14.9 The trapezium rule

A
As we have seen previously, the definite integral J-f(.r) dx can be evaluated by finding
* o
the anti-derivative of f(x). However, there are functions such as e | sin(x’) etc whose
anti-derivatives cannot be found readily. In such cases, we have to use some methods of

approximation. The trapezium rule, one of the methods of approximation, enables us to
h

obtain a good approximation to the value of J ) dx.

Let f be function defined on fa,b]. Suppose [a,b] is divided into three equal subintervals
cach of height h, h — 2=9 .

A

\

Yo yi ¥z V3
T T, T;

—>

Xo X X2 X3

INOW yo,Y1,¥2 and vy are called ordinates and each ordinate corresponds to a particular
value of x. T|, Ty and T; are called trapezia or Strips.

If we consider the two trapezia T; and T, there are three ordinates supporting them.
Next if we consider the three trapezia T, T, and T, there are four ordinates supporting
them.

So, we deduce from the above that  Number of trapezia = Number of ordinates — 1

Now ‘areaof T| = é(l’o +y)xh
arca of Tp = é(yl+y2)xh

area of Ty = %O’g +y)xh
Thus, the total sum of the three areas of trapezia is given by

1
A # A {vot+ ity +34 +yva+ )

x %h [¥o4 2031 +y2) +y3]

In general, if {a,b] is divided into » equal trapezia, then

'fj‘(x_‘) dx = %h [Yo+2( 1 +y2+ ... Yout) + yu ], which s the trapezium rule for

approximate evaluation of definite integrals.
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Example 1
Use the trapezium rule with intervals of width 0.5 to find an approximation for

J. ] : dx, giving your answer correct to 2 decimal places. (C)
+inx
]

Solution
Hereh=10.5
= — ] ——
Let xp=1 Yo Tald I
s —_ ] =
xj=1.5 ¥i Tl 0.71
— e l =
X2=2 Y27 ey 099
!
=3, = =0,
=R A
By trapezium rule,
j L dx m LA 1+ last + 2(rest)]
3 I+Inx 2
~ %(0.5) [ 140,52 +2(0.71 +0.59)]
~ 1.03 (2 d.p)
Example 2

(]
Use the trapezium rule with five ordinates to find an approximation for Ie " dx, giving

2

your answer correct to 1 decimal place.

Solution
Here h= b'a:él%:I
n 4

Let x;=2 yo = e’
X =3 Yy = 3
Xx2=4. y2=e4
X3=25 y3=85
X4 =06 y3 = ¢f

By trapezium rule,

[§]
o axs %h [ 19+ last + 2(rest)}

~ %(1) [+ e® +2(e? + et + &%)

=~ 428.5 (Ans)
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Example 3

Estimate to 2 significant figures, the percentage error in evaluating I —— dx by using
the trapezium rule with 5 ordinates.
Solution
Hereh=928- 422 _1
i 4 2
5 5
Let =xp=2 e w
! T2
5 = 5 y 5 10
= = [ =
¥+2 9
5
Xo =3 = =
. A 3+2
¥ _10
X = =
3 5 Y3 /+2 m
5
X_ o= 4 =
4 Y4 p

By trapezium rule,
4

_[ S _dx~dp [ ¥+ last + 2(rest)]
Jx+2 2

1 5 5 10
E(})[4+6+2(_ TT)]
3__
1584
Now,
T s
_ == R 4
= dx =5ln(x+2) )

=51n6-51n4
=5 ln(iJ
2

Percentage error = Exact value — Aporoximated value
Exact value

. {3Y 321 17
3ln -
_ [2 1584

=g

=0.18% (Ans)
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|
Use the trapezium rule with 5 ordinates to find an approximate value for Jej‘d\',
=
giving your answer to one decimal place. [Ans :3.9]

Use the trapezium rule with 3 ordinates to find an approximate value for

J', 7 3 , gIVing your answer as a fraction. [Ans : ]9—5 1
S s
i

Use the trapezium rule with 4 ordinates to find an approximation to jln.\*cir,
|
giving your answer in exact form, [Ans:ln12]

Use the trapezium rule

giving your answer to two decimal places. [Ans :0.23]

Use the trapezium rule with ordinates at x = 0,x=1,x=2,tofindan

5

approximation to —JTdr. (O) [Ans: 1.06 ]
|+ x

4]
Use the trapezium rule with ordinates at x = 1, x=2,x =3, to estimate the valye

of }Jém ~xde. (C) [Ans: 10.6 ]
|

. : : 1 ] .
Use the trapezium rule with ordinates at x = O,gn,%:._r,;fr to estimate the value of

Vsin vy, giving your answer to 3 significant figures. (C) [Ans: 0.713] -

SRS
LS——h

T

Estimate to 2 significant figures, the percentage error in evaluating J.—%—d\ by

using the trapezium rule with 3 ordinates. (C) [Ans : 2.2%)]
|

Usc the trapezium rule with 3 ordinates to find an approximation to I 3 =
Nkl

ay,
giving your answer in exact form. Find the exact value of the mtegral Hence

find the percentage error invelved. [Ans : E; 3 ln; :0.71% ]

Use the trapezium rule W1th qubdlwsmns atx =3 and x = 5 to obtain an

approximation for the integral f“dr giving your answer to 3 decimal places.
+Xx

By cvaluating the integraj exactly, show that the error in the approximation is
about 4.1%. [Ans: 1.701, 1.773]



14.10  Use of sketch graphs to show underestimate or overestimate

We have seen in the previous part of the chapter that the trapezium rule gives an
approximate value for a particular integral. In some cases, the trapezium rule
underestimates -the true value of the integral while in other cases the trapezium rule
overestimates the true value of the integral. Still there are very few cases where the
trapezium rule gives an exact estimate.

if a curve 1s convex, the trapezium rule will overestimate the true value of the integral.
An example of a curve that is convex is y = ¢”. In this case, the trapezia will pass over the

curve, thereby overvaluing the true value of the integral,

overestimation

: —»>
If a curve is concave, the trapezium rule will underestimate the rule value of the integral.
An cxample of a curve that s concave is y = Inx. In this case, the trapezia will pass under
the curve, thereby undervaluing the true value of the integral.

1

nderestimation

( »

Verify that J nx dx =x Inx — x + ¢, where c is an arbitrary constant. Use the trapezium

Exampie

s
rule with trapezia of unit width to find an estimate for J Inx. Explain with the aid of a
sketch why the trapezium rule underestimates the true value of the integral in this case,
and calculate, correct to one significant figure, the percentage error involved. (C)
Solution

Consider —§~(x1nx—x+c):x-i+ Inx-1-1=lnx (verified)
X X

Let Xo‘—'z Yo = ].I'.l2
Xy =3 y1 = In3
X; =4 y2 = Ind
X3=25 y3 = InS

5
By trapezium rule, J‘lnx dx = —;-h[ls‘ + last + 2(rest)]

e %(1) [ In2 + In5 + 2(In3 + In4)] = 3.64 (3 s.f)
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Since the shaded part is not included, the trapezium rule underestimates the value of the
integral.

5
Now, we find the exact value of the integral = j Inx dx
2

= [xln x—xE .
= [51n5 — 5] - [2In2 - 2]
=5ln5-2In2 -3

Percentage error = Exact value - Approximated value
Exact value

~2ln2-3}-3.
_ (5In5-21n2-3)-3.64 = 0.7% (Ans)
5In5-2In2-3

@]xercise 14.19)

CLASS ACTIVITY

In questions 1 — 5, explain by means of a graphical argument whether the trapezium rule
underestimates or overestimates the true value of the integral.

5
1 jln(x—Z) dx, 3 ordinates
3

(o]

2 e'*' dx, 5 ordinates

Vr dx, 6 ordinates

(']
1

48] —

j sind dx, 4 ordinates

5

J. 7[ dx, 5 ordinates
X+

wn
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CHAPTER 15

{ NUMERICAL SOLUTION OF EQUATIONS l'

15.1 Location of roots — searching for sign change

The diagram below shows the graph of y = f(x) crossing the x- axis at a. We say a is a
root of the equation {(x) = 0.

A

Tve

__\l'c

Now, if lies o between two points a and b, then f(a) < 0 (negative) and f(b) > 0 {positive).
We have f(a) x f{b) < 0.

In general, for a given curve y = f{x), a root o will lic between two points a and b
provided f(a) x f{b) < 0. In other words, there must be a sign change.

Example 1

Show that x* + v - 5 has a root between 1 and 2.
Solution

Let fx)=x +x 5

Now f(1) =17+ 1 53 (-ve)

And  f{2) 27 +2- 5 5(tve)

Since there 1y a sign change, a root lies between | and 2.

rxampie 2

Show that ' -+ 10 cosx has a root between | ana ..

Solution

et f(x)y- ¢ - 10 co..

Now f{(1)--e'--10 cosl =--2.68 (—ve) [convert calculator to radian mode]
And  f(2)=e” 10 cos2 — 11.6 (+ve)

Since there is a sign change, a root lies between 1 and 2.
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(a)
(b)

10

[Exercise IS.ﬂ

Show that 2x” — 5x + 1 =0 has a root between 2 and 3.
Show that x* =x 1 12 has a root between 2 and 3.

Show that ¢* = 10x has a root between 0 and | and another root between 3 and 4.

Show that Inx = —x has a root between 1 and 2 and another root between 4 and 5.

L).Jlr—l

Show that x = — - has a root between 0 and 1. (C)
l++/x s

Show that 2sinx = 3 - x has a root between | and 2.
Show that (x+1)" = (x+2)° + 4 has a root.between 0.8 and 1.

Given that f(x) = x(x-1)" —~ 500, show that f ' (x) = (6x—1)(x—1)". Hence show that
the equation f(x) = 0 has a root in the interval 3 < x <*4. (C)

The function fis defined by f(x) = 18 Inx — x°, x > 0. The diagram shows a sketch
of the curve with equation y == f{x).

>
0 /A B &

The point C is the maximum point on the curve. Find the x-coordinate of C.
The curve crosses the x—axis at A and B. Show by calculation that the
x—coordinate of A lies between [.0and 1.1. (C) [Ans: 3]

] . & 4 ]
Sketch on the same diagram the graphs of v=e *' and y=4-x", VeFify that
I

the negative root a, of the equation x*+e 2 =4 is such that - 2< o <1 , and state
the integer which is closest to the positive root, . [Ans : 21



15.2 Location of roots — graphical cogsiderations

t

" If there is only one curve, the number of roots is equivalent to the number of times the
curve crosses the x—axis. The graph below illustrates this idea.

A
Y
No roots
Figure 1
2 A
y
Two roots

o B

Figure 3

A
¥

one root

Figure 2

tlyge\r\ots /
4’.’(

/Ot B\/v

Figure 4

However if there exists two curves on a single diagram, the number of roots
1s equivalent to the number of points of intersection of the two graphs.

Figure 5
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Example 1

Find the number of roots of the equation €* = 2 — x, by means of a graphical argument.
Solution

We sketch the graph of y = ¢* and y = 2 — x on a single diagram and we find the number
of points of intersection.

A
})
S
2
]
p X
0 2\

Since the line meets the curve once, there is only one root.

Example 2
By considering the graph of y = cosx and y = ——ix , or otherwise, show that the equation

X +4cosx = () has one negative root and two positive roots. (C)
Selution
We have

\(“
va ;

Clearly the negative root is o and the two positive roots are 8 and y.
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“on

10

11

12

13

Exercise 15.2

Show graphically that ¢* = 10x has exactly two roots.

Show graphically that Inx = %.\- has exactly two roots.

Show graphically that * =3 — x has exactly one root.
Show graphically that Inx + x — 4 = 0 has exactly one root.
Show graphically that x* = 8x + 4 has exactly one root.
Show graphically that 2x” = 5x — I has exactly two roots.
Show graphically that x* = 2 — x has exactly two roots.
Show graphically that e* + x - § = 0 has exactly one root.

By means of a skeich showing the graphs of y = x> and ¥ = 4(x+10), show that the
equation x° = 4(x + 10) has exactly one real root. (C)

By considering the graphs of y = 1 + x and y = ke", or otherwise, show that the

equation e (1 + x) = & has exactly two roots for x when % is a constant such that

0 <k <1. State the number of real roots for each of the cases k<Oandk>1.(C)
[Ans: k <0 = | solution , k>1 =0 solution]

Find the coordinates of the turning points on the graph of y = x* — 10x, and hence
show, with the aid of a sketch, that the equation x” — 10x = 5 has three real roots,
State the two consecutive integers between which the positive root of the equation
= 10x =5 lies. (C)

[Ans: (-1.19,9.51) : (1,2)]

Show, by sketching the graphs of y=¢ and y = 6 — 2, that the equation
e+ 2x — 6 =0 has exactly one real root and that the root lies between | and 2.
{C).

1
Show, by means of a graphical argument that the equation x = 10e ¢ has exactly
one real root(denoted by «), and determine the pair of consecutive integers
between which o lies. [Ans: {3,4)]
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15.3 Iterative methods

An iterative formula is an equation of the form x,.,, = f(xn) which can be used to find a
sequence of approximations which converges to a root of an equation.

To obtain an iterative formula from a given equation, use the following steps:

Step 1: Make one of the x’s subject of formula,

Step 2 : On the left-hand side replace x by Xq.1.

Step 3 : On the right-hand side teplace x by x,,.

Example 1

Dertve two iterative formulae based on the equation ¢* = [ (Ox.
Solution

e = 10x.

x=In{10x)

X+ = In (10%,) ... ... (1)

Also  10x —e*

6’\

X =

10

"-”
Hence the two iterative are Xne1 = In (10%,) and x,,, = EIF

Exampie 2
Derive three iterative formulae based on the equation x” + x = 5,
Solution

X tx=5

©=5-x

Also x=5_4
' Xneel =5 —Xn ooi(2)

And  x(x*+ 1)
o B

g
X+

Xppt = —2> 3)

2
X, +1

"

; ; . 3
Hence the three iterative formula are K+l = I5—x, , Xoe1 = 5—x," and Xn+1 = ———
X7 -



Exampie 3
Using the iteration X1 = In(8 — x,), find the root o lying in the interval (1,2), giving
your answer to 2 decimal places.

Solution

We have Xn+ = IN(8 = X,)
Since the root lies between 1 and 2,
Letx,~ 1.5

X = In(8 ~ 1.5)=1.872
X2 = In(8 — [.872) = 1.813
X3 In(8 - 1.813) = 1.822
xe= In(8--1.822) — 1.820
Hence a = 1.82 correct to two decimal places.

The reader has to bear in mind that not all iterative formulae converge to a particular root.
While some converges to a root of an equation, others diverge and tend to move away
from the root.

The diagrams below illustrate both cases of convergence and divergence.

A

Figure 1 : Convergence

A

X0 o X2

Figure 2 : Divergence
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{Exerﬁse 15.3

Derive two iterative formulae based on the equation Inx :é_\' ;
| ‘
[Ans: x,, =¢'"; x,, =3Inx,]
Derive two iterative formulae based on the equation ¢* = 2— x.
[Ans: x,, =2-e"; x,  =In(2-x)]

T+l 2 M+

. . . f 3 2
Derive three iterative formulae based on the equation x* + 2x* = 3.

e E
.o 3 Loy 3 Ly . 3
[Ans - X "1,!3—‘2""’17 T s Nppp = >
2 Vx, +2

A
Using the iteration x,,, :(1_0”- » find the root B, starting with x, = 3, giving your

[

answer to 2 decimal places. [Ans : 0.11]

Using the iteration x,, - ?(1 +2x;) , find the root 8, starting with xg == 0.5, giving

your answer to 2 decimal places. [Ans : 0.22]

Using the iteration x,,, ={5-x, , find the root ¢ in the interval (1,2), giving
your answer to 3 decimal places. [Ans: 1.516]

. ( B »
Using the iteration x,,, = ;J--——) -5 lind the root «, taking xy = 1 as the first
(I+x,}

approximation. Give your answer to 2 decimal places. [Ans : 1.22]

Using the iteration x,,, =3Inx, , find the root B, starting with xq = 4, giving
your answer to 3 significant figures. [Ans : 4.53]

Show that x* + 3x* = 7 may be rearranged into the form v= j—S— , stating the
) & X+ b &

a

values of a and b. Hence using the iteration formula o = with x, = 1,

x +6

together with the values of a and b, find x,, X»,x3 and X4
[Ans:a=7,b=3;1.32 127, 1.28, 1.28]

Show that the equation x” -- x° - 2 = 0 may be rearranged in the form x=37(x,
where f{x) is a quadratic function. Use an iteration of the form X, =glx,),
based on this rearrangement «and with x, = 1.5 to find Xy and xa, giving your
answers to 3 decimal places. [Ans : m 1.620, 1.666)
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15.4 Given an iteration formula, how to find the original equation

Very often, we are given an iteration formula of the type xu1) = f{x,) and we are required
to state an equation satisfied by the root @ (say). In such a case, we have to make use of
the following steps. ’

Step 1
On the left--hand side replace X.1, by x.
Step 2
On the right-hand side replace x, by x.
Step 3

Simplify to get the required result

Example 1

. . . 2 4x
The sequence of values given by the iteration formulax —+—5—”, converges to .

el < a

£ 'YH

State an equation satisfied by o, and hence show that the exact value of & is ¥10 .
Selution

, ; ; . 4y
The given iteration formula is x,,, = —4+—-;JL
i
We have L.
¥t 5
LIS
' s5x*
5x7 = [0+4x°
x* =10
x = Y10
Hence o = %10 (shown)
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Exercise 15.4

. & 3 2 e
The sequence of values glven by the iteration formula Tas) ==+, converges

X -
to & State an equation satisfied by a, and hence show thar the exact value of ¢ is

5 3 5
M L %t me O
) [Ans: x 2]

Py

. . . ! Ry
The sequence of values given by the lteratton formula » - Y , converves
q n+l 3 3 é
X :

H

to a. State an equation satisfied by @, and hence show that the exact value of ¢ is

HEN [Ans: 2x° = 3]
2
. ' . g S,
The sequence of values given by the iteration formula Xy = ‘; :

. converges

to B. State an equation satisfied by B, and hence show that the exact vahue of B is
V2. [Ans : x* = 2]

3
: : . X+
The sequence of values given by the iteration formula T =~F—-, converges

Fnc

to o. State an equation satisfied by @, and hence show that the exact value of ¢ js

a%. [Ans: x* = 14 ]

|
The sequence of values given by the iteration formula x, | =5 -, )%, converges

to a. State an equation satisfied by a. [Ans: x” + x = 5]

n+l T k/(] +_1_'” }: ]
CONverges to a. State an equation satisfied by c. [Ans; x° +2x% + 53 _ 9=0]

The sequence of values given by the iteration formula &

B

. . : ! ;
The sequence of values given by the iteration formula v, :§(1+2,\;,;).

converges to a. State an equation satisfied by o JAns: 2x% - Sx+1 =]
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CHAPTER 16

VECTORS 2

16.1 Vector equation of a line

The vector equation of a line is of the form

r=ag+th,
where « is a point on the line, b is the direction vector of that line and t is a parameter.
Therefore the equation of the line passing through the points A and B will be

r= 04 +tAB

Example 1
Write down the vector equation of the line passing through A (2, 4, 3) with direction
vector 1—J + 3k.
Solution
2 1
r=,4 1+ -1
3 3

Example 2

The position vectors of A and B, relative to an origin O, are i + 2j + 3k and 3i + 4j + 5k
respectively. Find the vector equation of the line through A and B. (C)

Solution

1 3
OA=|2/and OB = |4
3 5
2
AB=0OB-0A=2
2
1 2]
Equation of lineis r=|2 +t(2'
) )
.M
Or r= {214+ A1}
it
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Exercise 16.1

Write down the vector equation of each of the foHowing straight lines

1 passing through P (2,4,3) with direction vector 21 -5j + 3k.
[Ans ir=(243) +1t (2,831

3 passing through R (0.-2,1) and paraliel to the vectori + 2j - sk,
[Ans:r= (0-2,1)+t (1,2,-5)]

3 passing through A (1,1.3) and parallel to the line joining the points B(0.~2,5) and
C(5,-3,4). [Ans:r=(1,1,3)+¢ (5.-1,-1)]

4 The position vectors of A and B are given by
OA = 3i- 2j+2k, OB =i +j+ 3k,
Where O is the origin. Find a vector equation of the straight line passing through

A and B. (C) [Ans :r= (3-2,2)+t (—4,3,1)]
5 The position vectors of the points A and B are given by
OA=i+j+k, OB =2+ 3j + 4k,

Find a vector equation of the line passing through A and B. (C)
[Ans:r=(1,1,1) +1(1,2,3)]

6 Show that the lines with ¢quations
F=2i+ (i + ),
r=3j+s(i-j) are perpendicular.  (C)

7 The point O is the origin, and points A, B and C have position vectors given by
OA = 6i, OB = 3j and OC = 4k, The point P is on the line AR between A and B,
and is such that AP = 2 PR, The point Q) has position vector given by OQ = gi,
where q is a scalar,

(1) Express, in terms ofi, j and k, the vectors AB, AP and CP.
(11) Show that the line BQ has equation
r=3j+14qi-3j), wheretisa parameter.
Give an equation of the line CP in a similar form. (C)
[Ans: (1) -6i + 3j, 4 + 25, 21+ 2§ — 4k (if) 4k + B{(2i + 2j - 4k]

8 The points A, B and C have position vectors
i+2j+2k, 20+ + 2k, 2i+2j + Kk,
respectively, with respect to an origin Q.
Find an equation of the lipne BC, inthe formr=u+tv (C)
[Ans:r=(2,1,2) + {0,1,-1)]
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16.2 Parallel, intersecting and skew lines

16.2.1 Parallel lines

Two lines are parallel if they have the same direction vector.

‘ 2 1 {1 1
For example, the linesr= | -1] +t 2J and the liner=0| +s [2} are parallel as they
0 3 9 3

have the same direction vector.

Example 1

a=12i+ 8 +k, bh=3i+2j -5k, c=-31—2j+ pk,
Find the value of p for which ¢ is parallel to AB.

Solution

12 3 -3
OA=|38 OB=|2 OC=|-2

1 -5 P
-9
Now AB=0B-~0A=|-6
-6

Since c is parallel to AB, they must have the same direction vector or AB = £ OC

(-9 -3
-6f=k |-2
\—6) P
(-9 -3
-6|=3|-2
\—6) P
3p=-6
Hence p=-2.
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16.2.2 Intersecting lines

Two lines intersect if the value of each of the parameters is constant.

Example 2 -
Determine whether the lines,
8 0 o (2
F= 111 $t ( [landr= [1[+5s|0 | where t and s are parameters, intersect,
l/ I\ ! ) s ! - IJ g 1
Solution

1 r]?)

Wehaver=|1+/] andr= -
2—.5‘J

1+t
From the 1* row, =5
From the 2™ row, 1+t=1
=0
From the 3™ row, [ +0=2-1, which is true.

Hence the two lines intersect.

Example 3

i 1Y (172 1
Determine whether the lines r= | 4 +t(2 Fandrf‘ 3 |+s| 2 | intersect,
S Y L O B
Solution
[ 1+1 (172453
Wehaver=|4+2/{ andr= 3+23!
2-3¢ l—i——ﬂfsJ
F1+0Y (172+60

At the point of intersection, i4+2r‘ = l 3+2s |
L2~3;j Ld-ds

From the 1¥ row, 5% % B8 e (1)

From the 2™ row, d+2t=3+25 ... (2)

Solving (1) and (2), we have no solution.

Since the lines have no common point, they do not intersect.

In fact such type of lines are called skew lines.
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State or find whether the following lines are parallel, intersecting or skew.

(2 ! 2 n
1 =10 |+q! andr= |5+ [Ans : parallel]
-1} 4 |1
-2} (2 ATNA
2 =15 |+1| andr=|1l+42 [Ans : intersecting]
o) {0 0) Lo
3 r=itjHtj+k) and  r=j+k+s(i+k) [Ans : skew]
3 -2 3 \I | 0
4 r=130+4 1| and =18 E i w2 [Ans : intersecting]
I 12 1) 16
5 0 3 i 0"i
S r=i4|+A1 and  r=|8&|+s) | [Ans : parallel]
[ 2 b)) 12)
-2 -2 3 If* 23
6 r=|4|+d 1 |and r=1ls +h | [Ans : parallel]
0 4 0) 4y
] /1 -2} (-3}
2 r= 2l+g -ljand r= [ | i+h! i [Ans : intersecting]
0 10 i 50)
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16.3 Cartesian equation of line
The vector equation of a line can be expressed in Cartesian form as under:

] ] 3
Ifr=|-214+1t| 5 | is the vector equation of a line, then the Cartesian equation can be
3 J =3
expressed as
Xl skl z=3
3005 0 2

=1.

]Exercise 16.3

In questions 1 - 3, find the Cartesian equation of each of the following straight lines

1 passing through 2i — 5j + 3k and 3i —j + 2k.

[Ans : X2 _yt3 _z-3 =¥
I 4 ~1

2 passing through i - j + 2k and 4i - 5j + 3k.

[Ans : x-1 _ v = z-2
3 -4 |

=]

3 passing through 3i - 4j -+ 2k and 5i - 7 + k

¢ — +4 -
[Ans:" 3:_14— _ 2=r]
2 -3 =1

4 The position vectors of A and B are given by
OA=3i~2j+2k, OB=-i+j+3k,
where O is the origin. Find the Cartesian equation of the line through A and B.

fhomig 3 28 gt T, joed =]
—4 3 !
5 The position vectors of the points A and B are given by

OA=i+j+k, OB=3i+4j-k,
Find the Cartesian equation of the line passing through A and B.

[Ans : x-1 :_1'—] - =1 ]
2 3 -2
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16.4 Angle between two lines

To find the angle between two lines, we have to find the angle between the direction
vectors of the two lines.

Example 1

Find the acute angle between the lines

Rt

2) A2 L3,
Solution
Let 6 be the angle between the two given lines
1 72
\(1 !-f I
S
Cosg = - . k z s
x/13 w17 427 \/22 " g
_ i3
V630
6 =14.3"

Example 2
1 1

Show that the cosine of the angle between the liner = | 5 [+.2) 0| and the line parallel to
3 |

o]

the vector | 3 ! is _l-—.

VT

Solution
Let @ be the required angle.

(1 (2

[0 . 3]|

YLy

cosd = ——
S EFTENTEN R S

NI X —

NEW RN o
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@ercise 16.4

fzw (1) 2 \f (2
1 Find the acute angle between the linesr= | 0 +4 1 {andr=| ¢ ‘+ 513
SJ I Y 4
[Ans: 15.2°}
3\| {0 1 il
2 Find the acute angle between the lines r = Si+d-2landr=11]+43
o L) 5) 1)
[Ans: 61.4°]

3 Find, in the form 1 = a + tb, an equation of the straight line through the points
(3,1,-2) and (4,0,2). Find also the acute angle between this line and a line parallel

N
2

to the vector | 1 l () [Ans rr=(3,1,-2) +¢(1,-1.4) ; 45°]
P ]
1 -1
4 The equation of a straight line /isr={2 [+ 1 |, where tisa parameter.
NS
The point A on /is given by t = 0, and the origin of position vectors is O. Calculate
the acute angle between OA and /, giving your answer to the nearest degree.

[Ans: 51.9°]

5 Find the acute angle between r =i+ j + tG+k)and r=j+k+s(i+k) where t and s
are parameters, [Ans : 60°] '

6 The points A and B have position vectors 3i + 2j +kandi+ 2j + 3k, respectively,
relative to the origin O. The point C is on the line OA produced and is such that
AC=2OA. The point D is on OB produced and is such that BD = OB. The point
X 1s such that OCXD is a parallelogram. Show that the line AX is parallel to the
vector i +j + k. Find, in the form, r = u + tv, the equations of the lines AX and CD.
Find the angie BAX.

[Ans:r=(3.2,1) + (1,1,1) ; r = (2,4,6) + 5(7,2,-3) ; 90°]
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16.5 Finding the point of intersecting of two lines

To find the find of intersect of two lines expressed in vector form, we have to equate both
vectors and find the value of the parameters and substitute in either equation to obtain the
pomt of intersection.

Example
Find the point of intersection of the lines
0 1 If 1 *| ;f 2)
r=1|1 [+a/1 and ot -1
~2) {2 3! s
Solution
A 1 2
Wehave r=| 142 and  r- 14!
-2+24 iy a‘
From the first row, A=1+24 (D
From the second row, b+ i==l+ 4 (D)

Solving (1) and (2) simultaneously, we have
4 =-3and 1 =-5

L+2u
We can obtain the point of intersection by replacing g=-31in | -1+ 4
3+5u
A
or A==5in| 1+4
2424
,,5 ‘
Hence the point of intersection={ 1+-5 |
~ 24 2{ 5),l
-5 \I
= —4J or{-5,-4,-12).
=13
14+ 2
We can check the answer by replacing 4= 3 in -1+ |. The answer must be the same.
: 3+ 5u

]
9
=~
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Exercise 16.5

3) (-1
c.nd the point of intersection of the lines r = (-IJH 2 }and r=|5 |+5-2].
0 0

N

[Ans: (1,3.0)]

3 ! =2} 1
Find the point of intersection of the lines r = (—2 +A0jandr=1{ 0@ |+ kz].
(0 ] OJ
[Ans : (-1,-2,0)] )

5 =3 3 0
Find the point of intersection of the lines r = (13 +r[ [ jand r= ix]ﬂ- -2
i2 H 6

Ut ,
[Ans :(3,14,23)]

! ; 1/2 |
Find the point of intersection of the lines r = | 4 +4 2 landr= 3 }-ﬁ-.\' 2|
\2) (-3 4] (-4

[Ans: (1,4,2)]

(37 /-1 =

|

Find the point of intersection of the lines r = b1 [ 2landr=| 5 [+ 2]

t ! ] 0 %J
]

[Ans : (1,2,3)

The points A and B have position vectors 2i + 3j and i + j respectively, relative to
the origin O. The point P lies on OA produced and is such that OP = 20A. Q lies
on OB produced and is such that OQ =3 OB. Find the vector equations of the lines
AQ and BP and find also the position vector of the point of intersection of these two
lines.

The point Z has position vector k relative to 0. Show that the cosine of the acute

angle between ZA and ZB is \/% and find the area of the triangle ZAB, giving

your answer in surd form.

[Ans : AQ = (2+)i +3j 4 BP:i+j+t(3i+5j); l-Af+3_j : JE]

1
5 £l

()
I.2
‘e



16.6 Finding the perpendicular distance or shortest distance from a

point to a line,

Example

-Show that the perpendicular distance from a point A with position vector (3, -6,

7 -1
linel,r={ | |+t 31i53«/ﬁ. A
-5 1)
Solution
Let P be any point on the line.
Then AP =0P - OA

71 (3)

=1 143t |~} -6

-5+t LIJ
d—¢
= | T+3
—6+1

line !

When 4P’ 1s perpendicular to the line /
41 -1 ‘
T+3 | e 31 =0
-6t |
“4+t+21+9%-6+t=0
1t=-11
=1
The foot of the perpendicular form A to /1s then,
7-(-1) 8
p= (1+3(1) =[-2

-5+(-1)) l-s

= 25+16+49
= V90
=310 (shown)
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Exercise 16.6

1 1 ]
1  The point A has position vector | 2 |, the line / has equationr= | 4 |+n -1}. Find
3 =l 1
the length of the perpehdicular fromAtol (C)
[Ans : 22 ]

8 -6
2 The point A has coordinates (3 ,-1, 5) and the line / has equationr={ 0 |+ 1
-1 4

Find the coordinates of the point B on / such that AB is perpendicular to Z. (C)
[Ans: (2, 1, 3)]

(1 -1
3 The equation of a straight line /is r= E 2141 t |, where t1s a parameter. Find the
|3 1

position vector of P on / such that OP is perpendicular to /. (C)
725
[Ans : (— = —J]

37373
3 2 I
4  The point A has position vector | 0 |, the line / has equationr= | 1 [+ 2|, Find the
—1 0 3
length of the perpendicular from A to /.
37
Ans: |—
(Ans: (2]

5 1)
5 The point A has coordinates (2 ,3, -2} and the line / has equationr=| 0 }+I[ 2 .

-2 -1

A

Find the coordinates of the point B on / such that AB is perpendicular to /.

SEEE
Ans: (2.2, 2]
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16.7 Equation of plane

We usually use the symbol 7 to denote a plane. The equation of a plane can be expressed
in Cartesian form : ax + by + cz=d orin vector formre 7 =g e 7 where 7 is a vector

perpendicular to the plane.

[t is possible to express the Cartesian form in vector form and vice—versa.
2

For example, 2x + 3y —4z = 5 can be expressed as re| 3 |=5.
—4
!
Stmilarly, re| 2 |=3 can be rewritten as x + 2y + 5z = 3.
5

Exercise 16.7] '

Express the following Cartesian equations of plane into vector form.

1 3x—y+5z=1 [Ans: ref-1|=1]
S5
2
2 2x-3y+z=4 [Ans: re|-3|=4]
]
5
3 5x—2y+3z=2 [Ans: rel-2[=2]
3
Express the following vector equation of plane to Cartesian form.
2
4 rei0|=5 [Ans : 2x + 3z = 5]
3
]
5 re|2|=3 [Ans: x + 2y = 3]
0
4
6 relfi=-1 : [Ans : 4x +y + 3z + 1=0]
3
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16.8 Using cross—product to find a vector (7) perpendicular (normal) to
a plane '

To find a vector normal to a plane, we have to find the direction vectors of two lines and
use the method of cross—product. The latter will be explained through an example.

Example 1
A
Using the cross—product find 2 1 ¢
5 -3 4
Solution
I Lo ko,
2 1 0 =i] '—jr +R[
-3 4 5 4 5 =3
5 -3 4
=4i-8j- lk.
Example 2
Find a vector perpendicular to the plane containing the vectors AB = i —j 3k and
AC=2i-j+5k
Solution
Using AB x AC, we have
Pk .
A=l 3=i[“1 3—j[‘ 3)+k] =
-1 5 2 5 2 =i
2 -1 5 ‘
=-2i+j+k

Hence a vector perpendicular to the plane containing the vectors AB and AC is =2itj+k.

Example 3
Ifa=-2i+j+k, b=i-j+3Kk, e=2i-j=3k.
Find a vector perpendicular to the plane ABC.

Solution
' I —2} 33 23 (-2Y [ 4
AB=b-a=1-1|-| | !={-2' and AC=c¢c—a={-1|-| t |=|-2
3 IJ L2 5 1 4]
Using AB x AC, we have
I A I T R, 3—2!
n=13 =2 32 =1 o +k
-2 4 e 4 4 -2
4 =2 A - :
= —4i~4j +2k.

Hence a vector perpendicular to the plane ABC is — 4j ~ 4j + 2k.
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Exercise 16.8

Perform the following cross—products.

Py ok
1 40 2 [Ans : 10i — 16j — 20k]
2 -5 5
1. R
2 0 5 4 [Ans: 18i+ 4j + 5k]
-1 3 6
! ] I
3 2 5 0 [Ans: 151 - 6] + K]
-1 -2 3
ij ok
4 4 2 1 [Ans: 51 -4 - 12k]
0 -3 1
(2
5 Find a vector normal to a plane containing the vectors AB=1-3 and
L4
1
AC=|-21. [Ans ;-1 -2)-k]
3
2 [ (11
6 If a=|5], b=|-21, c'=17,.
4 1 12
Find a vector perpendicular to the plane ABC. [Ans : 81 +j — 9Kk}
{1
7 If a= L‘! ; b=|3|. Find a vector perpendicular to the plane OAB.
3

[Ans : 51 + 10j — 25k]
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16.9 Using cross—product to find the equation a plane

To find the equation of plane, first we have to find #, the normal to the plane. Next we
have to apply the following formula.
Ireha=ass,

Where ¢ is any point on the plane.

We can also give the answer in Cartesian form as 2x —y + 2z = 7,

Pure Mathematics — 9709

Example
Ifa=3i+j+Kk, b=2i-j+k, c=i+3j+4k
Find the vector equation of the plane ABC.
Solution
2 3} =1
AB=b-g=|-1}-]1 =(—2J and
! I_J LO
(1Y (3} (-2
ACF c—a=]3|-11|=| 2
L-ﬁl ! 3
* Using AB x AC, we have ‘
A I = TR B
g -] =2 0~1]2 3‘—1 e %i+k!_7 5
-2 2 3 C b
= _6f + 3j — 6k.
Using refi=ge i, we have
-6 3y (-6
rel 3 (=11 3
-6 1 -6
-6
or re 3 [==21
-6
"2
or ref~11=7 [divide by —3 on both sides]
2

229

= e T



[Exercise 16.9,

1 Find the equation of the plane containing the vectors,
2 1 ]
AB=|1|and AC =| -1/, given that A has position vector | 0 |
0) 2 6)
2
[Ans: r- -4 =-16]
-3
1
2 Show that the equation of the plane containing the vectors AB=|2| and
3
-1 -7 0
AC=| 1| isr e ~1]= 14, given that the point A has position vector | 1 |.
_gJ 3 5
I N 3
3 Ifa=|21, b= J, c=|21{.
3 2 I
0
Show that the vector equation of the plane ABC isr »| 2| =4
0
! 1 )
4 Ifa=|0}, b=1}, c=| 4
2 5 0
Show that the vector equation of the plane ABC is —14x + 9y + 3z + 8§ = 0.
. 5 21
5 The line / has equation r= {0 +A LA R,
5 0

Find the equation of the plane containing O and /. (C)
[Ans:x -2y —z=0]

Pure Mathematics - 9706 230 16 — Vectors 2



16.10 How to show that a point lies on a plane?
If a point satisfies the equation of a plane the point is said to lie on the plane.

Example |

]
Show that the point (7, 2, —1) lies on the plane r -(—2} =0.(C)
3

P

Solution

-1

;
Consider 2
3

3
.{HzJ =7-4-3=0(RH.S) (shown)

Example 2

Show that the point (3, 5, -2) lies on the plane 2x + 3y — 5z = 3|

Solution

Putx=3,y=5and z=-2 in the equation of the plane. We should get 31,
2(3)+3(5) - 5(-2) = 6+ 15 10 =31 (shown)

@xercise 16.10/

1 Show that the point (3,-2,1) lies on the plane 2x -+ 4y +3z=1. (C)
2 The planes [}, and [], have equations

3x-y-z=2 andx+Sy+z= 14, respectively,
Show that the point (1,3,-2) lies on both planes, (C)

12
3 Show that the point (5,1,0) lies on the planer e —I} =0,

L2 /,'
(3
| Jz
L4

5 Show that the point (3.0.0) lies on the plane r »(22i + 33j - 12k) = 66. (C)

4 Show that the point (2,4,-3) lies on the planer

6 Show that the point (0,2,0} lies on the plane r » (22i + 33} - 12k) = 66. {C)

7 Show that the point (3,1,141 ) lies on the plane r  (22i + 33j — 12k) = 66. (C)
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16.11 How to show that a line on a plane?

If the equation of a line satisfies the equation of a plane, irrespective of the value of the
parameter, the line is said to lie on the plane.

Example
E e s 3
Show that the line / having equation r == | 0 i+,1; I+ lics on the plane r o] 2 | =5 (C)
5, o) 0)
Selution
[5+24
[can be written asr = | 2
LS
Substituting in the equation of plane, we have
(5+ 22) f .
-‘ 2| =-5-244+21 10~ 5(RHS) (shown)
L 5 J \ 9
Exercise 16.11

4y 1)

1 Show that the line / having equation r ~ . | {-+-)f I | lies on the planer o[ 0! =4
o, {1 L
r By —3)

2 Show that the line / having equation r = 2 ‘+/t 0| Hes on the planer o[ -5! =-10
3 3 1
I - .

]‘ (0 _/3}

3 Show that the line / having equation r — —1 Ml J lies on the plane r LZJ =4,
- 3
4 The plane p has equation 3x + 2y — =i [ = 0 and the line / has Cartesian
equations = 14 = 1:3 :il—l' Show that / lies in p. (C)
5 The equation of a plane p is x — 6y + 2z = -5, and the line  has equation
3 2)
r=|-3|+t ( 0 |. Show that m licsinp. (C)
~-13 1)
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16.12 How to show that a line is parallel to a plane?

If aline / is parallel to a plane p. then the direction vector, d, of / and the normal, », to
the plane p must be perpendicular.

dei=0
Example
( N ek
Show that the line / having equationt = | 9 e 2] 2  1s parallel to the plane r o| | l =
l2) (3) Lo
Solution
IFII \‘ s 20
The direction vector of the line is i 2 i and A=| 1
i
\\’; j L\ 0 /j
‘/I\! -2)
Now dej; f'z[-[ I !-*——-2+2+0-’-*-0
. 13 oj
Since d « 4 =0, /s parallel to p.
Exercise 16.12
| Show that the line / having equation
1y (-2
r= [1 H‘J[ 1 ] is parallel to the plane r . 2 s 14,
\s) (2 L0 ,,J
2 Show that the line / having equation
(3 ] (3 (12)
r—i-2 =40 is parallel to the planer | 2 | =7,
L4) ) oy
3 The straight line / passes through the points A and B with position vectors
7i-3j+6k and 10i+ 3k respectively.
The plane p has equation 3x -- y + 2z = 8. Show that / is parallel to p. ()
4 The points A, B and C have position vectors
1+ 2j+ 2Kk, 2+j+2k, 2i+25+k, respectively, with respect to the origin
0.
/ 1 g
Show that BC is parallel to the plane [ having equation r »| 2 {+= 9,
!

[
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16.13 Finding the point of intersection of a line and a plane

Example
8
Find the position vector of the point P where the line / with equation r—= | 0
' 5

1
the planer i 2= 1,
2

Solution

5+24
[canbe writtenasr=| 4
5

Substituting in the equation of plane, we have

5+24 i
A of21=11
5 2

S+2A422+100=11
41=-4
=~
P has coordinates 5+ 2(=1),~1,5)
=(3,-1, 3.

[Exercise 16.13

7 5 |
1 The line / has equation r = [0 +r[3J and the plane r has equation ¢ -[1
3 2 2

Find the coordinates of the equation of the point A where / meets 7 .

2

]+ ,{ ! ] meets

=i [,

(C)

[Ans: (2.-3.1)]

1 !

2 The line / has equation r= | 4 |+/ I) and the plane p has equation
j 1)

Find the point of intersection of Zand p. (C)

{Ans : (4.1.2)]
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I 0
Two planes p; and p» have equation r « 2 L dandr e 1| =1, respectively.

-3} 1

-

The line / passes through the point P with position vector { 0 } and is parallel to
)

i

4
! % Verify that / lies py and find the position vector of the point where / meets P
2)
[Ans: (2,1,0)]
The plane p has equation 3x + 2y -z + 1 = 0 and the line m has equation

(0 M
llO +rL3 J
I" 2
7 2
The line m intersects p at the point A. Find the coordinates of A.(C)
[Ans (-2.4,3)]
3
and | 3| respectively, referred to
: :

The points P and Q have position vectors

L R S

the origin O.
Find the position vector of the point where the line PQ meets the plane z = 0. (C)

|
[Ans (-2, = 0

8 —6 1Y
The line / has equationr=1{ 0 |+t | | | an the plane x has equation r | 1 = 15.
o )

Find the coordinates of the point C where / meets . [Ans :(-4,2,7}]

The plane p has equation z has equation 3x —y — 2= 2 and the line /» has equation
] ]

r=10|+s,-3| Find the coordinates of the point of intersection of /> and z . (C)
8 -
[Ans (2,-3, 7)]

The equation of the plane x| is y +z = 0 and the equation of the line / is

(5 2
r=12|+t| 1|, wheretisa parameter. Find the position vector of the point of
2 3
intersection of /and x . (C) [Ans (14, -4)]
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16.14 Finding the perpendicular distance from a point to a plane

Example

Find the perpendicular distance from the point P(2, 1, 4) to the plane r -{

Solution

Equation of the line passing through P and perpendicular to the plane is

£2 (2 242t
rZLl +1 3= 1+ 3
4] 10 4
where the line meets the plane,
24200 (2
(1-4-3{ o3 |=-06
L4 Lo
4+4t+3+09t=-6
‘ 13t=—13
=]

4

The foot of the perpendicular from P to the plane is

N
Hence the perpendicular distance from P(2, 1, 4) to (0,-2,4) is

JO-27 v (21 +{4-4) - Y44970 = T3,

Alternative

The above question can also be done by using the following formula.

o Jaxtbvten o

EEE
Vat b w0

+3(-1)| =(0,-2.4)
4

; =-6. (C)

where p 1s the perpendicular distance and ax + by + ¢z - d, the Cartesian equation of the

plane.
n 2y 3v 0z
From the above example, i ;’.l 6
”le"r_% +0 |
220431+ 0(4)+ 6
At P(2,1, 4), we have = |2 )f,_(._/): (4}
V13
1% g
= = ’-\,’]1
V13
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[Exercise 16.@]

{1

i
I Find the perpendicular distance from the point B (7,0,3) to the planer of | |‘ =1.
.2

[Ans : 246]

] -
2 The point A has position vector (2}, and the plane p has equation r -[ 2 J = 2.
3 2

Find the length of the perpendicular from A to P.  [Ans 7/3]

N

3 The planes [, and [T, have equations
¥—2y+3z=0and3x +y+2z= 0, respectively,

Find the length of the perpendicular from P(7, 2, -1) to [ (C) [Ans: %«/ﬁ]

[ ] 01
4 Two planes p; and p» have equations r [ 2 '=4andr [ Il =1, respectively.
-3 |

Find the length of the perpendicular from the origin O to p;. (C) [Ans : %Jﬁ

5 The planes [T, and [] have equations
3x—y-z=2and x +5 y +z =14, respectively.

Show that the length of the perpendicular from P(2, -3, 7) to [BERE % - (O)
3

6 The equation of a plane PIsX~6y+2z=-5 and the point A has coordinates
(3,-12, 1). Show that the perpendicular distance from A to pP=4l6d. ()

¥ The plane [] has equation x + 2y +3z=6. Show that the perpendicular distance
from the origin to [] is \/g (C)

8 Show that the perpendicular distance from the point the ortgin O to the plane with
. ; . . 66
equationr e (221 +33j - 12k) = 66 is . (C
q ( ) ) = 16)
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16.15 Angle between two planes

To find the angle between two planes, we have to find the angle between the normals of

the two planes.

Thus if r #n; = p; and r #n> = p- are the equations of the two planes, then the angle 9,

between the two planes is given by
iy - H:

!ﬁlg l’?: i

cosd =

Example
The planes [], and []- have equations

x—2y+3z=0and 3x +y+2z=1{, respectively.
Show that the acute angle between [] and []2 is 60". (C)

Solution
We have

1—[1 rel-2=0

3
3
[]2: reft}=0
2
Let # be the angle between the two given planes
1Y 3
~2 %
¥y 02
Then cos8 = - i
17 4 {=2F #3737 417 220
. 7
Viavia

# = 60" {(shown)
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[Exercise 16.15

| 0
1 Two planes p; and p» have equationr o| 2 |[=4andr «| | |= |, respectively.
-3 !
Find the acute angle between p; and pa. (C)  [Ans: 79.1"]

2 The planes [], and [ > have equations
3x -y ~z=2and x + 5y + z = 14, respectively.
Show that the acute angle between [], and [[2 is 80.0°.

F 1 10

~1 ‘ = |5andr | 16 1= 35, respectively.
3 ¥

Show that the acute angle between py and p- is 68.1°.

3 Two planes p; and p2 have equationsr e

4 « The plane [] has equation x + 2y + 3z = 6. Calculate the acute angle between []
and the planez=0.(C) [Ans:36.7"]

f1 1
5 Two planes []; and []: have equations r o 1| =2andr ¢ —3|= 3, respectively.
P g P ¥
2 3
|2

Show that the acute angle between p; and pa is 68.0°.

6 The equation of the plane x; is y + z = 0 and the equation of the plane z, is
I'_S
rel111=2
9
Show that the acute angle between 1) and []2is 29.9°.  (C)

( 0

7 Two planes py and pa have equations r ¢ 0| =2 and r «{ 1 |= 4, respectively.
i
(2 1

Show that the acute angle between p; and pa is 50.8°
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16.16 Angle between a line and a plane

To find the angle between a line and a plane, first we have to find the angle between the
normal of the ptane and the direction vector of the line.
Cos @ == ifi a5

Inlidl

Now the angle between the line and the plane is given bya=90"-g.

Note : An alternative way is to find the sine of the an gle between the normal to the plane
and the direction vector of the line.

Example
1) f l ]
Find the acute angle between the line / r=|4 i % |-
S J
(-1
aud the plane p ref2|=2 (C)
| 2
Solution

Let ¢ be the angle between the normal to the plane and the direction vector of the line

(1\! -—])

il
Then cose = .y

i
acute angle ¢ =78.9
Hence the angle between the line and the plane is 90° — 78.9° = 11 1°.
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@;ercise 16.16

5 2
1 Find the acute angle between the line / with equationr= |0+ t | and the plane
5 0
] .
%
re2|=11. [Ans :36.6"]
2
{ 7) (5) !
2 The line / has equation r = J 0+ 03] and the plane z has equationr o/ 1| = 1.
EI e 2
Find the acute angle between / and » . [Ans : 52.6%]
{1 ‘ o , : —~1
3 The line / has equationr=" 4+t |land the plane p has equationr | 2 | =2.
L | ‘\ ! /-‘ \Q
» Find the acute angle between / and p. [Ans: 11.19]
‘g \|
4 The plane p, has equation r . 2 = 4. The line / passes through the point A with
3
3 0
position vector [ 4 | and is paralle] to | | | Find the acute angle between / and p,.
> 3
[Ans : 28.6°]
5 The plane p has equation 2x + 3y —4z+ 5=0and the line / has equation
0 P
r=18{+t|0 .
7) 4]
Find the acute angle between / and p,. [Ans: 39,17
I 3
6 The points P and Q have position vectors | 2 | and 0| respectively, referred to the
4 5)
origin O. Find the acute angle between the line PQ and the plane x + y = 0.
[Ans : 90

Pure Mathematics 9709 247 T g T



16.17 How to find the equation of the line of intersection of two planes

Use the following steps to find the required equation:
Step 1 : Express the given equation in Cartesian form
Step 2 : Express x and y in terms of z, or x and z in terms of y or y and z in terms of x.

Example 1
Two planes have equations 3x —y~z=2 and x + 5y +z=14. The planes intersect in a
straight line /. Find the vector equation of the line /.
Solution
The given equations are
Jyv—1-z=2 D
Y=5r+-=14 2) ¥
Adding , we have
dx +dy = 16
Xx+y=4
Xx=4—y
From (2), we have 4—-y+ y+z=14
z=10-4y

Hence equation of line of intersection is
r={4-y y 10-4y)

={4,0, 10) + y(-1, 1, —4)
orr=(4,0, 10y +t(1,-1,4)

Example 2
Two planes have equations v + 21— 2z = 2 and 2y — 3v+6z=3. The planes intersect in a
straight line /. Find the vector equation of the line /. (June 2003/Q9)
Solution
The given equations are
X+H2r-2-=2 (D
2y=—Dptdir=3 S

Multiplying (1) by 2, we have 2x + 4y - 4z =4
Solving simultaneously with (2), we obtain

Ixt+4dv—4-=4
2y =314+ 6-=3
Tv—10z=1
L 1+10s
7
From (1), we have  x + 2( L10s y—-2z=2
Tx+2+20z-14z= 14
Tx=12 -6z
s 12-6z
7

Hence equation of line of intersection is
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_[!2«-6: 1+10z )
r= . B

_‘2_’1‘0).'_:(_&‘1.(1’]]
77 77 .
12 1
== —7—70 ( 6107) (AHS)
Exercise 16.17 .
: ) 0
1 Two planes p; and p- have equationrT e 2 [=dandr e| | |= ], respectively.

| |

o] 1

The planes intersect in a straight line /. Find the vector equation of the line /.
[Ans:r— (2, 1, 0) + (5, -1, 1)]

s Y 0
2 Two planes p; and p, have equations r ol D | =2andr ¢ 1|=4, respectively.
1 2 F |

The planes intersect in a straight line /. Find the vector equation of the line /.
[Ans 1 =(-6,0,4)+t(2, 1,-1)]

,’ i S 2
3 Two planes p; and p» have equations r *i-lj=4andrs| 1 |=5 respectively.
. 3 -2
_The planes intersect in a straight line /. Fmd the vector equation of the line /.
[Ans:t7(0,23,9)+ -1, 8, 3)]

{1 I
4 Two planes []; and []» have equationsr o/ | | =2 and r = -3|= 3, respectively.
2 i)
The planes intersect in a straight line /. Find the vector equation of the line /,
[Ans :r=(0,0, 1)+ t(-9, I, 4]

5 The equation of the plane 7, is y +z =10 and the equation of the plane 7,18
-8
relitj=2
9

The planes intersect in a straight line /. Find the vector equation of the line /.
[Ans:r={(-Y%,0,0)+1(1,4,-4)]
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CHAPTER 17

LDIFFEREN TIAL EQUATIONS]I

A differential equation is an equation which involves at least one derivative of an
unknown function. The following are some examples of equations:

dv
= = (08 X
dy
dv 7 o
\_ _l, = S 1

7.1 Formulating a simple statement involving a rate of change as a
differential equation

Example 1
[t1s known that the rate of decay of a radioactive substance is proportional to the amount
present. Express this in the form of a differential equation.

Solution
Let y be the amount of radioactive substance present at time 7,

dv . . . . ;
Then ~ 2 g the rate of change. There is a minus sign because there is decay.

o g g y
Given o P ay

dt

- %‘— = ky, where £ is the constant of proportionality.
f

Example 2

It 1s known that the rate of increase of the population of bacteria is proportional to the
number of bacteria. Express this statement as differential equation.

Solution

Let p be population of bacteria present at time t.

Then -6% is the rate of change
al

dp
—u
ot P

@_ —
ot

Given

kp, where £ is the constant of proportionality.
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Exercise 17.1

Express the following statements as differential equations.

I The rate of increase of the length, /. of a shadow is assumed to be constant,
i
Ans: S
{ elt ]
2 The rate of decay of a radioactive material is proportional to the mass, m, of the
material. [Ans: —5’1;1 = ki |
ol
3 The deceleration of a moving body is proportional to the square root of the
velocity, v, [Ans : i kA ]
¥ ot
4 The gradient of a curve at any point is proportional to the square of the y—
coordinates at that point. [Ans : L. ]
oy

§ ° The surface of a pond is partially covered with weed. The weed is tncreasing in

area at a rate proportional to its area, A, at that instant. [Ans : # = hd ]
it
6 A vessel contains liquid which flows cut from a small hole at a point O in the

base of a vessel. At time ¢, in minutes. the height of the liquid surface above O is

¥ and the rate at which v is decreasing is inversely proportional to 2 . Express the
statement m the form of a differential equation relating to v and t.

h i
[Ans: - .0
i 3
2
¥ A circular patch of oil on the surface of water has radius, r metres at time t
minutes. The rate of increase of r is taken to be a constant. Express the statement
: : . Ir
as a differential equation. [Ans : i;— — 4]
' ot
8 Newton’s law of cooling states that the rate of change of temperature in a cooling

body is proportional to the difference in temperature between the body and its
surroundings.  Using t for the time in minutes, x for temperature of the cooling
body in °C and x, for the temperature of the surroundings (assumed to b2
constant), express the law in the form of a differential equation.
[Ans : ﬂ AL
il

g Newton’s law of gravitation states that the acceleration of a particle is vverszl
proportional to the square of the distance between the particle and the c2nire 7
the Earth. Using x for that variable distance and 7 for time, express the [iw oo

form of a differential equation relating to x and t. [Ans f -

2
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17.2 First order differential equations — variable Separable

A first order differential equation of the form
i
= =1f{x) gy),
F7iy

where f'is a function of x alone and g is a function of y alone, is called a separable
equation. The general solution of such a separable equation is obtained by direct

integration
l
——dv= [ f{xhix
Jg()’) i Jf(‘h\
Example 1
Find y in terms of x given that ‘gl“ £1-2y.(C)
Y X
Solution
1
We have .[1—2_1s dv = I;dx
- % I(l-2y)=1nx+c¢
—In(l -2y)=21nx+2¢
In(l —2y)" = Inx’ + InA
In —— = InAy’
-2y
Removing In, we have
e Ax?
1-2y
{
1 -2y= —
4 Ax~
|
-2y = -1
4 Ae°
!
2y=1— o
i Ax®

which is the general solution.
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iExercisé 17.3|

Find the particular solution for each of the following differential equation.

1 y—jl:r”; v=4whenx=2 [Ans: 2y’ =x*+16]
X

dv ol -
2 — = y=e¢ whenx=¢ [Ans :y =ex]

dx  x
3 cosy ﬂ:l; y=2 whenx=1 [Ans:siny=Inx + 1]

dx x 2 ‘ ;
4 sec?g 49 12’ : 0=Z whenr=0 [Ans : tan 8 = In(1+t%) + ]
dar 41 4
¥
dr _ _ 2

5 r-—c}?—4; r=2whens=1 [Ans:r"=8t—4]
6 E'l=l; r=4whent=0 [Ans:r2=2t+l6]

dir
7 Solve the differential equation % = | .-y given that y < | and that y = 0 when

E (Y

x=0. (C) [Ans:y=1-e"]
8 Find y in terms of x given that f;‘i - (.\'.+ Dy + 1), (v >-1), and that v = 0 when

oy

x=0. (C) [Ans: v= e:‘gﬂ -1]

9 Find the general solution of the differential equation

cos’x %‘» =1-vy*, where 0<y<]. (C) [Ans : %]n[rr‘v}:tan x+c¢
At

-

10 Solve the differential equation ;i =y cotx {0 < x < m, > 0) given that y = 2
A8

when x = % (C) [Ans : y = 4 sinx|

11, Solve the differential equation & tany cosx given that x = %,y = % (o)

dv
[Ans : In siny = sin x — 1.05]

12 Solve the differential equation i =xy given that, y=2 whenx=0. (C

v
v X

[Ans:y=2¢? ]
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17.4 Progressive refinement of a model

In this section emphasis would be laid on how to interpret the solution of a differential
equation in the context of a problem modelled by the equation.

Example 1
A vessel contains liquid which flows out from a small hole at a point O in the base of the

vessel. At time ¢, in minutes, the height of the liquid surface above O is y and the rate at
3

which y is decreasing is inversely proportional to v . Write down a differential equation
which expresses -‘-;l in terms of y.
f

Given that y = 25 when t = 0 and that y =i6 when t = 30, find the value of t when y = 0.
Solution

The rate of change of v, 3;7, is negative since the liquid is flowing out

Given . oC -]7-
dt :

)"2

_odv _k

dt i

3
We have J‘— 1= Ika’!

_g_vé = kt -+ C
5
Given vy =25 when t =0,
4
—%(25): = k(0) + ¢
c =-1250

Given y = 16 when t = 30,

5

-%U(’)? = k(30) - 1250

30k =845.2
k =28
The particular solution is —%y‘j =28t 1250
Now when y =0, 0 =28t-1250
' _ 1250
e
28

= 44 4 minutes
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(i)

(i)

(i)

(ii)

(iii}

(a)
(i)
(ii)

Pure Mathematics - $709

A circular patch of 0il on the surface of water has radius r metres at time t
miputes. Whent=0,r=1 and when t = 10, r = 2. It is desired to predict the value
Toft, whenr=4.

In a simple model the rate of increase of r is taken to be a constant, Find T for this
model.

In a more refined model, the rate of increase of r is taken to be proportional tol.
"

Express this statement as a differential equation, and find the general solution,
Find T for this second model.  (C)

[Ans: (i) T=30 (i) %,-2 kree; T=50]

During a spell of freezing weathé}. the ice on a pond has thickness x mm at time t
hours after the start of freezing. At 3.00 p.m., after one hour of freezing weather,
the ice is 2 mm thick and it is desired to predict when it will be 4 mm thick.

In a simple model, the rate of increase of x is assumed to be constant. For this
model, express v in terms of t and hence determine when the ice will be 4 mm
thick.

[n a more refined model, the rate of increase of x taken ta be proportional to l.
.

Set up a differential equation and hence show that the thickness of the ice is
proportional to the square root of the time elapsed from the start of freezing.
Determine the time at which the second model predicts that the ice will be 4 mm
thick.

What assumption about the weather underlies both models? (C)

[Ans: (i) x =2t; 5 p.m. (ii) Ej;f£=£;x=2\/r_; 7 p.m. (11i) constant temperature]
ar X

The displacement from the origin, s em, of a particle at time t seconds is shown by
the graph below,

X

-

It is proposed to model the motion by expressing s as a polynomial in t.
In a simple model the order of the polynomial is taken as 3.

Give a reason why this is a sensible assumption.

The model to be used is of the form s = a(t - o) (t - B)z.
Write down the points where the curve meets the zoordinates axes zns sz =z~
to find values for o, B and «.

i
k)
ks
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(iii)
(iv)

(b)
(@)

(i)
(iif)

7(a)

(b}

$(a)
(b)

(i)

(i)

(iii)

Calculate the values obtained from the model when t=1 and t = 3,
The true values when t = 1 and t = 3 are ~1.5 and 0.4. What are the percentage
errors in the values predicted by the model?

A refined model for the data is s = g (t — a)(t=B)* (1 — 1t), where a, o and § take
the same values as before and v is a small positive constant.

If y is chosen so that the model and the graph are in agreement when t = 3, find
the value of y.

Using this value of y, find the percentage error in the value predicted by the model
whent= 1.

Comment on the relative merits of the two models. (C)

[Ans : (a) (i) 2 turning points ; (ii) 2, 5 , 525 (iii) ~1.28, 032 (iv) 14.7%, 20%
(b) (i) y= -% (i) ~1.39, 7.3%]

In a simple model of a certain process the rate of production of yeast 1s kx grams
per minute, where x grams is the amount already produced.

Write down a differential equation relating x and the time t, measured in minutes.

Show that, if £ = 0.003, then the amount of yeast is doubled in about 230 minutes.

In a refined model of the process, yeast is removed at a constant rate of grams
per minute, so that the differential equation becomes % = hox — M.

Find an expression for the amount of yeast at time t minutes, given that at t = 0
there were p grams.

Deduce that, if m <kp, the supply of yeast is never exhausted.

Find the value of m to 3 significant figures if & = 0.003, p =20 000 and the supply
is exhausted in 100 minutes. (C)

ey F o, A ST L W VT
[Ans: (@ Lo b() + k+(p A_}) (iii) m = 231]

. . . ! | ;
Show that, if'x>1, the sum of the infinite series 1 + —+%+—‘— + ... 18

X oy~ x x-1

A doctor prescribes a dose of 10 mg of a drug to be taken at the same time each

day. In a simple model, the amount, x mg, of the drug retained t hours after the
f

dose is given by x = 10¢ 2 |
Show that the amount of the drug remaining in the body immediately after the

second dose is 10 +12 mg.
44

Show that the amount of the drug remaining in the body immediately after the
third dose is 10 +12 + —[-(71 mg.
& e

State the amount of drug remaining in the body immediately after the fourth

~ dose.
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(iv)
()

(c)

M

(i)

(iii)

(a)
()
(ii)
(i)
(iv)
)
(b)

Q)

(i)
(iii)

Sketch a graph of x against t for the first three days of the treatment.
Show that, if the course of treatment is continued indefinitely, the amount of the
[0e

drug in the body after each dose approaches—~—l ;
e__

The model is refined, so that the doctor gives an initial dose of ﬂ}f[-mg, followed
Py

by doses of 10 mg.
Show that, immediately before the second dose, the amount of the drug remaining
10¢
g1
Show that, tmmediately after the second dose, the amount of the drug remaining
in the body is -lo—c)lmg.

- :

%

Give a reason why the second model may be preferable to the first mode! in some
circumstances. (C)

in the body is

mg.

[Ans : (b) (iii) 10 +12+ 125 10 1o g
2 e” e’

[

The number of television sets, n, sold each month by a company depends on the
profit £p, that it makes on each set. When p =20, n =60 and when p = 50, n = 0,

In a simple model # is taken to be linearly related to p.

Find an expression for n in terms of p.

Explain why the total profit for the month, £T, is given by T = 100p — 2p°.
Sketch a graph of T against p.

What value of p will result in the maximum profit for the company?

For -what values of p is the model val.i.d?

In a refined model, the company uses the relationship n = k(p* — 2500), where £ is
a constant,

What value of & will ensure that the refined mode} agrees with the original model
when p = 07

Find an expression for T in terms of p.

What value of p will maximize T? Give your answer correct to the nearest £,
[Ans: (a)(i)n= 100~ 2p (ii) T=np = T=(100-2p) p

((V)p=25 (") 0<p<25  b(i) 3__’5 G T =§‘§(p3 -2500p) (iii) £29]
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CHAPTER 18

| COMPLEX NUMBERS |

18.1 The complex number system

- - . - i
Within the real number system, we can solve equations of the form ax™ + bx + ¢ =0
3 . ; 1
where ¢, b and ceand b” — dac > 0; but the quadratic equation x™ + | = 0 has no real
3 - - 2 s
number x such that x™ = ~1. However, if we define a number / such that /° =]
. — . 2 v . . oA
(or /= +--1), the solution to x™ + | = 0 is then x = i or x = —.. Thus i is necessary to
extend the real number system, and the complex number was developed for this purpose.

Consider the equation x” + 4x + 20 = 0.
Herea=[,b=4and ¢ =20

_ —bxyh? —dac

2a

Using .we have

— 44447 —dx1x20

8
_ —8=y-64
2

-8+ 8/
2

eitherx=- 4+4iorx=-4 4

X =

The numbers — 4 + 4{ and — 4 — 4i are called complex numbers.

[n general any number of the form x + yi where x, yeWis called a complex number. We
usually use the letter z to denote a complex number, Thus if z = v + ¥t is a complex
tumber, then x is termed as the real part of z, denoted by v = Re(z), and v is termed as the
imaginary part of z, denoted by y = Im{z).

For example, if z= 3 + 4i, then Re(z) =3 and Imi{z)=4
if z=-2+1, then Re(z) = -2 and Im(z) = |

if z = 5i, then Re(z) = 0 and Im(z) = 5 and so on.

We usually use the symbol C to denote the set of complex nunmibers.

That is
C = the set of complex numbers
C'= lzoz=a Ty 5 0w |
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18.2 Addition of complex numbers
Ifz; =xy+yjiandz:=x> + va;, then

Zit 22 = (X yi) + (X2 + yad) = (%) + X2) + (yy + ya)i
We add the real part to the real part and the imaginary part to the imaginary part.

Example |

Ifzy=3+4iand 2, =7+ Si, find 2, + z,.
Selution

Zitza=3+4)+(7T+51) =10 + 9i.

Example 2 ‘

[fzy=4+i,z:=3~2i,and z3=2 +5i, find 2, + 72+ zs. %
Solution

Z)+ 2+ 73 :(4+i)+(3—2i)+(2+5i)=9+4i

IExercise 18.2)

Express in the form x + v, the following complex numbers.

1 (2+40)+ (] +50) [Ans : 3 + 9i)
2 (5+1)+(3+20) [Ans : 8 + 3i]
3 0 32+ (1 +4D) [Ans: 2 + 6i]
4 (5+2D)+(6+1) [Ans: 11+ 3i)
5 (3-50)+ (=2 + 3D [Ans: 1 -2i]
6 (-2 + 51) + (6 — 4i) [Ans: 4+ i]

7 (4+20)+ (3~ 50) + (I +4i) [Ans:8+1i]
8 (Q+S5D)H+(1-3D)+(8+7) [Ans: [1+9i]
-9 (=1 +3i)+ (4 —i)+(6~5) [Ans: 9~ 3i]

10 (3+4i)+(2+5)+(5+5i) [Ans: 10+ 14i]

x;
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18.3 Subtraction of Complex numbers
Itzy=x; +yjiand z» = x5 + yay, then
Zy = Za = (Xy + yii) — (X2 + yal) = (X) — xa) + {y) — y2)i

We subtract the real part from’ the real part and the imaginary part from the imaginary
part,

Example 1

Ifzy=8+diand z, =T+ 5i, find z, — 2.
Solution .

VAR S A (8 +4l) = (7 + 51) =11

Example 2
Iz, =4+ z=3-2i,andz: =2 + 5i, find z; + z- — 7.
Solution
Z]*Zg--z_*, :(4*1)7‘(3*2!)—(2’{“51)
’ =(7-1)—=(2+310)
=5-6i.

Exercise 18.3)

Express in the form x + y4, the following complex numbers.

1 (2+4i)—(1 +3i) [Ans: | +1i]

2 (7+i)-(3+40) [Ans : 4 - 3i]
303420~ (-2 +40) [Ans : 5 - 2i]
4 (6+i) - (3+20) [Ans: 3 —i]

5 (1 —4i)~ (-1 +5D) {Ans: 2 - 9i]

6 (~6+8i)~(5-70) [Ans : 11 + 15i]
7 (5+30)+ (4 -1)— (8 + 9i) [Ans: 1 - 7i]

8 3+20)+(5-4D)-(4+20) [ADs : 4 - 4i]
9 (-5+21)~(3-21)+(9-31) [Ans: 1 +1i]

1 (7+HD-0+13))+(6+1i) [Ans:3-1i]
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18.4 Multiplication of a complex number by a real number
Forany kew, kz = k(x+ vi) = kx + kv

Example 1

Ifz =5+ 3i, express 4z in the form v + i,
Solution

4z=4(5+31) =20+ 12i.

Example 2
Ifz;=8+4diand z, =7+ 5i, express 3z, + 2z in the form x + 11,
Solution
3z) + 2z, =3(8 + 4i) + 2(7 + 51)
=24+ 121+ 14+ 104
=38+ 22

Example 3
Ifz=3+4iand z, =7 + 5i, express 5z; — 3za inthe form x +yi. %
Solution
521 =322 = 5(3 + 4i) - 3(7 + 51)
=15+20i-21- 15t
= -6 + 5i.

Exercise 18.4)

I If z=6+ 5i, express 3z in the form x + Vi, [Ans: 18 + 5]

2 ffzi=7+3iand o =5+ 21, express 4z + 3z in the form x + vi.
[Ans : 43 +18i]

3 Ifzy=-2+iandz:=3+4i, find express 2z) - 3zx in the form x + yi,
[Ans 1 =13 - 10i]
4 Ifz; =10+ 13iand z> = 9 + §i, express 2z) + 3z> in the form x + yi.

[Ans : 47 + 50i]

5 fzy=—12+1liand z- = 15 + 4, find express 4z, — 52, in the form x + ¥l
[Ans :--123 - 26i]

6 Ifz| =4+1,z:=2—-2{and zy~ 2 + 51 express 4z; + 5z2— 623 in the form x - B

[Ans: 14 - 36i]
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18.5 Multiplication of two complex numbers

Ifzy =X +yiland z2 = x3 + yai, then
Z1Zy = (Xt yin) (X2 T yat)
=X (X2 F ya) + yii(xa + yai)
= XiXa F Xyai + Xayii + yiyai©
= (X1%2 - yiy2) + (Xeyz + Xy i, since i* =-1.

Example 1

Ifzy =3 +4iand z, = 7 + 5i, express z,z, in the form x -+ yi.

Solution

VAV =(3+41)(7+5)
= 3(7 + 5i) + 4i(7 + 5i)
=21 + 151+ 281 + 20§

=21 2004 (15 + 28)i since i = —1.
=1 +43i.
Example 2

Ifz, =4 +1i,z2=3~2iand z; = 2 + 5i find z,{z:z3).
Solution
72z =(3=20)(2+50)
=6+ 151 - 4i — 10i°
=6+ 10+ (15 -4)i since i* = 1.
=16+ 1L
Zi(z2z3) =4+ 1) (16 + 111)
=64+ 441 + 161+ | 1§
= (64— 11)+ (44 + [6)i
=53 + 60i.

Exercise 18.5

Express in the form x + vi, the following complex numbers.

1 (2+ 4 (1 +51) [Ans : 18 + 14i]
2 (5+1)(3+21) [Ans : 13+ 13i]
3 (3 +20) (=1 +41) [Ans : —!11+ 10i)
4 (5+20)(6+1i) [Ans ;28 + 171]
5 (3 —51) (-2 + 31} [Ans : 9+ 19i]

6 (-2 +51) (6 — 4i) [Ans : 8 + 38i]

7 (4 +21)(3--51) [Ans : 22 — 144]
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18.6 Conjugate of a complex number

Ifz = x + yi, then we define the conjugate of z, denoted by - or z+* to be - = F— VL

For example, ifz=3 +4i then - =3 _4;
ifz=25-6i,then - =5 + 6,
The conjugate pairs z and = have the following properties:

Property 1

ZF == (x+yi) + (x - i)
=2x
= 2Re(z)

Forexample, 2+ 3i+2 -3j=4
Hence the sum of a conjugate pair is a real number.

Property 2 .

Z-z =(x+yi)—(x—yi) ¥
= 2yi
= 21m{z)

For example, (2 + 3i) - (2 - 31) = 61
Hence the difference of a conjugate pair is a number of the form ki, k<.

Property 3 °

Bz Sty lg-giy
=X =Xyl +xyi—yi
=x3+y2

For example, (2 + 3i) (2-31)

' =4-6i+6i+9
=13 .

Hence the product of a conjugate pair is a real number.

Property 4

trol

= Wk = Resiy R oyl =z

Forexample, 3-5/=375i=3 - 5i.

Hence the conjugate of the conjugate of a complex number = is the number -

Example
Ifz)=3+4iandz;=2 -, express in the form x + i,
@z +:  (b)D,
Solution
(8) zy+-, =3+4i +2+i=54+5;
by  ziz:=(3+4i) (2-1)=10 + 5
5z, = 10— 5,
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lExercise 18.6]

Express the conjugate of the following in the form x + Vi,

1 Ifz)=5+3iand z; = 5 — 4i, express z, + -, in the form x + 11,
[Ans: 10+ 7]

2 Ifzy=2—-4iand 2 =7 - i, express =z, in the form x + yi,
[Ans : [0+ 304]

3 Ifz;=2+8iand zy= 15— 11i, express z, +z, in the form x + vi,
[Ans: 17 +3/)

4 Ifzy =9~ 7iand z, = 10 - 5i, express in the form x + v,
(a) 5 + = (b) =, +z,
What do you notice? :
[Ans:(a) 19+ 12/ ;(b) 19+ 12/]

5 Ifzy=8—-3iand z» = 12 - 101, express in the form x + v,
(a) ST (b) -1
What do you notice?
[Ans:(a)-4-7i s (b)Y —4-7i]

6 Ifzi=4+1tiand z2=5 - 12i, eXpress -, z in the form x +opi,
[Ans: 112 - 103/]
7 If z; = -5 —4i and z; = —I - 8i, express in the form x + vi,
(a) =, +2z (b) =y 22

[Ans:(a)-6+4i ;(b)37+36/]

8 Ifzy=1-4i,z:=2+1iand z; = 5 - 8i, express ) +22 + 23 inthe form x + yi,
[Ans: 8+ 11{]
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18.7 Division of two complex numbers

To divide two complex numbers, we have to multiply the numerator and the denominator
by the conjugate of the complex number found in the denominator. The procedure used
here is similar to that for rationalizing of surds.

Example 1

5+20 . ;

el the form a + bi, where o, b & .
=

Solution

S+2 542 3+

Express

RE 3-i 3+
154+5/+6i=-2

9+1
_ 13410 _ 13 11
) 10 10
Example 2
Dy . . .
ifz= =1 find the real and imaginary paﬁ;,of
-7 ~
(a) z° (b) z- 1
Solution
. 240 240 0
(a) Consider — = -~ .~
[—i l—i 1+
] T %
= T e
1+1 2 2
52 ;
Now z"’=[—“—!J =[l+3iJ
t—i 2732
b3
= (w+51)-(—+51)
3,03 0 3
= e e fis = 3 =i
4 4 4 b
| 1-i
b) - =
(b) = 2+
I
247 2-i
< 2-im2i-t 13
A4 5 5
z+ i:l+_3_;+_i._._,
& 2 5 3
7 9
= ——t—
1o 10
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Express in the form a + b/, the following complex numbers.

i 44
37
2 |
1+ 3/
3 7+5]
4-3;
4 4+ 2§
5—i
5 2f
4~ 5§
6 3+ 4i
2=
7 ]+i.
2-3i
8 2+ 3f
1+ 5/
9 Br 3
2+5i 2-5i
i+\/§ 2
10 +
2 a3l
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[Ans:

[Ans:

[Ans:

[Ans:

[Ans:
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18.8 Equal complex numbers

Two complex numbers are said to be equal if both the real and imaginary parts are equal,

For example, if X +yi=3+5i
Then x=2andy=35
Example 1

Find the real numbers x and y such that

(x+y1)(2-3D)=-13i,
Solution ’

(¥ +yi} (2~ 31) = 2x - 3xi+ 2yi + 3y
=(2x + 3y) + (-3x + 2y}

But  (2x + 3y)+ (=3x + 2y)i = —13i

Comparing real parts, 2x+3v=0

o L)

Comparing imaginary parts, —3x+2r= 13 E )

SOI\:ing (1) and (2) simultaneously, we have

6x+9v=20
—bx +4y=-26
Adding, we get
' 13v=-26
r=-=2
From (1), 2x-6=0
x=3

Hence x=3 and y = -2,

’E}Efcise 18.8

Find the real numbers x and y such that

I (x+yD(3-50)=34

2 (v +yi) (5+ 7)) =71 - 19i
3 (x + yi) (6 — 8i) 2361
4 (r+yi) (1 +4i)=6+7i
5 Ax+yi)—1=(4—i)

6  (I+ix+@2-3iy=10

Pure Mathematics - 9709
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18.9 Solving polynomial equations having non-rea! roots

All polynomial equations with real coefficients, any non—-real roots occur in conjugate
pairs

Example 1
Solve for z in the equation z°> + 9 = 0
Solution
We have z’=-9
2=
Hence z=1+ 31
Example 2
Solve for z in the equation z° - 2z + 3 =0
Solution %

Completing the square, we have
© Z-2z+1+3-1=0

(z-1Y+2=0
{z— =~
z—-1=+4J-2

Hencez=1 +2i.

Bxercise 18.5]

Solve for z the following equations:

1 " +4 _ 0 [Ans D 21]

2 Z+25=0 [Ans : 5]

3 Z2+36=0 ~ [Ans: 6/]

4 22 +2z+17=0 [Ans : -1 + 4/]
5 Z+4z+20=0 [Ans: -2 +4/]
6 Z+z+1=0 [Ans : ——éi—gi
7 Z'—6z+25=0 [Ans : 3 + 47]
8 92"+ 6z+5=0 | fAns : —%t%i}
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18.10 Square roots of a complex number

Within the complex number system, the roots of the equation z° = x + vyi, where x, y €W

are called the square roots of x + yi,

Example

Find the square roots of =5 + 12i. ()

Solution

Let Z=-5+ 121, where z=x + yi, x, y €.

Then (x +yi) =--5+ 2]
X*—y 4 2xyi =-5 + 12i

Equating real and imaginary parts, we have
X"+ y? =5 -
y=12=>xy=6 ....(2)

From (2) y= 2

X

From (1), we have  x*— (E)_: -5
iy
X~ 3—? =b
xX-
x'+5x2-36=0

(X +9) (x> -4)=0
Since x* = 0, x2—4=0
5= 10l
When x =2, y=3
Whenx=-2,y=-3
Hence the square roots of -5 + [2i are 2 + 3i and —2 — 3i.

Exercise 18.10]

Find the square roots of each of the following complex numbers.

I 3 +4i [Ans:24i, 2 i
2 2i [Ans: 1+ 1, | i
3 - 8 + 61 [Ans: 1+ 301 -3i]
4 512 [Ans:3-2i -3 +2i]
5 4 (O [Ans : =42 (14 )]
6 35+ 121 [Ans:6+i-6-i]
7 24 - 10 [Ans:5--i, -5 +1]
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18.11 The Argand diagram

An Argand diagram or z-plane is similar to the Cartesian plane.
The x-axis represents the real axis whereas the y—axis represents the imaginary axis.
Thus the point (3.4) on the Argand diagram can represent a complex number (3 + 4i).

Imaginary Axis

T 3+ 4i

>
Real axis X

Example

Show on the z—plane the following complex numbers.
—2+4i,3+21and | - 31.

Solution

3iTT 3
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I Show the following complex numbers on an Argand diagram.
{a) -3 + 5i (b)4 -1 (c)2-3i
(d) 2(1 + 2i) {(e) 3(1 +1) (1) -2(3 + 1)
2 Ifa=2+iandb=2+3i represent each of the following on an Argand diagram.
(1} et (i) « (Matb {1v) 1
. £
3 fa=1+tand b=3- 2i represent cach of the following on an Argand diagram.
(Nu—-b () 2a+b (111) ib
4 Given z =3 + 4i, represent each of th# foilowing on an Argand diagram,
i ’ 5
{a) -z (b) 2- {¢) =
5 Given z =2 + i, represent each of the following on an Argand diagram.
(a) z +% (byz -
Given z =5 + 4i, represent each of the following on an Argand diagram.
(a) z —% (b) z- '
Jure Mathemaiics 9709 254
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18.12 Geometrical properties

18.12.1 Geometrical interpretation of - .

Letz=3+2i,then - =3 - 2i. If we represent the points on an Argand diagram, we
obtain
A Im(z)
31
2 i Az 3 YR
i E
¥ [
3 =2 =T O F 2 & 4 TRy

- 2i

W i o e i T

We notice from the above that the conjugate of a complex number is the reflection of that
complex number in the line y = 0 or the x--axis.
In general forany z € C, - is the reflection of z in the x—axis.

18.12.2 Geometrical representation of kz, where keR.
Let P=z =2+ 1, if we represent the points Q = 2z and R = -3z on the Argand diagram,
we obtain )
Alm(z)
3
2i

e

R =-6-3i

We notice from the above that the points P and Q all lie on a straight line through the
origin O. In general, for any complex number z, kz lies on the straight line passing
through the origin and the point P representing Z.
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18.12.3 Geometrical representation of Z; +7; where z;, z,eC.

Let the points P and Q represent the complex numbers z; = 2 + i and z, = 3 + 2j
respectively.
Then 2z, +2z,=35+ 3i.

Im(z)A }
K 71 R=zt2,
0 //,,
21 P

I
I
I
¢
!
1
I
|
|
i
|
t
I
1
1
H
]

Y
T . St S,

»
4 5 Re(z)

!
(o]

|
<
)
W

E‘Eearly OPQR forms a parallelogram. So, in general if P = z, and Q = z» are two complex
numbers then z; + za can be located by constructing a parallelogram using OP and OQ as
the adjacent sides, where O is the origin. This method of {ocating the position of the point
representing the sum of two complex numbers is called the parallelograim rule.

18.12.4 Geometrical representation of z; —7; where z; z,eC.

L.et the points P and Q represent the complex numbers z; =4+ 3iand z, =2 + i
respectively.
Then z,—zy=2 +2i,

L
_h B e . o e e it e e i s 8

»
5 Re(z)

Clearly OPQR forms a parallelogram. So, in general if P =z; and Q = z» are two complex
numbers then z; — z; can be located by constructing a parallelogram using QQ and OR zs
the adjacent sides, where O is the origin.
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18.13 Multiplication of a complex number by i

Consider the complex number z =3 + 21, Now we are gomg to locate the points
representing the complex numbers z, iz, i°z, i’z and i*z on the Argand diagram.

We have z=34+2i

iz ="i(3 + 2i) = =2 + 3i

Pz =i(-2 + 3i) = -3 — 2i
'z = (-3 = 2i) =2 — 3i
fz=12-30)=3+2i

iz=-3+2i

Im(z)A

z=3+2

4 Re(z)

'z =3-2i

From the Argand diagram, we can see that the effect of multiplying a complex number z
by i. The point representing iz is obtained by rotating z 90° anti—clockwise about the

origin.

Example

[ 34

4

Simphify

I-i)
Solution
From the Argand diagram,
L+i=i(l-1) )
(h+ =10 - =i(1- 1)

%A

Hence

—i
i
-
—
"

=i{l-i)=1+1.
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Exercise _18.13]

4
1 Simplify El*’_;} [Ans: 1]
i
i i 3-4if _ .
2 Simplify - [Ans: 24 - 7i]
(4+37)
e 3 (3+2i) C3-2
3 Simplify (_2”@; {An%_. e 1
Ly £+8i)“] 84T
4 Simplify (_r?j)“ [Ans : TE ]
- (1+i) I-i
5 Simplif Ans: —
O e [ o]
_ el .
6 Simplify { fAns: -2 - 3/]
(3-2i)"
7 Simphify B3:4i) [Ans : -3 — 4{]
(4-3i)
8 Sumplity 514’ [Ans ;SM"]
(-d+5/)1 41
9 . . (2 +5;)ﬁ r
Simplify : [Ans ;-5 + 27}
(5-2i)
10 Simplify 723 fARss Z122)
{—_H- 7.'} 58
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18.14 Modulus of a complex number

2

If z = x + yi, then the modulus of z, written as |- is given by |7 = lv+yif = a7+ 47

Example 1

Find the modulus of the following compiex numbers
{a) 3+ 4 () -12 + 51

Solution

(a) 3+ = V37447 =425 =5
(b) |-12+5] = \/(——]:’)—3+53=,f1()9 =13

Example 2

Find the modulus of the following complex numbers
@3+4n(l+1) (by(12+3D)2+1)

Solution

(a) p=dd = {37447 =35 =5
II-+ il = Jﬁ:ﬁ
LG+ = 52
As we can see, there is no need to multiply the two complex numbers. We can find the

modulus of each complex number separately and multiply.
THilg: szl
H =1

>

o

(by j12- s = Y127 457 - 69 = 13
e = V22417 245

U2 SN2 2= 1345

Example 3
6+8i

Find the modulus of the complex number z = T
' — 4

%o]uﬁ{m
o8 =67 =87 = /100 =
Bedi = 3 e :J—S:S

()r8! I()7
pﬂ-lr

As we can see, there is no need to express z in the form x -+ yi, unless specified in a
particular question, We can find the modulus of each complex number separately and
divide.

Thus

2

N
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lExercise 18.14ﬂ |

Find the modulus of the following complex numbers

1

2

10

11
12
13
14

15

8+ 151

24+ 7i

2+5i

-3

2 +43i

1 +5i

(3 +4i) (6 - 8i)
(12 - 5i) (3 — 4i)
(1 +1) (3 - 5i)

(10 + 31) (1 + 2i)

12+ 5f

1—¢
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[Ans V29]
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[Ans :
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[Ans :

[Ans :

[Ans ;

[Ans :

[Ans:
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F

18.15 Argument of a complex number

Wz = x + yi, then the argument of z , written as argz is given by @ =tan ](iw.
3 X

A unique value of 8 satisfying the inequalities - < 0 < 1t is called the principal value of
arg z.
The following Argand diagrams will help the reader to understand much better the

coneept ol argument.
T "Z) Z> T

.
=@:\
anrgﬂ > .

O O

1f a complex number lies in the first or second quadrants, the argument will be positive.

A A

O] \B = argz; 0,78 =argz,

Z3 Zy

[f a complex number lies in the third or fourth quadrants, the argument will be negative,
As we can see from the above diagrams, the argument of any complex number Z is the
angle that OZ makes with the positive real axis.

Exampie 1

Find the argument of the following complex numbers
(@) | +i (b) 1 ++3i

Solutian

[t is important to locate the complex number in an Argand diagram as to have an idea
whether the argument is positive or negative.

(a) arg(l + ) = tan 1(?'):{15 _ (b) arg(~1 + V3 1) = tan ‘(i;)lz’?’f
)3
A
I+i —1 ++3
‘ \
Ly —lp
o( 0
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Example 2
Find the argument of the following complex numbers
(a) 3-4i (b) -2-35i

Solution
(a) arg(3 - 4i) = tan 1(;“-] =-0.93 rad (b) arg(-2 - 5i) =tan ' 22| = 195 rug
H t
—»
0 / 0
3 - 4i 23— 5
Example 2 -

Find the argument of the following complex numbers
@+ B+ 1) (5+2i) (1 -1)

Solution

(a) arg(l +i)=tan 'GJ = "} rad

arg(V3 +1 ) = tan '(%} =2 rad

3 6
arg(l+;)(ﬁ+i)!: -’;ﬂ+ %= %—

As we can see, there is no need to multiply the two complex numbers. We cun find the
argument of each complex number separately and add (recall properties of fog).
Thus argz,z2 = argz; + arg z;

() arg(5 + 2i) = tan’ ! @ = 0,38 rad

1 Fs

arg((l ~1)=tan l{%] = i rad

" arg

(i+i)(a/§+i)'=0.38 —(fg) =1.17 rad

As we can see, there is no need to divide the two complex numbers. We can find the
argument of each complex number separately and subtract (recall properties of logl.

Thus arg(f—'} =argz; — arg 7,

-1
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Exercise 18.15]

Find the argument of the following complex numbers

1 2+ 23 [Ans %]
2 2+ [Ans : 1.29 rad]
3 V2 + 3i [Ans : 1.13 rad]
4 1 -3t [Ans : —1.24 rad]
5 2 -5 [Ans : —0.84 rad]
6, ~1+3 [Ans : 27”]
7 =3 +4i [Ans : 2.21 rad]
8 -1-5i [Ans : —1.77 rad]
9 (1+1)(1+V3i) [Ans:;’—;]
10 2+10(0-1 [Ans : 1.25 rad)
1§ ;—+—’- ‘ fAns: 1.11 rad]
==
iz 2t [Ans : 0.39 rad]
3+2;
3 =X [Ans : — 2.68 rad]
al
14 L [Ans : 0.46 rad]
I+ 2i
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18.16 Trigonometric form or polar form of a complex number

Let the point P(x,y} represent the complex number z = x + yi. Also let OP =, and & e
the angle which Op makes with the x-uxis. as shown below.

From the diagram, r = YT+l

Again x =r cos0
Yy =rsind

We can write z=x + yi as
Z=rcos8+rsindi=r (cosB + i 5ind)

And  :=rcosB. sinBi=r [cos(—B) + i $in(-0)]

Example |
Express the following complex numbers in trigonometric form

(@) ! +j (b) =1 +3;

Solutign
(a) e T I z=1+]
0= tan ff1J=£
(1) 2
I+J—f2—(cos——+1sm j{)
b} r= 1By =9 z=] -3

|
=1 +43 =2 (cos irr-#ism

sl
=
—_

Pure Mathematics - 9709 279 W Cornmay b



Example 2 ‘
Express the following complex numbers in trigonometric form
@ 3i-i  (b)-1-i
Solution L
() =43 () =
6 =tan ' (ﬁszi
L -1 4

W 48 L= ofF eos (_§)+isin (—%)}

bia B brg
= 2 (C08 — —18in —-
V2 ( 4 =)

(b) r:v’(--l){(\)f:ﬁ
EANE

0 =tan ' )T

-1 -1=2(cos 2 g+1isin Evt)
4 4

Example 3

= \3-1i

. T+ 3 . .
Fmd the modulus of the complex number i—% and show that its argument is % Hence

£ 4

T+3 .
express z = — in polar form.

527
Solution
+ 3f
Letz = i
-2
b2 oy
Thet z 7+3." _5+_1.
5-2i 5+2i
- 35+14f+l5i—6
25+4
_ 29+429i
29
=] +1
Hence || = vi* +1% =42

Arg (z)=tan "' (%] s _} (shown)

7+3i ; -
2= 2 (cos Z +isin Ny
5-2§ 4 4
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Express the following complex numbers in trigonometric form

[Exercise 18.16

[Ans: 2 (cos% +1sin %)]

1 1+ 43i

2 3+ 4i

3 3-3i

4 —5+5i

5 1+2i

6 -6 ~ 61

7 3 -4

8 10i (C)

9 3+4i (O
10i

16 ~3+4i ()

Pure Mathematics — 9709

[Ans :

[Ans

[Ans

[Ans:

[Ans:

[Ans:

[Ans:

[Ans :

[Ans :

5 (cos 53.1° +1 sin 53.1°)]

. _isinZ
.\fIS(cos4 151114)]

- v50 (cos—— +1 sm— i

V5 (cos 63.4° + 1 sin 63.4°))
N72 (005-4— = 1sm-—-)]

5 (cos 53.1°_—isin 53.1%)]
10 (cos izr— +isin -;i)]

5{cos 126.9° — i sin 126.9°)]

2 (cos 36.9° — 1 sin 36.9°)]
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18.17 Modulus and argument of z"

If z=x+iy, then |z"|=|¢|"and arg(z") =n arg z

Example 1

Ifz =3 + 4i, find the modulus of Z°.
Solution

= 32447 =5

Hence 323)=53 =125

Exzample 2

If z=1 + i, find the modulus of Z°.
Solution

[z = m=\5
. Hence ’z5|:{ﬁ)5 =42

Example 3
1fz=2 + 21, find the argument of Z°.
Solution
(2 b
Argz=tan’ —J=—
Tg Z = tan (2 7

arg23=—3argz: 37”

Example 4

Ifz=1+3i, find the modulus of z°.
Solution

Arg z=tan [%EJ =f3r—

argzz=2argz: ZT”

Example 5
Giventhat z=1 +i+/3, find || and arg z. Hence, or otherwise, show that z° - 162 =0,

(€)

Solution
’zl = \f12+\/3_>2 =2

argz=tan '(+/3)

it

Fid
3

z=2 (cos Z+isin £
3 3
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Now z° = 2° (cos §+ isin -;-T—)S: 32 (cos %7: +isin-§n)

IEY
— 2 R 1 DR )
3 (2 21)
=16- 16431

Also z"= 2 (cos %—isin %) =2(%§i)= 1-43 i

Hence z° - 162 = 16 - 1631~ 16(1 =43 i) = 0 (shown)

ﬂixercise 18.17
1 If z= 6 + 8i, find the modulus of Z°. [Ans
2 Ifz =12 - 5i, find the modulus of 22, [Ans
3 Ifz=1++3 i, find the modulus of Z°. [Ans
4 If z= 3 — 1, find the modulus of z°. [Ans
5 If z = 81, find the argument of 2. [Ans
6 If z =2 + i, find the argument of 7.
[Ans :

7 If z= 3"+ 21, find the argument of z*.

- 1000]
: 169]
:32]

: 64]

4|

132.8° or 2.32 rad]

[Ans : 134.8° or 2.35 rad]
8 Giventhat z= 43 +1i, find |z| and arg z. Hence, or otherwise, show that 2£=-32,
9 Giventhatz=1 +1, find 12[ and arg z. Hence, or otherwise, show that 7" =2i.
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18.18 Loci

Case 1l

lz—z,} =a, s a circle centre z; and radius a.

Example 1

Sketch on the Argand diagram the locus of

@@ =3

(by |--i =1

(€ lz-1-1> =2 (C)

Solution ; A
(a) ] =3

lz-{0+0i) =3 _ /\ >
1t is circle centre (0,0) and having radius 3. ul/Zi

() |-1=1

A
lz-(1+0i} =1
It is circle centre (1,0) and having radius 1.

& >
s

(c) z-1-i =2

z-(1+i] = V2

It is circle centre (1,1) and having radius 2 .

{ >

Example 2
Indicate and describe the regions defined by the inequality |z +1-24< 2,
Seolution

lz+E-21<2

IZ"(f"1+2I-] <2

Tt describes all points inside the
circle centre (—1,2) and having radius 2.
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Case 2

lz-2)|= |z~ z,| represents the perpendicular bisector of the line Joining z, to z,.

Example 1
Sketch on the Argand diagram the locus of
(a) lz—!lez“i, ()
(b) |z’=[z-l+-\/§f
Solution
(a) =1 =]z~ i
Iz—(l+0il o= Jz—(OH’X
It is perpendicular bisector of the line joining (1,0) to (0, 1).

(b) I:,:‘z~l+wf3—i’
=0+ 0 = fz- 130

It is perpendicular bisector of the line joining (0,0) to (1,—v3).
¥ 3

1
Z _y

-3

Example 2
Indicate and describe the regions defined by the inequality |z+1 < |z —il.

Solution

=={-1+0i) S lz-(0+4) t
It is a half plane to the right of the ) /
perpendicular bisector. A
o / e P
-1 P
N,
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Case 3

arg (z — zy) = o represents a half line having one end at z; and making an angle of & with
the x—axis.

Example 1
Sketch and describe the locus of
@ age=Z

(b)  arg(z2)=120°
Solution

(8) arg{z-(0+0i)]= §

It represents a half line having one end at (0,0) and making an angle of %with the

X—axis. *

Lo | 5

(b) arg [z— (2 +01)] = 120°
It represents a half hine having one end at (2,0) and making an angle of 120° with
the x—axis. A

%

20°
NN

Example 2

Indicate and describe the regions defined by the inequality 0 < arg(z — i) < 565

Selution
It is the region bounded by the half lines

arg(z—1) =0 and arg(z — 1) = %
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@xercise 18.1&

Sketch (describe as well) on the Argand diagram the locus of z if :

1 |z| =2

2 |2 = 1.5

3 I::—3i =]

4 lz-24 =2

5 lz-1-4] =2
6 z+2—i]:l
7 [z+3+21 =2
8 lz+1+4 = V2

Sketch (describe as well) on the Argand diagram the locus of z if :

9 Iz—l|:lz—3|
10 |=k-2
11 |z+2|=lz—4i|

12 lz -1 =|z+3]
=7
13 argz= -

14 e
arg z 7

15 arg(z+1)= %n’
16 arg(z-1-2i)= %n
17 arg(z+3~i=%

18 arg(z—-1+2i)==

Indicate and describe the regions defined by the inequalities in the Argand diagram.

19 |z—3| <1
20 Iz——2+i[ <2
21 [z—3| > Iz—ll

22 Iz—3i\$ lz—ll
23 0,<_arg(z—1)si;£.

24 % <arg(z-2) <

bR
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IComplex Numbers — Past Examinagzi:bn Questions

1 Given that w = 3= z_i , express w in the form x + iv, and find M and arg w.
==
RECE PRI [ Uy
[Ans.l_i i v”,arsc,w 19.7°]
2 Find the modulus of the complex number 2 -, and show that the argument, in
-]
radians, 1s 2.5, cormrect to one decimal place. [Ans ; %]
3 Find the modulus and argument of the complex numbers
(a) (1 —1iX4 + 3i)
(b) 11-1- 7'1
+1I

[Ans : (a) 5V2, 8.13°; (b) 5, 36.9°]

4 Ifa=3-iand b=1+ 2i, find the moduli of :

(i) 2a+3b
iy 2 - ¥2

(if) [Ans: V97 , ; ]
5 Find the modulus and argument of the complex numbers

(a) (2 +1)(3 — 41)

(b) “i“”f“ [Ans: (2) 11.2, 26.6° (b) V2, 98.1°]

+1
6 Find the modulus and argument of the complex numbers z = 143 _S_f-
=
[Ans : V2, 53
4

) Ifa=3+4iand b= 12— 5i, find the modulus and argument of :

Gae @@ 2

a

[Ans: (i) 5, 53.1° (ii) is?’- ~75.7°]

8 (a) Two complex numbers w are z such that
w+z=6+21,

w—3z= 20_
2-i
Find w and z, giving each answer in the form x + yi1.
[Ans :w= LY ; 3= . -li]
2 2 2 2
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(b)

9a)

(b)

10

On a Argand diagram, mark and label clearly the points P and Q representing the
complex numbers p and q respectively, where

p= cos(%zr)+ 1 sin(%yr)
q:ZCos(irr)+isin(i-z).

Find the moduli of the complex numbers a, b, ¢, d, e, where

a=p
b=q’
c=-1Ip
d=2

4
e=p+p

On your Argand diagram mark and label the points A, B, C, D, E representing
these complex numbers.

20
Find the argument ( in the interval —n<@ <m) of [%‘F%IJ , giving two places of
decimal in your answer.
343" (3 an®
Find the algebraic form, (§+Ei] - (-5— ;JJ , giving two places of
decimal in your answer.

[Ans : =0.30 rad ; ~0.59 1]

Given that (x + iy)2 = -5 + 12i, where x and y are real, find the set of possible
values of x +1y. .
By completing the square, or otherwise, solve
Z' 44z = -9+ 12i.
[Ans: £(2+3i);2=3i;z=-4-3i]

The complex number z is given by z = cos0 + isinf, where —é— n<0< % .

Show that |t+2] = 2cos( % B) and arg(1+z) = ¥0.

Hence, or otherwise, show that l—l— =14 {1 ~1tan( % 6)).
+z

. : . -
Describe the locus of z and the locus of the point representing = in an
+z

Argand diagram as 0 varies from —% T o %n.

[Ans : locus of z is a semicircle radius 1
1

1+z

locus of must lie on the line x = - _
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LIST OF FORMULAE

PURE MATHEMATICS

Algebra >
For the quadratic equation  ax’ +bx+c=0:

= —b++b* -4ac

2a
For an arithmetic series:
up=a+n-1), S, = %n(a+!)=-;—n{la+(n—l)d}
For an geometric series:
un=af’n_], Sn = glor) (}";’51), See = la (lrl'(l)
= =il
Binomial expansion:
5 {a+b)' =a"+ (ﬂa"“‘m[ga"“zbz +[Z]a"‘3b3 +...+b", where n 1s a positive
Wi
: n nl
mteger and = —_—
& (r] r!(n - r}
e e =7 . »
(I+x)"=1+nx+ n(”?_l I)xz + e 13)‘(" “)x3 ..., where # is rational and |x <1

‘Trigonometry
Arc length of circle = @ (&in radius)

Area of sector of circle = -;vrzf? (€ in radius)

o sin @

cosé
cos*f+ sin°f = 1, i +tan’f = seczﬁ, cot’8 + 1 = cosec’ @
sin{A £ By=sin A cos BtcosAsin B
cos{AtB)=cosAcos B F cos 4sin B

+
tan(A + B) = Mﬁ_
1¥tan Atan B

sin 24 =2sin 4 cos A4
cos24=cos’ A -sin A=2cos’ A—1=1-—2sin° A

2t
tan 24 = —ﬂ
1—tan” A4
Principal values:

I [ 1
——z<sin' x< -7
2 2
O<cos'x<m

—l«:r< tan”' x < —l—zz
2 2
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Differentiation f(x) f(x)

nx
Inx L] '
X
e’ e’
sin x COS X
cOS x —Sinx
tan x seczx
uy uﬂ+v£‘E
dx dx
au dv
Vo— —y —
M dx _ dx
v vz
dx
If x = f{) and fthen & . & &
4] y=g@® i
Integration
¢ f(x) j f(x) dx
n+l
x" +c (n#-1)
+1 :
i
— ln|x|+c
X
e’ e +c¢
sin x —Cosx +¢
cOs x sinx+¢
sec x tanx + ¢
J-uﬂdx wy— J‘viiidx
dx dx
ja & e < 1nfr(efoc

Yectors
Ifa=aii+ayj+askandb= b+ baj + b3k then
ab=ab + arby + ab; = la”b’ cosé
Numerical integration

Trapezium rule:
b

If(x)dx z%h{yo +2(y, TVt y,, )+ Y.}, where k=

a

b—u

n

Pure Mathematics — 9709 291 List of formulae



