— 44|, giving your answer in terms of a.
[Ans: —3a, 2]
2
12 Bx~5|=3x+1] [Ans: %]
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" 10.2.1 Modulus incqualities (I)

If I\] <a then -u<x<a
For example if |x]<3 then -3<x<3
Example 1
Solve |2x-35|<1
Solution
by 5<1

= -l<2x-5<«1
Adding 5, we have

4<2x<6
Dividing by 2, we obtain

2<x<3 (Ans)

Example 2
Solve [3-44<5
Solution
B-4x<s
= 5<3-4x<5
Subtracting 3, we have
—B<—4x<2 .
Dividing by —4, the inequality sign changes and we obtain

2>x>~*% or —%<.r<2. {Ans)

Exercise 10.2.1|

Solve the following inequalities:

1 -3 <1 | [Ans: 2<x<4] 6 jJ4-34<2 {Ans : -§—<x<2]

2 lx+5|<2 [Ans: —7<x<-3] 7 ll—2.r['<3 [Ans: ~1<r<2]
3 [x -5 <3 [Ans:—i—<x<2] 8 pr+4<2 [Ans:-—2<.r<~'—32-].
4 B-24<1 [Ans: l<x<2] 9 |i-x<s | [Ans 4<x<6]

5 |xli2|<% [Ans : ;-<x<—;- W r-f<o2 [Ans': 1).4§.;-<0.6] A
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10.2.2 Modulus inequalities (IT)

Iflx[>a then x<-aux>a
For example if |s]>2 then x<-2ux>2
Example 1
Solve |2x--3|>1
Solution
[Px—5|>1
= 2% —5 < -1 or 2x--5>1
> 2x<4 or 2x>6
s or x>3 {Ans)
Example 2
Selve |[1-3x]>2
Solution
1-3x>2
= 1-3x<-2 or 1-3x>2
= -3x<-3 or =3x>1
=Znd ) or X< —% (inequality sign changes)

lExercise 10..2.2E

Solve the following inequalities:

1 |x-2>1 | [Ans 1 x<1 or x>3 ] 6 3-4x>2 [Ans x<% or'x>%]

2 lee3>2  [Ans:ix<Sorx>—1] 7 5-24>3  [Ans:x<lorx>4]

3 px-4>5 [Ans 1:3c<-% or x>3 ] 8 Bx+2[>3  [Ams :x<u§ orx>% i

4 [i-2q>1 [Ans:x<0orx>1] 9 |i-x>5 {A.ms (x< 4 orx>6]

5 ilx—1|>i {Ans : .\-<% or x>§j 10. [2x=3>0.1 [Ans: x<1.45 orx>1.55]

Pure Mathema:ics 75 136 ' 10 - Algebra



IR 20 At Bl

10.2.3 Modulils inequalities (I1])

3

-

For a given modulus inequality having modulus on both sides, we have to square both

sides and proceed as usual,

Example

Solve |2x—§|<|r+1|

Selution

Squaring both sides, we have
(2x -5y <(x+ 1)

4 ~20x+25<x +2x+ 1

3xT - 22x + 24 <0
GBx-4H(x-61<0

Cnitical values of x are 4/3 and 6

 BEa i<x<6 6 x»6
A 3 I 3 3 } >
« hve -ve +ve
Hence %< x<6 (Ans)
|Exercise 10.2.2
Solve the following inequalities:
1 B -2l <fx—1| [Ans: ~<x< =)
2 4
2 2x+3)> x4 [Ans : x<-7 or x>% ]
3 b+ 2] <] [Ans @ x<-1]
4 By +1)> fx+2] [Ans: x< —% or x> %]
5 [x+3f>]x -2 {Ans: x> ] ]
6 b+ 24| <|x -4 [Ans: v<-2]
7 [2x+ 3d] < [x - 24| [Ans: x < —5a or x> ng
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10.3 Remainder and factor theorem

We expect the reader to be familtar with the remainder and factor theorem, chapters
iearnt earlier tn lower classes.

Example 1

Show that (x — 1) is a factor of 6x° + 11x* — 5x — 12, and find the other two linear factors
of the expression. (C)

Solution

Let  flx)=6x + 11x = 5x =12
f1y=6(1) + 11(1)* = 5(1) - 12
=6+11-5-12=0
Since f{1) =0, (x — 1) is a factor of f (x).
We use long division to find the other quadratic factor of  (x)

6x'+ 17x+ 12

(r=1) | 627+ 11x* = 5x— 12

6x° =~ bx?
17x* = 5x— 12
17%° = 17x
12x-12
12x—-12

flx) = (x = 1) (6x* + 1 7x + 12)
={x-1)CBx+H 2x+3)
Hence the other two linear factors of f(x) are (3x + 4) and (2x + 3),

Example 2

One root of the equation x* + kx + 11 = 0, where & is a constant, is 1. Find the value of k.
Hence find the other two roots of the equation, giving your answers in an exact form. (C)

Solution

Let  fx)=x"+hx+11
iy =Y + k1) + 11

. =k+12

Since 1 isaroot f(1) =0 and (x — 1) is a factor of f{x).
k+12=0
ko=t

Thus flx)=x" - 12x+ i1
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We use long division to find the other quadratic factor of f(x}

Prxr—11
-1 | ¥ —12x+ 11
‘CB—XZ
x - 12x+ 11
xz"— X
~Hlx+ 11
-11lx+ 11

Sty DXL i

«_onsider the quadratic factor (x* + x — 11)

Heveg=1,b~landc—=-11
—bh+b* —dac

Using the quadratic formula, x = >
. a

1417 —dxix—11

, we have

x._..
2
‘= —1++/45
2
14343
X_—
2

[0 7 SR 8
2

Hence the other two roots of the equation are 5
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7(a)
(b}

+(¢)

10

[Exercise 10.3j

Find the valu= of p for which {(x - 1) is a factor of 207+ pxl— S5x+ 1. [Ans:2]

Given that (x - 2) is a factor of the polynomial 2x* + ax” — 5x + 6, find the value of
the constant . (C) [Ans: a =-3]

Given that (x — 2) and (x + 2} are factors of. 4+ ax*+bx + 4, find the value of a
and of b, (C) [Ans:a=-1,b=-4]

Show that the expression O (@-2)x + (a — 7)x — 4 has a factor (x + 1) for all
values of a. 1f the expression has a factor (x + 2), find the value of ¢ and the third
factor. {Ans:a=3,x-2]

It is given that (2x + 1) is a factor of f(x), where f{(x ) = 6x + e’ + 3, ﬁnd the
value of ¢ and factorise f{x) completely. [Ans: ¢ =-9; 3(2x+1 }(x—1)" ]

Show that both (x — /3 ) and (x + +/3 ) are factors of x*+ X’ — ¥’ 3x - 6. Hence
write down one quadratic factor of x* + x’— x*— 3x — 6, and find a second
quadratic factor of this polynomual. [Ans: x° + 4x + 2]

Show that (x + 2) is a factor of the polynomial f(x) = 2¢' 3~ 1x +6.

Express f{x) as a product of three linear factors.

By considering the graph of f(x), or otherwise, solve the inequality f{x) < 0.
[Ans: (b) (x + 2)(2x-1)(x-3) : (c)x £-2o0ra<x <3 ]

Given that (2x + 1) is a factor of 20+ g + 16x + 6, show that ¢ = 9. Find the

real quadratic factor of 2%+ ax*+ 16x + 6. By completing the square, or

otherwise, show that thi quadratic factor is positive for all real values of x.
[Ans: X + 4x +6)]

The polynomial 4x’ = 20x"+ 13x + 12 is denoted by f(x). Show that (x—4) is a
factor of f(x). Hence, or otherwrse solve the equation f(x) = 0. (C)

[Ans; ——,= 4}

Use the factor theorem to find a linear factor of the polynomial P(x), where
P(x)=2x" - 7x"+ 2x + 3, and hence express P(x) as a product of three linear
factors.
The polynomial Q(x) is obtained from P(x) by replacing by x + 1, so that
Q(x)=P(x + I).
Express Q(x) as a product of three hnear factors. (C)

[Ans: (x=1): P(x} = (x=1) (x - 3} ( 2x+ 1) ; Q(x) = x(x--2) 2x+3)]
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10.4 Partial fractions

In this section, we are going to learn the process of expressing a single fraction as a finite

sum of simpler fractions, called partial fractions.

10.4.1 Distinct linear factors
Linear factors are factors of the type (ax + b).

Examples of linear factors are (x + 1), (2x—3), x and s0 on.
To every linear factor (ax + b) in the denominator of a proper fraction, there

corresponds a partial fraction of the form

av+h
Example 1
Express - : S tn partial fractions. (C)
{(v+2)(x-2)
Solution
Let + - 4 - A epza B_
(x+2)x--2) x+2 x-2
Then 4= A(x-2)+ B(x+2)
Putx =2, 4=4B B =1
Putx =-2,  4=_-4A— A =-|
Hence S S {Ans)
{(x+2Ux=-2) y+2 x-2
Example 2
Express - 2 o in partial fractions.
Xy Dix=2)
Solution
Let — =2 @ B €
- Dy -2) ¥y ox=f x-=-2

Then 2= A(x—1)(x-2) + Bx(x=2) + Cx(x~1)
Putx =0 2= A(0--1}0- 2)

2A=2
A=
Putx =1 2= B(l1-2)
-B=2
= B=-2
Putx =2 2=C(2)2-1)
20=2
=1
Henee o by ! (Ans)
Ay =i —-2) yovr—1 y=2
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[Exercise 10.4.1]

Express each of the following in partial fractions

1 . - [Ans:A=2,B=3]
(x—2Yx+3)
2 [Ans:A=4,B=-1]
(X IHx+2)
3 _ Aoy [Ans:A=2,B=-3]
(x+D(x+3)
4 2 P2 [Ans:A=1,B=73]
(Zx- I x-—-2)
5 _o3xrl2 [Ans: A =2, B=-5]
Bx-2x+1)
§ . [Ans:A=3,B=4]
x(x—2)
7 e [Ans : A = -3, B=4]
x(3x-1
2x+1 _ 3 _ 1
8 — [Ans:A=-1,B==,C=--]
x{x-1x+1) 2 2
9 < B [Ans:A=1 B=-2,C=2]
(x - 1x-2Ux-3) 2 A 2
[ 2 o S [Ans:A=-2,B=1,C=2]
M+ Dx—-2) 3 3
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10.4.2 Distinct Quadratic factors

{Juadratic factors are factors of the type ax® + bx +c.

— & 9 T u

=xamples of quadratic factors are x” + [, 2x™= 3, X7+ 3x + 2 and so on.

To every quadratic factor ax™ + bx + ¢ in the denominator of a preper fraction, there

corresponds a partial fraction of the form

Example

s 24 5c+15x7
SXPress - o-—-e

Y

(2 x}1+2x7)

Solution

2+5r+15x7

LR -t s

(2 - )1 +2%%)

Ax+ B

, where A and B are constants.

o)

ax~ b+

in partial fractions. (C}

Then 2+ Sx+ 15%° = A(1+2x7) + (Bx+C) (2 - x) -

Put x = 2,

Putx =10,

2 A 2
Hence Catlin

2-o+2xt)

2+ 523+ 15(2) = Al1+2(2)7]
QA=T72=>A=8§

Cémparing coefficient of x°,

15=2A-B
15=2(8)-B=B=1

2 =A+2C

2-842C = C=-3

+—'T-:3— (Ans)

iExercise 10.4.2

Express each of the following in partial fractions

i x+2
(x+3)x" + 1)

2 3y + S -
(r—4)}x~ +1

3 2-}';_"’"_1_
My +3)

4 2x~ ';7
(x+Dix" +6)

B 5x7 + x-’+ 2
(x=D{x" +3)

6 Ty +748_;\'-— 7_’
(x—Dx" +3)
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[Ans :
[Ans:
[Ans:
[Ans ;

[Ans:

A= - ’BZL,CZ ]

10] 10 10
A=1,B=-1,C=-1]
A=LB=2C=0]

3 3
aA=_3p=1 c=_8
7
A=2,B=3,C=4]
A=3,B=8,C=16]
143 L g




10.4.2 Repeated linear factors

To every hnear factor (ax + b} repeated n times in the denominator of a proper fraction,
there corresponds the sum of n partial fractions

A A —+ & -+ ... Ay where A), As, As, ....A, are constants.
av+h (ux+ h)° (ax + 1Y) (ax + b)Y
Example
Express L - tn partial fractions. (C)
(Il=xN2+x)
Solution
et e1s A, B €
(I=-x)}2+xy l-x 2+x (24x)7
Then 11+ 7x=AQ2+x)+ B(l -x)}(2 +x) + C(1 —x)

Putx = I, IE+ 7D =AQ+ 1Y
A=18=A=2

Put x = -2 I +7(=2)=C[1 «(-2)]
IC=3=C=-1

Comparing coefficient of x°,

0=A-B
A=B=2 .
Hence — 1% = 2., 2 L (spg)
{l=x)2+x) I—x Z+x (244)°

[Exercise 10.4.3

Express each of the following in partial fractions

1 L S [Ans:A=3 ,B=-3,C=5]
(r—Nx-2)

2 —E.L.Fé_.___, {Ans:A:qu_—,_l’ :__]_]
(v =+ 2) 9 9 3

3 -—-»—'\‘2+6x+9 [AHS'Az—I— B=13 C‘—“E]
(v +5)x=3)° ’ 16 6’ v

4 XS [Ans:A=-3B=2 C=2]
(x+4)"(x-3) 7 7

5 Lk [Ans:A=7,B=-2,C=-7]
X (x+1)

6 At [Ans: A=-5/2, B=-2,C=572]
(x=2)
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[PARTIAL FRACTIONS - PAST EXAMINATION QUESTIONS

1 Express a H, m partial fractions.
xx—1y"
[Ans
} Express %_Hw- in partial fractions.
(x+2)" (3x-1)
{Ans :
3 Express - in partial fractions.
(x+2)x~ +1)
[Ans :
4 Expres‘s in partial fractions—'—r_dt——-_;.
(2x+Dx=D)7>
[Ans
5 Express ————— 1n partial fractions.
xx+NDx=N
[Ans
6 Express —— in partial fractions,
{x=3)}x+1)
[Ans
7 Express in partial fractions—é——i"—w——.
2r+Dt +1)
{Ans :
. . . 4x-11
f Express in partial fractions

(X +32r+Y

[Ans :

9 "Express f(x) in partial fractions, where f {x) =

[Ans :

xPrx—4

10 Express —— "~ "
2y +1){x" +4)

in partial fractions.

[Ans:
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:A=1,B=1,C=3]

A=-2,B=2,C=1]

tA=-2,B=1,C=-1]

tA=-2B=1,C=1]

‘A=1,B=-1]

A=-2,B=1,C=2]

A=2,B=1C=-4]

3Ix+8
Cx+1)(x2+3)
A=2B=-],C=2]

A=-1,B=1,C=0]

R A b



10.5 Expansion of (1 + x)"

We have seen in chapter 7, the expansion of (a+b)", where n is a positive integer. Now,
we are going to extend the idea and consider expansions of the type (1 + x)" where n is a
rational number and ¢ < 1.

The binomial series is given by

(14+x)" =1 +nx + ”(”2'1)1-3 % ”[”_13)((”_2).\-3 +.t X, provided [o < 1.

Example 1
Expand (1+2¢) * as a series of ascending powers of x, where v < % up to and including

the term in 1", expressing the coefficients in their simplest form. (C)

Solution
(e2x)7 =143 2x) + = o +%5_(z_r)—‘ =1 6x +24x> - 80x" (Ans)
Example 2

i . : l : :
Expand {i1-4x)> as a series of ascending powers of x, where [+ < ik to and including

the term in x°, expressing the coefficients in their simplest form. (C)
Solution

I3

2 (-aty

b |

i
(1-dxjs =1+

(o]
po | —

(—dx) + {(—4x) +

to | —

=1 -2x- .;_ (16x3) + %(—64x3)= L= 2% - 2%% - 4%

Example 3

Obtain the first three terms in the expansion, in ascending powers of x, of (8+3x); ,
stating the set of values of x for which the expansion is valid. {(C)

Solution
TECHE ST -31]‘44 [1+-3’—‘5]1
8 8
2 1
2/3x) 3 _3(31}
=401+ =)= —
[ [8 TR ]

=4+x— %xz(Ans)

- . : ; 8
“he expansion is valid for | < 3
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Exercise 10.5)

Write down the first four terms in the expansion of

1

{1+ x)* [Ans : I~2x+3x2—.4_x3]
(1+2-¥)% [Ans: 1+ 35x+ ?xz +.§_ x’]
(1+4-\')£ [Ans : | + 2x = 2x° + 4x°]
(1-x)" [Ans: 1+ x+xj':z~ ]

! . 5
(1+3x)3 [Ans: 1 +x-—-x"+ 5x]

= I 3& 17
l-2x Ans: J——y-2x° -1 4
{1—2x)3 [Ans -t 16\]

Write down the first three terms in the expansion of

10

11

12
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! 3 9 5
4+3x)2 Ans 2+ Zy-—yx”
(a+3x): [ 2]
2 . 1 »
(9+2x)> [Ans : 27+9x+5.\‘ ]
! 5 25 5
8+5x) Ans: 2y —x-"Z-x"
(8+50h [ PR,
Expand ' - as a series of ascending powers of x, where |x| < % , up to and
1+2x
including the term in x°, expressing the coefficients in their simplest form. (C)
[Ans : - fi\-"]
. 2 2
Expand m_-il-ﬁ—)T as a series of ascending powers of x, up to and including the
{(1+2x")" .

term in x°®, giving the coefficients in their simplest form. (C)

[Ans: 1 2" 124 -32x°]
!
Use the Binomial expansion to find {1.0006)* correct to eight decimal places.

[Ans: 1.00019996]



IBINOMIAL EXPANSIONS — PAST EXAMINATION QUESTIONS|

1 Express []—m)—{}—IT) in partial fractions. Hence show that, if x is so small that x*
+FAUNI—2x
and higher powers of x can be neglected, ~— = x + x* + 3x*.
(1+x)(t-2x)

2 Expand y/(4+x%) in ascending powers of x up to and including the term in x*.
[Ans: 2 ;—;1?-3 -—x']

3 Expand (4 — x)™~ as a series of ascending powers of x, giving the first three terms
and the term in x". State for what set of values of x the expansion is valid,

X, 3x° A +1)x"

[Ans: LI —; —:|<4]
16 32 256 4"~
; -
4 Expand (1+3x)s up to and including the term in x*. Use your series to obtain a

|
value for {1.03); giving six decimal places in vour answer.
[Ans 1 +x x'+3x 1.009902]

5 Write down the first four terms of the series expansion in ascending powers of x
of (1 —x)°, simplifying the coefficients. By taking x =0.1, use yOour answer to

15641 ! b 3,
show that4/900 ~ -2 Ansi | ox——x" ==y
' 1620 A1 qe-g g7
6 E}-'{pand (1 + ?_x)% in a series of ascending powers of x up to and including the
term in of x°, simplifying the coefficients. %mtc the set of the values of x for
which the expansion is valid. [Ans: 1+ ; ¥ ~gx + :(1) g o
!

. . . | \ll - . : .
7 Using the binomial theorem, express - :\-J (1-2x)"2 as a series of ascending

powers of x up to and including the term in x~. State the set of values of x for
which an expansion in ascending powers of x is valid. -

[Ans: | +lx+£.\'3,|.\‘| gl
4 32

8 Use the binomial theorem to expand /(i) as a series of ascending powers of x

up to and including the term in x°, where M 5 I. By putting x = % in your result,

show that 11 is approximately equal tof—g%. [Ans: I+x+g-x3]

S Find the coefficient of t* in the expansion of (3-2t)°. [Ans: —720]

10 Find the expansmn in ascending powers of X, up to and mcIudmg the term in x°,
of (1-2x7)™ , simplifying the coefficients. [Ans: 1+ 8x” + 40x* + l60x i
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CHAPTER 11

Il LOGARITHMIC AND EXPONENTIAL FUNCTIONS II

11.1 Laws of logarithms

In this section emphasis would be laid on the various laws of logarithms.

Property 1  lna + Inb= In(ab)

Example

Write as a single logarithm

(a) In5+ 1nd

(b) In3 + In4 +InS
Solution X

(a) InS + 1nd = In20

(b) In3 -+ Ind + In5 = 1n60

Property2 Inag- Inb= ln[%)

Example

Write as a single logarithm
(a)  1n20 - In4

(b} In36 + In3 —1n9
Solution

(a) In20 —1n4d = In5

® 10364113 — In9 = 1n[36"3

}= Inl2

Property3 xlna= Ing"
Example
Write as a single logarithm
(a) 2In3+3 In5
{b) 3In2 +21n5-41n3
Solution
(a)  2In3+1n5 = 1n3®+ In5’
=1In9+ Ini25=1n1125
(b)  3In2+21n—4In3=1n2" + In5* - In3*

_ 8¥x25 200
W 81 81
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1
a

Property 4 ln{ J: lna” =-lna '

Property 5 Ine=1andInl=0

Example 1

'Express 1n(2\fe) - %ln(ﬂw in[
€

(C)
Solution

In(2Ve) — %ln[%}— h{%}

] in the form ¢ + Ind, where c and d are rational numbers.

[n2+in\/z—é(lng—lne)—(lne—ln?;)

It

1n2+%lne—%(ln23 )

1n2+l~ln2—i~l+1n3
2 3

—%+ In3 (Ans)

Examplie 2

ah

It is givetkthat In a = x and Inb = y. Express ln[ } interms of xandy.  (C)
c)

Solution
ln[a-b) = Ina’b~Ine

€

= lng® +Inb-1
=2Inhg+Inb-1
=2x+y— 1 (Ans)

Example 3 ‘
Solve the equation 3 In(2x) = 1 + Ina.
Solution
In(2x)’ =lne+1Ina
 In8%’ = Inge
8x’ = ae .
3o g€
g
Yoe

= x= Mgi (Ans)
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Exercise ll.ll

Express the following as single logarithm

10

11

12

In2 + In4 + InV2. [Ans; -27-Iz12
In3+ In9 — Inv'3. [Ans: %ms]
Iy +Inify [Ans : lnxi ]
5 Inx + 2Inx” - 3Inx” + In/x [Ans : —25—1n_\']
a’h?

Itis given that In a = x and Inb = y. Express In( } in terms of x and v.

€

[Ans: 3x + 2y - 1]

("

Itis given that In a = p and Inb = ¢. Express lnL * J m terms of x and y.

{Ans:4p-qg]

¥ N " hY . .
Express -;_ln{ij ln[-;- |+1n5 in the form ¢ + Ind, where ¢ and d are rational
e 2

numbers. [Ans : _§+ In20]

Solve the simultaneous equations  In{3x —y ) = In2 + In4,
x+ty=4
[Ans:x=3, p=:1]

State the exact value of the constant k such that 3% = ¢ | for all x. (C) [Ans: In3]

Given the simultaneous equations  2' =3", x + v = |, show that x = :n? (C)
- no

By writing ¢ == u, or otherwise, solve the equziﬁon et 2t 1L (Q)
[Ans : x = In2]

Solve the equation «' = ¢, to find x in terms of a. [Ans : l ;
* e . ne - -
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‘11.2  Relationship between e* and 1nx and their graphs

We have already seen in chapter 2 that the graph of y = & can be obtained by the graph of
y = Inx by a reflection in the line y = x.
If we sketch the graph of fand f ' on a single diagram, we obtain

AEkamp‘le
Sketch on separate diagrams
(a) y=e"+1 (b)y = In(x - 2)
Solution y=¢"+1
(@ A

¥ y = g"

‘ 2
_/ move | unit upwards
0 —>x

(b)

Ya
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IExercise 113’

Sketch the following graphs

1

2

y=e'+3, xR
y=¢e¢-1,xeR

-3
y=c¢ ,xeR

x+3

y=¢ ,XxeR
y=2¢",xe R
y=e‘[":,x20

7 y:%ex,xe‘h’

8 y=Inx-2,x>0

9 voolng v, x>0

10 y=1in2x , x>0

11 y=Inx+1), x>0

12 y=in(x-1)-1,x>1

13 y=In(x+2}-3, x>0

14 yf%lnx,x>0

15 y=2lnx-D+1,x>1
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11.3 Solving equations of the type a* = b and similar inequalities

If it is not possible to express an equation of the type @ = b to the same base, we solve

~the equation by taking In on both sides.

Example 1

Solve the equation 3™ = 4* ™, giving your answer to three significant figures. (C}

Solution
We have 33— g2 x
Taking In on both sides, we have
In 37 = In 4*
2xIn3 =(2 ~x) Ind
2xIn3 =2 Ind - x Ind
LX2Ind+Ind)=1In16

x = 1% — 4,774 (Ans)
In36
Example 2
Solve 5000(1.06)" > 20000
Solution
We have 5000(1.06)" > 20000
1.06" >4
Taking In on both sides, we have
Inl.06">1n4
nln 1.06 > Ind
S In4
In1.06
n>238%
Hence n=24
Example 3
Solve (0.8)">5 (C)
Solution

We have (0.8 >3
Taking In on both sides, we have
n(0.8)'>1In35
nln 1.06 > Ind
In5
In 0.8

n<-721(Ans)

n< [ change of inequality sign as In0.8 is negative]
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Exercise 11.3

Solve the following equations, giving your answers to 3 significant figures, where
necessary.

1 3*=10 [Ans : 2.10]
2 2= 15 [Ans : 5.91]
3 3HH = g2 [Ans : 0.709]
4 P g5 [Ans : 24.4]
5 253 g [Ans : 1.73]

Solve the following inequalities, giving your answer correct to the nearest whole number.

6 (1.06)*" > 45 [Ans : 67]
7 P25 [Ans : 7]

8 (0.88)y"" <2 [Ans : -6]
9 (096 <58 {Ans : —98]
10 (1L.02)'>32 [Ans : 177]

11 25{4-3x(085"t>50  [Ans:3]

12 6{5-4x(0.75)") <18 [Ans : 2]
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11.4 Linear law

In this part of the chapter, we are going to use logarithms to transform a given
relationship to linear form y = mx + c.

Example 1 ¥
The diagram shows part of the straight line Iny
drawn to represent the equationy = axb, (2,2)
where g and b are constants.
Find the value of ¢ and b. B(4,1)

» Inx

Solution
The equation of the line is of the form
Iny =m(Inx) + ¢

Gradient of the line is, m = e 2

; 4-27 2

Consider y = ax®

Taking In on both sides, we have
Iny=lnax®

Iny=1Inag+Inx’
Iny=lna+blnx
Since (2,2) lies on the line,

1
2=lna-- (2
na 2( }
Ing=3
a=¢e

Hence a=¢’ andb= ;

Example 2
Two vaniables x and y are related by the equation y = a(b*), where @ and b are constants.
When a graph is plotted showing values of Iny on the vertical axis and values of x on the
horizontal axis, the point lies on a straight line having gradient 1.8 and crossing the
vertical axis at the point (0, 4.1). Find the values of ¢ and b,
Solution .
Consider v = alh™)
Taking In - . both sides, we have
iy -lna+Inb"
lny=Ina+xIlnb
Since gradient = 1.8 , Inb=1.8
=>b=e""=6.05
Also Ina = 4.1
=> a=¢*' = 60.3 (Ans)
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Exercise 11.4

1 The variables x and y satisfy the equation—-y=3'. Express this equation ot &
)

form giving Iny in terms of x. When corresponding values of x and Iny are plotec
on graph paper, with x on the horizontal axis and Iny on the vertical axis, the
points lie on a straight line. For this straight line, write down
(a) the gradient,
(b}  the coordinates of the point where it crosses the vertical axis. G}
[Ans: Iny=Ind + {In3)x ; (a) In3 (b) (0, In4)]

2 The graph of y against x is a straight line which has gradient 3 and passes through
the point (0, - 1). Expressy in terms of x.
Given also that y - i and v —r—l—, express tin terms of . (C)
8 §

[Ans:y=3x~1,t= 357 - 5]

3 The graph of Iny against Inx is a straight line with gradient 3 and intercept 2 on
the Iny axis. Express y in the form ax”, where the constant  and n are to be found.

[Ans : ex’]
4 The variables x and y are connected by the equation v =ax+hy”, where a and b

are constants. Four pairs of values of x and y, measured experimentally, are
shown 1n the table.

xr 1.1 2.0 34 3.9
y ¢ @5 10.1 7.5 4.7

|
|
!
|
1

By plotting the graph of ' against x, determine the values of a and b. (C)
X
[Ans:a=9,b=-2]

5 The relation between the variable quantities x and y is y=a+ —l?-, where a and b
X '

are constants. Four pairs of cormresponding values of x and vy, measured
experimentally, are shown in the following table.

[ ox o] s [ 26 ) 43 |
Ly |1 49 [ 43 | 38 _, 35
By plotting a graph of'y againsti, determine the values of ¢ and b. (C)
X =3
[Ans:a-3.1,b=1818]
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CHAPTER 12

TRIGONOMETRY 2

12.1 Compound angle formulae

In this section, emphasis shall be laid on compdind angle formulae which are provided in

the list of formula:

(A 4 B) - sinA cosB + cosA sinB
Sin{A - B) = sinA cosB — cosA sinB
cosfA - By = cosA cosB - sinA sinB
costA - By osA cosB o+ sinA sinB

tan(A 4 B) = tan A +tan B
l--tan A tan B

tan (A — B): tan A —tan B

Consider sin (A + B) = sinA cosB + cosA sinB.
If we replace B - A, we have

sin {A t A} sinA cosA + cosA sinA

sin2A = 2sinAcosA .....(1)

Consider cos(A + B) = cosA cosB — sinA sinB.
If we replace B == A, we have

cos (A + A) - COSA COSA - sinA sinA
cos2A — cos"A  sin"A ....{2)

But sinA == 1. cos A,
So we have, cos'A = 2c08°A—1 ... 3)

Again cos”A = | —sin’A, ,
Sowe have, cos2A=1-2sin"A........ (4)

tan 4 +tan B

Consider tan{A + B) ~= -
l—tan Atan B

if we replace B = A, we have
‘ an 4+ A
tan(A + A) - ,im,“ tan4 _ 2tan

l--tan A4 tan Ar ]—tan3,4
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Example 1
The angle x, measured in degrees, satisfies the equation sin{x + 30%) = 2cos(x + 607). B
expanding each side, show that this equation may be simplified to cosx = {3 J3 )sinx.
Hence find

(a)  the two possible values of x lying between 0° and 360°.

(b) the exact value of cos’x, giving your answer as a fraction. (C)
Solution

Given sin{x + 30 = 2cos(x + 60%)
sinx cos30° + cosx sin30° =2 [cosx cos60° — sinx sin60°]
V3 V3

5 - i 1 .
ML osinx + =cosx =2 [—cosx - = sin x]
3 2 2 2

P L

J3 sinx +cos x = 2 cosx — 23 sinx

cos x =63 4/3 sinx (shown) ... (1
(a) Dividing by cosx in (1), we have
tanx = —= =>x = 10.9°, 190.9

%f
(h) Squaring (l) on both sides, we have
cos X -+ 278in"x
cos” x == 27(1 - - co87X)
cos” x =27 - 27cos™x
28 cos™ x = 27

Hence cos” X = %18 (Ans)
Example 2 i
(siven that tan A = t, express in terms of t
{a) sinA (b) secA (¢) sin2A
Solution
From the triangle,
{a) sin A -- '
l+1-
(b) cosA - _]____—
[+¢°
sehim oL T t
cos 4
(¢) sin2A —= 2 sinA cosA

VIH‘ \Frr"

2r

Fra
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fExercise 12.1|

| Given that tan(A+B) = 5 and that tan B = /4, find the value of tanA.
[Ans : 9/7]
2 Giventhat sin A = 1-55, where 0° < A < 90°, and that cosB = —%, where

180¢ < B < 270°, find without using a calculator the value of sin{A-B).
[Ans : 33/65]

sin(4+B8) 2

3 Giiven that - =, find the value of tanA cotB.
sinfA—-8) 3

[Ans : -5}

4 Given that tan(4 - B) = ;—i and that tanA = %, find the vatue of tanB.

[Ans : -28/171]

5 If sin(@ - o) = cos(8 — B) , express tan@ in terms of o, and 3.
[Ans - sine + c?sﬁ' o
cosc —sin 8
6 Write down the value of tan2x in terms of x, and hence show that
3tanx —tan’ x
tan3x = —————
1-3tan" x
7 By first expanding sin{2x + x), prove that ~ sin3x = 3 sinx - 4sin’x. (C)
8 By first expanding cosidx + x), prove that  cos3x = 4c0s°x — 3 cosx. (C)
9 Given that A + B =45° and that tanA = 2, find, without using a calculator, the
value of tanB. [Ans: —1/3]
10 It is given that tan A = 2. Find, without using trigonometrical tables or a
calculator,

(a) the exact value of tan0, given that tan(@ + A).: 4,
(b) the exact value of tan , given that sin{(¢ +A) = 3 cos(p —A).
[Ans : (a) 2/9 (b) —1/5]
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12.2 Expressing acosB + bsin® in the form Reos(0 — o)

In this section we are going to introduce to the reader expression such as acosd + bsin®
and the ways in which it can be expressed In the form Reos(6 — o).

acos8 + bsinh ~ Reos(0 - - o)

acost - bsin® = Reos(0 + o) _

. . 5 T3 -1 b\‘
asin® £ bcosd == Rsin(0 + o), where R = a2 452 and o = tan (»—J .
a
Example 1
Express 5 cos@-- 12siné in the form Rcos(0 + o), where R>0 and 0 € g < 360°, stating
the value of R and giving the value o of correct to 0.1°, (C)
Solution
R=s'+12* = 769 =13 and @ =tan” (%J =67.4°
\

Hence 5 cosB - 12sin0 = 13 cos(d + 67.4°).

Example 2
Solve the equation sinx + cos x = 1 for 0°< x <180°, giving your answer correct to 1 d.p.
Solution
Let  sinx + cosx = Rsin(x + o)
SO At
R=v17+1> =42 and o tan”! H‘ﬁ45°
4

. SINX + cosx = 2 sin (x + 45°),
Now 2 sin (x +45% = |
. o ]
Or Sin (X +45%) - .
)

2
{(x F45%) = 45° ]35°
X =0 90°
Example 2

Given that 3cosx - 4sinx = Reos(x + ), where R>0 and 0°< ¢ < 90°, find the values of R
and a, giving the value of « correct to two decimal places. Hence solve the equation '
30820 - 4sin20 — 2, for 0°< 6 <360°, giving your answer correct to 1 decimal place.

(€)

Solution

R= V344~ 25 =5 and o~tan’ (;] =53.13°

% 3cosx - 4sinx = Scos(x + 53.13°).

Now 3c0s20 - 45in20 = 5cos(20 + 53.139)

Or 5¢0s(206 + 53.13%) =2

cos(20 + 53.13%) = ;

20+ 53,1372 66.42°, 293.58°, 426.42°, 653.58°
20=13.29°, 240.45°, 373.42°, 653.58°
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@ercise 12.2

Express the following in the form Reos(x + ) and Rsin(x + o) as appropriate.

1

o2

7

- 8

6 cosx + 8 sinx
3 sinx + 4 cos X

cosx + 3 sinx

"2 cosx — 5 sinx

COSX + sinx
V3 sinx - cos x
7cosx — 24 sinx

12 sinx + 5 cosx

[Ans :
[Ans :
[Ans :
[Ans :
[Ans ;
[Ans :
[Ans :

[Ans :

10 cos(x - 53.1°)]
5 sin(x + 53.1%)]
2cos(x — 60°)]

¥29 cos(x + 68.2°)]
V2 cos(x — 45°)]

2 sin{x — 30%)]

25 cos(x + 73.7%)]

13 sin (x +22.6°]

Find all the angles between 0° and 360° inclusive which satisfy the following equations:

9

10

i

12

13

14

15

4 cosx — 3 sinx =1

& sinx + 15cosx = 10
4 sinx + 2 cosx =3
2 cos 2x - sin2x = |

Solve the equation

Solve for 6 the equation

[Ans :
[Ans:
[Ans :

[Ans :

[Ans :

41.6°,244.7°]
82.0°, 334.1°]
15.6°, 111.3°]

18.4°,135°, 198.4°, 315°]

4 5in0 — 7cosB + 3 = 0, giving all values of 6 between (°
and 360° correct to the nearest 0.1°.

38.4°, 262.1°]

3 cos 28 - sin26 = 2, giving all solutions between
0° and 360° correct to the nearest degree.

[Ans :

16°, 145°, 196°, 325°]

Find all the values of 8 between 0° and 360° which satisfy the equation

6 cos B+ 7sind =4,

Pure Mathematics — 9709
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113.7°, 345.1°]
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10

11

TRIGONOMETRY 11 - PAST EXAMINATION QUESTIONS

Find all solutions between 0° and 360° of the equation 4 tan x - 2 sec X = 5, giving
to the nearest 0.1°. [Ans : 69.5°,213.1°]

Given that sin o — ¢ and cos 3 = 4%, prove that one possible value of (a+ f) is

[Ans: -2 59,,_]

2% and find all the other possible values. 65 65

Solve for O the equation 3 cos 20 -- sin 26 = 2, giving all solutions between 0% and

360°, correct to the nearest degree. [Ans : 16°, 145°, 196°, 3257]
Solve for x, where - 180° < x < 180°, the equations 5 cos x = 2 + 3 sin X, giving
your answer to the nearest 0.1°. {Ans : 39.0°, -100.9°]
Given that 0 and ¢ are acute angles such that sin 0 = 2% and cos ¢ = {3, find,
without using tables or a calculation, the exact values of sin {(6+¢)} and cos (8+9).
Deduce that + 7 <0 +¢ <« {Ans: 22.#7}3]

325 335

Solve the equation 4 sin 6 — 7 cos 6 + 3 = 0, giving all values of & between 0° and
360" correct to the nearest 0.1°. [Ans : 38.4°, 262.1°]

Find all values of 0, where 0° < 8 <360°, satisfying cos 28 = 2 cos 0, giving your
answers correct to the nearest 0.1°. [Ans: 111.5°,248.5°]

Solve the equation 3 cos x -4 sin x = 2, where 0" < x <360°, giving your answer
Correct to the nearest 0.1°. [Ans : 13.3°, 240.5°]

Express 5 cos 0 - 12 sin 0 in the form R cos (O+a), where R20and 0 s o < 360°,
stating the value of R and giving the value of o correct to 0.1,
[Ans 13, 67.4°]

Find the values of 0 such that 0° < 0 < 360° for which 2 cos 20 = 3 — 2 cos0,
giving your answer correct to 0.1°. [Ans : 26.4°, 333.6°]

it is given that cosA = %, where ~90°<A<0°, and that tanB ~ 3, where

180°< B« 270°, Without using a calculator or mathematical tables, find the exact

value of sin FA LR [Ans: —]6—2]
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12 (i) Write down an expression for tan 2x in terms of tan x, and hence show that
tan 3x = dumrtmy

1-3tan~ ¢

(i1} Solve the equation tan 3x = 11tan x, giving all solutions such that 0 £ x < 7.

(Ans - (i) tan 2x = =222 (i) 0, 0.464, 2.68, ]
l—tan~x
13 Prove the identity cos 26 -+ tan6 sin 26 =1.
By letting 6 = 15°, find the exact value of tan 15°. [Ans:2— V3]

14 Prove the identity tan A + cot A =2

sin24 °

Hence, or otherwise, solve the equation tan (8+45°) + cot (8+45°) = 4, giving all
e soiutions 1 the interval 0°< 6 < 360°,
[Ans : 30°, 150°, 210°, 330°]
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CHAPTER 13

[ DIFFERENTIATION 2 I

13.1 Derivative of exponential functions

Let yv=e™, where f(x) is a function of x,
Iny = f{x)
differentiating both sides w.r.t.x, we have

o

A An) = ¢
2em) =10y
Hefice -gc-(e“") =f'(x).e™

So, to differentiate an exponential function, we have to rewrite the function as it is and
then multiply by the derivative of the power.

Example

Differentiate the following w.r.t.x.

(a) e3x (b)l;e—zx (c) eBsinx (d) e3x+ %—
o

Solution

@ S (M=3c"

d -2xy — --2%
(b) E(e y=-2¢

(C) di(efssin){)zz,cosx eSsinx
X
3x 1 3 —4x
(d) e"+ —=¢"+e
. X
d
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[Exercise 13.1|

Differentiate the following exponential functions w.r.t.x.

| A [Ans:4e*]
Ai_\- 1 -I-.r
2 e? {Ans : o e? ]
3 e [Ans : —2e™"]
4 e [Ans : —sinxe™"]
| 5 & [Ans : 6x e“l]
6 g [Ans : (2x-3)e" ]
1 J
1 el Ans: —=e
[ ¥ ]
! i L
8 e* [Ans: — e*]
X
1 Jx-t
9 — [Ans:3e™" ]
P
10 g# +e—i; [Ans : 2™ —3e™]
11 et + —lz—r— [Ans : 4e —2e™]
e
iz e [Ans:sec” xe™]
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13.2 Derivative of logarithmic functions

Consider y = I f(x), where f(x) is a function of x.
Lety=Inu and y-= f(x)

dy _ 1 du_
Then P and -y = f'(x)
R N
?r—dy dr uf(x) Fix)
d _ ') : : d _a
Hence Zi?[in'f (x)]= 7 and in particular = lIn(ax + b)) = e
Example
Differentiate the following w.r.t.x
- 2
() In (2 - 5x%) (b) In(x’ + 2x) (c) m(bg ‘1J
_ X +2
Solution '
. d -5 d 3 3xt 42
P — = ey -+ =
{(a) = In (2 - 5x) = (b) s In(x” + 2x) T
d Ix? 1 d 2 3
— 1 = —[In(3x° -1) -1 +2
© 4 [2] (I3 ~ )= In(x +2)
6x : 3x?
3x? -1 12
Differentiate the following w.r.1.x.
3 I
+ ; Y ;
1 In(2+3x) [Ans 2+3x] 6 Ini+x [Ans 2(1+_‘c)]
2 In2x2+1) [Ans: 3% 7 m[ I“QJ [Ans: -2 3
2x° +1 Jx+1 x*-2 3r+|
3 lnsinx [Ans: cotx] 8 Inyx?is+s [Ans: —% ; ]
FR?
4 2 [Ans: ;1] 9 In1{2+x [Ans: ¢ =]
x X 2-x 4— -
5 In cosx [Ans: —tanx] . 10 Inyx [Ans:E{—]
X
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13.3 Derivative of trigonometric functions

We expect the reader to be familiar with the following

) (sinx) = cosx
dx .

d .
——{cosx) = —sInX
dx

4 (tanx) = sec’x
dx

Example 1

Differentiate the following w.r.t.x.

(a) sin 2x (b) cos (1 -x 2 (c) Ian(3x-i-5)2
Solution

(a) i (sin 2X} = cos 2x . 4 (2x) =2 cos 2x
dx dx

() ~—i_cos(l —x"Y] =—sin(l ~x%). ﬂ(l x%)
=-2x . —sm(l-x)
— 2x sin(1-x%)

© < [tan(3x+5) ] =sec’(3x+57. <+ (3x +5)

=2(3x+5)x 3 x sec (3x+ 5)?
= 6(3x + 5) sec B3x+ 5}

Example 2

D1fferent1ate the following w. I t; X,

(a) sin’ (3x-1) (b} cos’ (x o) (c) tan’(2x+1)
Solution

(@) %[sm5 (3x=1)] =5 sin’ (3x—1)i sin(3x-1)
.- 5 sin* (3x=1)x 3 cos(3x-—1)
=15 cos(3x-1) sin® (3x—1)

(b) % [0037 (x2)] =7 cos (x ). s cos( X )
=7 COS (x ) —~2x sm(x")
= 14x cos(x%) sm(x )

(c) ltd.l 2x+1)] =3 tan’ (2)<+1)i tan(2x+1)

=13 tan (2x+1) % 2 sec (2x+1)
= 6 tan” (2x+1) sec 2(2x+1)
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Differentiate the following w.r.t.x.

1

2

10

11

12

13

14

15

sin3x
sin(2x - 1)

cos(x%)

tan (3x+4)

cos(2x +.1m)
tan® x
sin’(3x)
cos”(x°)
tan® x
sin*(2x+1)
cos’(1-2x)

tan’® (3x+m)

sin(+x )

cos(e”)

tan (x°)

* iathemativ s - 9709

[Ans:
[Ans:
[Ans:
[Ans:
[Ans:
[Ans:
{Ans:
[Ans:
[Ans:
[Ans:
fAns:

[Ans:

[Ans:

[Ans:

[Exercise 13.3

3 cos 3x]

2 cos (2x - 1)]

~2x sin(x?)]

3 secz(3x+'4)]

—2 sin(2x+m)]

2 tanx sec’x]

6 sin3x cos3x]

—10x cos*(x?) sin(x)]

6 tan’2x sec’2x]

8 sin’ (2x+1) cos(2x+1)]
6 cos’(1-2x) sin(1-2x)]

15 tan* (3x+n) sec? (3x+m)]

STees]

—” sin(e™)]

[Ans:3xzsec2(x3)]
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13.4 The produet rule

If v = wv, where v and v are functions of x, then

Example 1
Ify = (2x+3) (x+1)°, find %.
X

Solution

Let u=(2x+3) and vy=(c+1y
LAY = s(xt1)
dx dx

Using Q:uﬂwf’i, we have

B dx dx b

j—y= (2x+3) x S(x+1)* + (x+1) x 2
X

=(x+ 1 {5(2x + 3+ 2(x + 1)}
=+ 1" {10x+ 15 +2x + 2}
=(x+ D (12x + 17)

Example 2
Given that x = ¢*'cos3t, y = e*'sin3t, show that gi =tan (3t +éﬂ:). (©)
X

Solution
x = e’'cos3t y = ¢’'sin3t

? =™ x -3 sin3t + 3 e”'cos3t % = ¢ 3 cos3t + 3 ¢’'sin3t

t
= 3¢ (— sin3t + cos3t)
= 3e”(cos3t + sin3t)

Ly dx 3¢¥ (cos 3¢ +sin 3¢)

Cdc dtodt 3¢¥({cos3t—sin3t)

= Lr@nd rdivide by cos 3t]
1—tan 3¢

s
tan Z +tan 3z

1—tan£tan3t
4

It

tan (3t + %n) (shown)
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Differentiate the following w.r.t.x.

|Exercise 13.41

1 . . ¢'sinx [Ans: €" (sinx + cosx) ]
2 x* tanx [Ans: x (x sec’x + 2 tanx)]
3 xInx [Ans: I +1Inx]
4 ™ sin3x [Ans: €** (3cos3x + 2 sin3x)]
5 x> tan(x%) [Ans: x” [2x% sec’(x%) + 3 tan(x)]
6  (x+2) In (3x-1) [Ans: i“; ‘;’ +IG3x—1)]
7 Jiorvesy Ans: )
1 Y+ [ oL ]
Ix+2

8 X Ax+1 Ans:

= : WWx+l ]
9 Inx tanx [Ans: Inx sec’x j. fLF ]
10 x+tDx+1)? [Ans: (x+1)(8x+5)]
11 (4x+3) (x+4) [Ans: (4x+3) (x-+4) (20x+41)]
12 Ify=2bx{(a” +x*)", show that _j/—x: 2b(a” + x) (3 1x? +a%)
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13.5 The Quotient Rule

Ify= 5, where  and v are two functions of x, then
‘!

Example 1

[fy=—""_ find &
3x-1 dv

Solation

Let 0=x and v=3x-1|

Then ﬂ:2.vr o =3

dx i
d dv
v U

ﬂz dr

dv Ve

dy (Bx-1)-2r-x7-3

a Bx-1)

6x? —2x—3x°
(Bx-1)

3x® -2x

(Bx=t)

Using . we have

Example 2
Hy= X find the value of —Z:l whenx=e. (C)
X A

5
- X

Solution
2
Let w=lnx and y=x-

Then e Lk & -
de ¥ dx

a1 .
ﬂ B X --;-—2.\-1;1.1
dy (,\'2)1
- y—2xlnx
x*
_I-2Inx
- 3
X
thnx:e,§=t_21”e=_L (+ Ine=1)

Ag g‘l e 4
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Exercise 13.5

Differentiate the following w.r.t.x or t.

Y

1 S [Ans: ,
2y +1 (2x+1)°

5 s iss 2x(x +5)
2x+5 (21+5)°

2 . Y
3 I [Ans: 171201
RY el

4 P [Ans: sec’x]
Cosxy

5 _siny [Ans: 2ecosx—1
2-cosy ) . (2 -cosx)*

6 H‘"y:———"‘_—,showthatﬁz !

¥ v 5o

5 e TS e*"(2cos x +sin .r)]
COSx ! ’ COSz Ry
8 Show that the gradient of the curve y = X 2_8 at the point (2,4) is 20.
== 22X
9 Use differentiation to find the x—coordinates of the points at which the graph of

y = 7?3‘—] has either a maximum or a minimum and distinguish between them.

e

[Ans: x = 0(max) ; x = | (min)]

4

(l—-17)

5

10 Iy~ -:}I—‘ show that 4V -

R ey ll-fl)
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13.6 Differentiation of implicit functions

When a variable v is expressed directly in terms of x, y is said to be an explicit function
of x. For example y =3x + 5 and y = 2x* - 1 are explicit functions of x.

When both x and y occur on one or both sides of an equation, then either x or y 1s said to
be an implicit function of the other. For example 2xy’® = 3x” + Sy is an implicit function.

l'“xample 1
A curve is defined by the equatmn % y3 + 3xy — 1 =0. Find the gradient of the curve at
the point (2,-1). ()

* Solution

Differentiating w. 1. t.x, we have
1 d .3 d d
§OF + = ~—{1)=0
DL LG - L)

3x% +3y° Q +[3x. -ZZ +3yl=0 [Use product rule to differentiate 3xy]
X
K+ y? ﬂ +x Y +y=0 [divide by 3]
dx dx

(y* + X)Z = (x* +y)

d_ x'+y
dx _vz + X
. dy 27— _ '
At the point (2,-1), -~-=-—— =~1 (Ans)
=T d (D42

Example 2

Differentiate w.r.t.x ¥ =™y + xe* to find D in terms of x and y. (C)
X

Solution

Differentiating w. r. t.X, we have

Loh =y @)+ < @)+x%(e")+e"§;(x)=o
a’u

Zyd—y =y.2€?‘x+ezx +xe'+et
adx dx

2y —e™ %’ = Zye +xc'+e

,_!i' . 21, +(x-r1)e

dx gt

(Ans)
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[Exercise IE

Differentiate the following w.r.t.x .

.5

10

i1

3% 47 =1 [Ans:~£]
vv
2_1.2 _5-],1 _3\ - 5 [AnS 4.\'—3 ]
10y
2l bl ~ﬁ2_'
X +3r —3v-2r=7 {Ans:3 ¥
‘ ) 6r—2
T 40 e [AI’IS.‘ 3-2x ]
' 6v-2
. 3 2
X +av+yt =1 [AHSZ _ 4} -:— X ]
1 3vT +x
5 ‘2l__3 ,
X +3x -2 =35 [Ans: 2 3\ A ]
X

Find the gradient of the curve x* + 7 =9 at the point (1,2) (C) [Ans : —%]

The equation of a curve is »* +x7p? =40’ (x + 4a), where g is a constant. Find the

gradient of the curve at the point (a,2a). (C) [Ans : —g]

Find the equation of the normal to the curve 3v* —x* =3 at the point (3,2). (C)
[Ans: 2x +y = §]

Find the equation of the normal to the curve ¥=x+3e™ =0 at the point (0,0). (C).
[Ans: y = 2x]

Given that tanx + tany = 3, find the value of % when x = %zz'. (C) TAns :—%]

av

The equation of a curve is (r=x)" =2a(y+x), where a is a constant. Find an

; v . VXt
expression for - in terms of X, v and 4. [Ans: - ]
oy =Xe=a
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13.7 Differentiation of parametric equations

For the parametric equation with parameter t,
x = 1(t), y = g(1)

v dv
Then =1=f'(1), —=g'(t
dt ( ) dt g
By using the rule of a function of a function
de  dt ot
B "l
or dr_g )
de s
Example 1
Ifx =1t and y = 3t + [, find ?in terms of't.
Ay
Solution
X =t y=3t+ ]
cdf
@3
dv 2
Example 2

The parametric equation of a curve C are x =t + ¢/, y=t+¢ " Find 3—1 in terms of t, and

hence find the coordinates of the stationary point C. (C)
Solution

We have x=t+e | y=t+e
—j’r—: =1+¢ y=1-¢"
Using -‘]—‘:ﬂxﬂ
dvdt i
ﬁﬁl—e—'
dc J+e

At stationary point, C—:L = [
[ZAY

l—e"

= =0
[+e¢f
= 1-e' =0
s @
=-t=Inl=0
Whent=0, x=0+¢e"=]1, y=0+e =]

Hence the required point is (1,1},
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lExercise 137}

Differentiate the following with respect to x. (a is a constant)

10
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1
x=t, y=3t+1 [AHS:IT]
x="2t+5, y=3t+4 [Ans:%}

X = a cost, Yy =a sin{ [Ans: —cot t]
x = a (1 + sind), y=a(l —cosB) [Ans: tanf]

=2 =3 1
x=2, y=- [Ans: 2]

— __t_ = i 3
T YT LAms: 3]

2 2t =}

X= —, y=— [Ans: ]

t—1 R t-1 1t =2t

A curve is defined parametrically by x = t* — 4, y = 3" + 8. Find the equation of
the tangent fo the curve at the point where t =-1. (C)
{Ans: 6x +y +23=10]
L B 1 _ 1
the parametric equation of a curve are x = a[l +?J ,y= a(t——,) ,
e

where a is a constant.
Find the equation of the normal to the curve at the point where t = 2. (C)
[Ans: 4x ~ 20y + 29a = 0]

A curve has paramefric equations x = 2t, y :;12- , where t is a non-zero parameter.
Sketch the curve. Find the equations of the tangent and the normél to the curve at
the (2t, tiz). The tangent at the point P(ti,%] meets the y—axis at T. The normal
at P meets the y—axis at N. Show that the area of APTN is 65.

[Aps: x + £y=3t;x + %2=y+2t4 ]



[DIFFERENTIATION 2 — PAST EXAMINATION QUESTIONS|

1 Differentiate with respect to x
(a) e™sin 3x,

() In(1+x%). -

2x
5]
x

2 Differentiate with respect to x

(a) ==

\H\' l

(b) x* 1 x,

(c) tan’® (5x); [Ans: (a) (b) X (2 Inx +1) (¢} 10 tandx sec’5x]

(3.1:2 - 1)5

3 (a) Differentiate, with respect to x
(1) sec’ (2x),
(i1) In(sin x).
‘(b) Find % in terms of x and y if x’+y° = 3xy.

[Ans (a) (1) 6 tan2x sec’2x (i) cotx (b) -]
: e

— X

4(a) Differentiate xe * " with respect to x:
(b) Find the gradient of the curve %+ xy = 5 at the point {1,2).

[Ans: (2) (1-2x%) €™ (b) -%]

5 If y = ge'™, where a is a constant, prove that %— =2 (cos x —tan x).
6 Differentiate with respect to x:
(2) — (b) 1n(sin 2x).
[Ans: (2) ~— D (1) 2 cot 2]
7 ¥Find % when
@ y=e", {big= 2.
Jx 2
et T % (2Zx+)sec” x—2tanx
[Ans: (a) 2 (b) i) ]
8 Find, in terms of X, both ~ and 7 § in each of the following cases:

(@)y= J?+1); (My=e%“
[Ans: (a): ['f , 1

Vet 2l

1

2 _L‘,z
(b) —xe g X =De 2 ]

L
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9 Differentiate with respect to x:

(a) X" cos X, (b) L’L“-_‘J (c) x/(“"+"£‘) _

[Ans: (a) 2xcosx — x° sinx (b) Ljnfi‘—) {c) ~1-_£]
! 2 x+ L
X
10 Find, in terms of x and y, the gradient at the point (x,y) on the curve with equation
x> 2y = 3x*y". Hence find the point (x,y), other than the origin, at which %= 0.

2ypT gt [ 1 : \‘
[Ans: ---“~;1v—~ -4 230,88
27 =2x7yp | !
11 Differentiate with respect to x (@) In (1 + cos x, (b) =22,

v Il )
[Ans: (a) - Sin Y b 2% + 6x 7..7]
l+cosx {(2x + 3)°

12 A curve has parametric equations x = 2t=In(2t}, y = tzwln(tz), where t > (. Find
the value of t at the point on the curve at which the gradientis 2.  [Ans: 2]

13 Differentrate with respect 10 x (a) -1, (b} cos (V¥ ).
8 sinv/x
[Ans: (a b) -
L (a) CodoF (b) e ]
it Differentiate with respect to t (a) a—i—r ,(b) In (riJ

[Ans: @) =2 (b) -3

(3.'“ + 5}1
15 Differentiate 3u” sin Su with respecttou.  [Ans: 15u° cosSu + 6u sinSu]

16 Given thaty = cos’x, find 4, [Ans: -2 cosx sinx or - sin 2x]

17 Given that x - |+If3 and y 117, where t is a parameter, find % in terms of t.

i ]
-

1 i
Ans: /-
[ ns 2'f 2f]
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18

19

20

21

22

23

24

25

26

A curve is given parametrically by x =t L y=t+ |, where t # 0. Find the
coordinates of the points on the curve where the gradient is zero, and find the

equation of the tangent at the point where t = 2.
[Ans: (0,2) or (0,-2) ; 3x =5y + g=0]

Find the equation of the tangent to the curve given by x = I—cos t,y =t +sint, at
the point where t =47 . [Ans:y=x+"2m]

The equation of a curve is 2x° + 8xy + 5y* = -3. Find the equations of the two
tangents which are parallel to the x-axis. [Ans:y=landy=-1]

A curve has equation x*+xy + y?=3.
(i)  Show that & =-24,

x+2y

(ity ~ Find the cogrdinates of the points on this curve where the gradient is
ZET0. [Ans : (i1) (1,-2), (-1.2)]

Obtain the coordinates of the turning peint on the curve with equation y = x‘In x,
where x > 0, and find whether it is a2 maximum point or a minimum point.

A
[Ans : [e ~,—-2-;]] )

Find the coordinates of the turning points on the curve with equatioﬁ y =
Sketch the curve. [Ans : (0,0), (1,%4) . (-1.}2}]

1+x*

Show that there is one stationary point on the curve y = ¢* + 2™, and that the
stationary value of v is 242 .

A cylinder of radius x is inscribed in a fixed sphere of internal radius R, the
circumferences of the circular ends of the cylinder being in contact with the inner
surface of the sphere. Show that At=167"% (R2 — x%), where A is the curved
‘surface area of the cylinder. Prove that, if x is made to vary, the maximum value
of A is obtained when the height of the cylinder is equal to its diameter.

A piece of wire of length 8 cm is cut.into two pieces, one of length x cm, the other
of length (8 — x) em. The piece of length x cm is bent to form a circle with
circumference x cm. The other piece is bent to form a square with perimeter
(8 —x) cm. -Show that, as x varies, the sum of the areas enclosed by these two
pieces of wire is a minimum when the radius of the circle is 7+ cm.

4+
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CHAPTER 14

14.1 Integration of exponential functions

Exponential finctions can be integrated provided the power is linear.
To differentiate exponential functions

step I : rewrite the function as it is

step 2 : differentiate the power and divide.

Example
Integrate the following w.r.t.x.
(a) ™ (B)e'™  (¢) ==
s}
Solution
4y S1-3y
(a) J-e"“dr = eT+c' {(b) jelhl\'dx = ('_ +e
2x-l
(c) J.el"]l" dy= Iez"'”]dx =2 > +¢
Exercise 14.1
Integrate the following w.r.t.x.
Ix et
1 ™ [Ans: ETH-] 6 ef(e'+2) [Ans : f7—+2<:‘ +¢]
2 [Ans: 2 —+e] 7 ¢"e™+1)  [Ans: "T* o e
I‘\' l.r S
3 e? [Ans: 2e? +¢] 8 (¢'+2)° [Ans : i2—+4¢-" +dy+e]
%.\ . 3 :_?_\' 63.\ - . ()"‘. .
4 [Ans: = e? +¢] 9 _ [Ans: —+207 ¢ ]
5 e’ 2
5 %e"'""' [Ans: é-e““"'-k c] 10 3w [Ans: —e "+ ¢]
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14.2 Integration of the type —

}'

We have seen that fbr x>0, §~ (Inx) = L
X X

Thus Ilnxci\': sl 4 C

X

Also  — [ln(au + b)) =

r+b

Therefore I ehvies 1 In(ax +b) + ¢
ax+bh a

Example 1

()js a2~ © ¢

Solution

1 1 -
ey = = x+ 2} +
f(a) -[S_r+2d‘ : In(5x+2)+c¢

7 7
(b) -'.3x+1d'\ 3 Ha M

(© [, dv=-2 In(b ek

Example 2
@ [ dx ) |
)3

: 3x+2

Solution

(a) j:f:_ dx=f5lax] =51n5—51nl=51n5=1n3125
)]

2 5 2

(b)J' S dx 1n(3t+2)]

] 3x+2

-

FERE

1

i
[ aa—|
W |

m[s(z}+21}—Elni3(l)+2l}

(1n8— In 5)

wlm

3 5
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!Exercise 14.2

Integrate the following indefinite integrals:

S-k

Integrate the following definite integrals giving your answer in an exact form:

10

11

12

5
—dx
2x

IB - i oy
X

j i
g —2r

>+~ Mathematics -- 3709

[Ans :

[Ans :

[Ans :

[Ahs :

[Ans :

[Ans :

[Ans :

fAns

[Ans

[Ans :

[Ans :

[Ans :

%]n(B.\' +d) e ]

n(2x -3 +¢]

o | —

4

—In(x—-D+c¢

S In( ]

~Eln(4m3.\')+c']
3

5

—Iny+c¢

3 n t;]

3x—dinx+c]

wgln(q -2 +c]

1
—In4
3in4]

:in 27]

Sln 8 + 7]
12 +In 125]

3
2
Sins
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14.3 Integration of trigonometric functions

Ify=sinx, =L =cosr
dx
Ify = cosx, Lo siny
dx
If y = tanx, P = secix
dx
Hence _fsin xdx =—cosy+¢

Icos xdx =sinx+c¢

J‘sec1 xdx =tanx +¢

Example 1
(a) J3+cosxdx

b) J‘2+tanzv_'c dx
Solution
(a) _[3+cosxdx = 3x + sinx + ¢

(b) J.2+tan3.rdx = J-2+sec3x—ldx
= J-1+sec2x dx

=x+tanx + ¢

Example 2
(a) J‘cos(5x+3) dx

(b) J.sin(% x+1dx

{c) Jsec *(3-4x) dx
Solution

(a) Jcos(Sx+3) dx = ~51—sin(5x+3) +¢c
(b) js‘”(g"+‘] dx = cO0s [3x+1]+c

() [sec®(3-4x) dx =~ }4 fan (3 — 4x) + ¢
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Exercise 14.3

Integrate the following with respect to x:

1

10

Ly,

12

13

2 + cosx

3--ginx

COsS3xX

sin{2x+1)

sin( 1-3x)

cos{5x-3)

fruntg

3sec’Sx

2cos2x — sindx

sinx + sin2x — sin 5x

sec (VI

cos 2x +
cos” 3x

1 5
— - sec” 2x

Pure Mathematics - 9709

[Ans

[Ans:

[Ans

[Ans: -

[Ans :

[Ans :

ANS

[Ans :

[Ans :

[Ans

{Ans -

[Ans :

[Ans :

22X + sinx + ¢]

3x + cosx +c]

lsin 3x+c]

3

1
5C03(2x+1)+c]
i

gcos(l “3xy+c]

1

—cos(5x--3) +c]
5

tanx— X + ¢},

3

—tanSx+ ¢ |

5

sin2x + %0084){ % 5]
| 1

I —COSX — 5(:0323:+Ec:055x+ c]

_!“ tan(ﬁx) + ]

V3

1, 1

—sin2x+~tan3x+c |

2 3

—ltan2x+c]

3

2x~

185



14.4 Use of double angle formulae to integrate cos’x and sin’x

We have seen earlier that

2 .2
cos” x— s x
1
cos2x = 2cos x—1
. 3
1-2sin"x

cos 2x =2 cos” x — |
i
2cos x=1+cos2x

cos’x = %(1 + cos 2x)

So if we have to integrate cos” x, we integrate L {1 + cos 2x).
g g 5

Hence _[cosl xdx J' %(1 + cos 2x) dx

J.(l +cos2x) dx

{.\‘+ sin 2.\} te
2

Similarly cos 2x=1-2sin’x
’ 2 sin’ x = 1 — cos 2x

tol— |

cos’ x = %(I —Cos 2x)

So if we have to integrate sin” x, we integrate %(1 - ¢os 2x).

Hence j‘sinz x dx I l(1 —cos 2x) dx

= % J. cosZ\‘
_ l [ sin 2\’_J
2
Example
(a) Jcosz 2x dx (b) Ism ~x dx
Solution
2 ' .2 1 3
(a) jcos‘Zx dx = .[12 (1+cos 2(2x) dx (b) Jsm“ %x dx = J‘E(l —cos Z[Ex] dx
= % J.(l+cos 4x) dx = % J(]—cos&r)dx
= all x+sin4x g o ol M\__smeJ —

2 4 2 0 3
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fExercise 14.4

Integrate the following with respect to x:

1 cos® 3x ’ [Ans : %[I+ Si?x]w]
2 ! sin10x
2 cos” 5x [Ans: Fik T +c]
3 cos® 2x [Ans : i[,w pin 3'r]+c]
2 2 3
2 ! sin 2nx
4 cos” nx [Ans: —|x+ c}
2 2n
3 (2cosx)? [Ans 2[“ Si“;xjﬂ-]
6 (cosx + sinx)’ [Ans : [.r— COSZZI}LC]
7 sin® 2x [Ans : l[.\'-— S 4"C}H-]
2 4
8 sin? 2x [Ans : i[r— Sms"’}c]
2 2 5
9 sin? 24 " [Ans: —I—[.\’—ismﬁjl-{—c]
3 . 2 3
10 sin®nx " [Ans: l{r _sin MJ 2]
2 2n i
1 Gsinx)? [Ans : E[xw L 2"}“-]
: 2 2
12 sin’ %x [Ans : é«[x—sinx]w]

-
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14.5 Integration using partial fractions

We have already come across partial fractions in chapter 10. In this section we are going
to integrate rational functions by means of decomposition into partial fractions.

Example 1

Show that I (—-Tt—-j dx
X— GaiiE

Solution

Let 1 A B

(x—l)(Z—x)E (x—l)+(2-x)

1 =AQ2-x)+Bx-1)
Whenx=1, 1=A
Whenx=2, 1=B

! -
.[ (x—lXE-—.\’) a j d\’j 2-x
=In(x — 1) - In(2 —x) + InA

=In A[""’] (Ans)
2-X
Example 2
& 6x~+7
_ ol dx=1In(12 C
Show that lj (2.\‘w[)(x+2)‘dx In(12) ()
Solution
ox+7 4 B

Lt v (2r=tfx+2) - (2.\'—1)+(x+2)
6x+7=A(x+2)+B(2x - 1)
When x =-2, 6(=2)+ 7=-3B"

- B=1
Whenx= L. 6(L)+7=2A
. 3t 2 2
| A=4
6x+7 _ 4 5 1
2a—1fx+2)  2x-1) (x+2)

2

6x+7 o4 1

e Y = P A I

e Ij (2x-1)x+2) dx II (2x—!)+(x+2] X
=12 tn(2x-1) + In(x+2)];
=[2In3 +1nd4] -2 In] + In3]
=1n9 + In4 — 0 — In3

_ 1n(9x4]
3

=1n(12) (shown)
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[Exercise 14.5}

integrate the following with respect to x:

3 ) o x=1 )
L j(.rhl)(.r+2}m [Ans'ln[,\-+2)“]
3x S ,
2 J‘md\ [Ans . 2ln(X —3) =+ IH(XT4) = C]
3 et [Ans:lm(-‘”}ﬂ-]
(x—Dx+3) 6 \x+3
1 ) ; Ly a7+l .
4 -{_—“—(.\'-i—])(_wr}) dx (C) [Ans : Zln[_r+3]+( ]
1 Ax )
AS 11
» j.\'(.\'+ 1) dx () [Ans n[ -T+1J]
6 [—L—a (O [Ans: Iin[ LY
(x+1)(2-x) 3 \2~x)
1 ) . X+ .
7 et © [Ans : m[HZJH ]
! _ R S | .
8 dex (C) [Ans : S =3 Zinet e ]
T .32
9 Showthat |- —ar- m[ —J. (C)
Bot™ B 11
10 Express EE‘“]BT—;) 1n partial fractions. Hence find the exact value of
g N
j?;+—[3)(——])dx , iving your answer as a single logarithm. (C)
LY o

2

[Ans:In [gj]
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14.6 Integration of the form "; ({x))

We know that — [lnf(x)] ((Y))

Thus ]; _ (: = [Inf(x)] +
Example 1

(@) J.\'zx+l dx
0w ©

pig

.
(c) evaluate _[ tan x dx, giving your answer to 3 significant figures.

0

Solution
X 1 2x
(a) —j\ dx= - [-—— dx
Jl.\r'+1 2-[_~c“+1 )

=iln(x2+l)+c

(b) Since —M(3+r~2r)—1—4x

t
6[ S = [ln(3+x—2r2)]n
= ln(3+]~2(1] )]—[m{uo 2{0) )]
= In2 - In3
=Tn>
3
(c)"LE tanxdxjs‘” d
] Joes
- %—sinx A
cv)‘.ﬁcosx
|: In 005[4}} [— In cos(())]
=0.347 (3 s.£)

Pure Mathematics — 9709 190

14 -

Integration 2



Integrate the following indefinite integrals with respect to x:

Exercise 14.61

X~ 1
1 AN Ans ;=lnly? +1)+¢
[repw [Ans : i’ +1)2c]
X L, {3
2 Yk Ans 1—Inl2x” +1}+¢
JA2.‘(3+l [ 4 ( ) ]
- 1
3 t i Ans —inl2x° +5)+ ¢
.'-2_\-3+S ' [ 6[}(\ ) ‘]
3x 3 k]
4 dy Ans : =Inl2v" +4)+¢
I2x3+4 : 4 ( ) ]
2 5x° 5 g
& Ans : —In3x* +2)+¢
J.3.\-"'+2 ) [ 12 n(l ) 2
6 jcotxa’x [Ans : In sinx + ¢]
7 f—%Ldr [Ans :—}—1:1(.%2 +2x+1)+c] |
X+ 2x+1 2
x=2 I 2
8 1T Ans :—In{3x% - [2x+5)+c
'[3x2w~12.r+5 [ 6 ( ) ]
9 Show that Jtanl\'dx=élnsec3x+c'.

Integrate the following definite integrals with respect to x:

3
10 el
: i I+x~
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[Ans:

[Ans:

[Ans:

4 1n10]

n2]

4
ln;]
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14.7 Integration by parts

Recall & uv)=u e &
dx dy  dx

Integrating both sides, we have

—;i‘:(zn’) = Ju % + v% dx

v = J.z.rﬂ dx -+ Jvﬂr— dx
dx dx
Hence Iz: v dx=uv— _[vﬂ dx
dx dx
Example 1
stin 2x dx
Solution
_ dv _ .

Letu=x and — =sinZx

dy
ﬁzl sit] i cos2x
dx 2

. dv _ du
Using _[u:f; dx = uv J.VE; dx, we have
J‘xsin 2xdx=~x- bosZy - J-— cos2x 1dx
2 2

Hence Ix sin 2xdx = — %xcos 2¢+ 30 ax +c
Example 2
Jlnx dx
Solution
Letw=1nx and ﬂ=1

dx
dit ] and v=x
o X
Using J‘u L odx=uv— Ivﬂ dx, we have

dx dx
1
jln.\‘ dx =x-lnx - Ixx— dx
X

Hence J-lm‘ dx=xInx—-x+c,
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Now we are going to take an example where it is necessary to perform the procegurs o
integration by parts more that once 1o obtain the final answer,

Example 3
J.\'ze" dx
Solution
Letu=x and B
dx
oL and v=g"
d
Using z.rﬁ dx =uv-— J.vﬂ dx, we have
dx dx

J‘xze"' dx =x*.e*— je“ 2xdx
=xtet-2 -[xe"' dx ....... (1)

Now consider j_\'e‘ dx. We have to use integration by parts once more.

letuw=x and L2 ¢t

dx
BY | and v=g"
dx
Using J‘u—ai dx =wv- _[vﬁ dx, we have

ax dx
sze"' dx =x-¢&"'-— J‘e"' -1 dx
=R — B e (2)

Replacing (2) in (1), we have
Jxle'r dx =x ¢ -2[@xe—-e]+c

et 2xet H2eF
2
gt (xf-2xt+ 2+
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[Exercise 14.7

Integrate the following with respect to x.

10

11

12

i3

J-.te oy

fcos v

[rin xax

[rsec’ xdr ()
[ERL R ()
[x* cos vt
[xterar

j(.u« Dedv (C)

-

[Ans: xe' ~e" +¢]
[Ans: xsinx+cosx+¢ ]

[Ans: %.\‘&‘4"* —%ed"' +c]

[Ans : —xcosx+sinx+c |

9

x° x
[Ans: —Inx~—+¢]

2 4
[Ans : vtanx+incosx +¢]

T X’

[Ans : —lnx-—+c}

3 9
[Ans : x7 sinx+2xcosx—2sin x+e]

C 5
[Ans : —x?e® = Zye™ 4—g¢

[AnS : —(x+2)e™ +¢]

Show that J.xez"‘d\' = %(3@4 +1

0

3

Show that f\ Wxde= 141023

1
Evaluate the integral '[xe_z"'dx, leaving your answer in terms of e.
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14.8 Integration using substitution

i
_onsider the integral J,\‘(Sx—B]R dx. To evaluate such an integral a substitution u = 533
0

w11 be very helpful.

Thé following steps will help the reader to evaluate a particular definite integral.

£

A

Step 1 : Differentiate the given substitution

tep 2 : Make dx the subject of formula

wep 3 : Change the x limits to « limits

tep 4 : Replace the variable x by the variable 1.

(V)]

L

(£

Example 1

1
Evaluate jx(Sx --3)* dx, using the substitution # = 5x — 3.

[\l

Solution
=5 -3 Sk
5
di = 5
dy
1
dx = —du
5

For lower limits, x = 0, u=5(0) -3 =3
For upper limits, x =1, u=5(1)-3=12

i 2z
The integral I x{5x--3)" dx becomes J‘L—”—;—ﬂu* -;—du

4 -3

2

\ 2
Now J{H;BJJHS % fi _—]— Jug +3% du
-3

25

-3

Note that if there are no limits, remember to change back to the original variable at
the end.
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Example 2

Using the substitution x = #*+ 2, find j.wfx—z dx. (C)

Solution
7

x=u +2

oy

— = L

dit
dg = 2w du

J\m dx

Il

i

]

Example 3

Using the substitution x = sinB, show that f

Solution

X = 51n0,

ﬁ =cosd

de

dx = cos6 do
For lower limits,

For upper himits,

—_—
J
2
=
Il

Pure Mathematics -

!(uz -!—2)'\17_12 +2-2 . 2udu
I(ul + Z)x/u_z .2udu
JE:F(:P +2) du

I21f4 +du? du

20 47
53 3
2Adx-2)° " dx-2)° Yo
5 3

=

x=0,5n0=0=0=0
x=1,sin9=1:>9=%

T
2 [
J-—cos e
S 4l-sin’ @
T
2_,. l cos 1@
s ycos® @
I cos 46
cos
¢}
g
1 i
J.Idt? =gl = 52[—— == (shown)
0
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19

11

12
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Exercise 14.8

5

Using the substitution u = x’, find Ixe"': dx . [Ans : —};e‘ +c ]
Using the substitution u = x°, find J‘sze“'}dx. [Ans : 58‘1 +c]
Using the substitution u = sinx, find [sin® xcosxdx . [Ans:%sm4r+c]
Using the substitution i = cosx, find Icos xsinxdx . [Ans: —%cos(’ x+e]
Using the substitution u = tanx , find Jtanxsecz kL8 [Ans : énm2 x4
Using the substitution u = Inx , find hlr [Ans : —;—(]n O +c]
Using the substitution u= 1 + 3x°, find _[ d . [Ans : é—in{l +3r) +¢]
1+3x2 6

Using the substitution u = 2x + 3 to find I—);——)— . {C)

' 3 ]

[Ans m + el
. 42x+3) §2x+ )

Using the substitution x = tanf , show that —dr =g

01+x

2
By means of the substitution x = 2 tan8, prove that I—l——; dx = éﬁ . {C)
0

By using the substitution x = 2 sin®, or otherwise, evaluate the integral
vz
j4_y24v. (C) [Ans : §+1]

{

The value of J' dx is denoted by 1. Use the substitution u =+/x to show

r(l—«/_)

that I = ﬁz; . Hence, by using partial fractions or otherwise, show that
w{l+
!

" m[?). (€)



