Preface

“Pure Mathematics for A level Syllabus 9709 - Second Edition™ is a course-book
based on the naw sl z>us. written especially for the students preparing for Mathematics
at the Hiczr 32700 Centificate Level or G.C.E ‘A’ Level Examinations.

ok sneludes notes, formulae and worked examples and follows a simple, logical
:=2 zzsv-ip-understand approach.

Exercises

The excrcises have been carefully constructed to reinforce the students learning of
concepts and skills in Mathematics taught in the classroom. The questions are
interesting, stimulating and challenging, and will help students develop skills and
understanding nccessary for them to excel in Mathematics.

Cambridge Questions
At the end of cach chapter, Past Examination Questions have been included to familiarize

the students with the type of questions being set by Cambridge.

Answers
To help the students, answers have been provided at the end of each question.
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CHAPTER 1

QUADRATICS

1.1 Parabola

All gnadratic functions possess tummg points which are elther minimum or maximuim,
depending on the cocfficient of X7

The graph of a quadratic function (ax*+bx+c) can be of two types depending on the sign
of a.

When the coefficient of x* is positive, we obtain a curve as shown in figure 1.
For exarhple, 3x% + 7x + 2 will be a parabola with a minimum point.

However if the coefficient of x” is negative, we obtain a curve as shown in figure 2.
For example, —x* + 5x + 6 will be a parabola with a maximum point.

Whena >0

Whena<0

Figure 1 Figure 2
Exercise 1.1

Without any calculation, state whether the following quadratic polynomials will have a
mMInimum or maximum point.

(2) x*+5x+3 [Ans:min] (&) 2x—2+5 [Ans: min]
(b) 3x*+7x+1 [Ans: min] )  1-(x+2)°  [Ans: max]
(¢ 4-5x-x [Ans:max] (@ 3(x-*+6 [Ans:min]
(d) 2+9x+x* [Ans:min] (h) 1+dx—x"  [Ans:max]
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1.2 Completing the square

To compiete the square of a quadratic polynomial, we have to

1 Make sure that the cocfficient of x* is one.

2 1f the coefficient of <% is one, then add half the coefficient of x to the square

3 Subtract half the coefficient of x to the square
4 The §irst three terms form a perfect square and the remaining two give a constant.

1.2.1 Casel: coefficient of xtis 1

Example 1

Complete the square of the following quadratic polynomials.
(a) x* + 4x + 10 (b) x> —3x + 8

Solution

(a) x* +4x + 10

=(x*+4x+ 4+ 10 - 4 { we add half coefficient of x to the square and subtract ]
Now, the first three terms form a perfect square.

Thus, we have

4 ax+10=(x +2Y +6

(b) P o3x+8=(x" -3+ 2y +8-7

-3 3

Complete the square of the following quadratic polynomials.

1 x>+ 6x+ 15 [Ans: (x + 3 + 6]
2 X+2x+S [Ans: (x + 1Y’ +4]
3 X%~ 4x +10 [[Ans: (x — 2 + 6]
4 X +8x—1 [Ans: (x +4)" - 17]
3 X-23x+1 [Ans: (x —V3)’ - 2]
& ¥ +3x+10 ' [Ans:(x+-3—)2+;’—1—]
2 4
- 5, 1
T ¥ +5x+6 Ans: (x+ =) ——
{Ans: ( ,2) 4]
- 1, 25
8 w-x-6 Ans: (x+ =) ——
[Ans: ( 2) 4]
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1.2.2 Case 2 : cocfficient of %" is not 1

Example 2
Complete the square of the following quadratic polynomials.
(a) 2x> +4x + 5 (b) —x* + 5x+ 7

In these cases, we can see that the coefficients of x° are 2 and - -1.
So, we factorise and take 2 and -1 common. We have,

(a) "2’ +4x+5 :2(x2+2x4%)
2 5
= 2{x -‘r2x+l+5—-l)

SICTAVEEY
=2 (x+1)*+3

(b) —X+5x-6 =—(x*-5x+6)

i __(Xz w2 SX -4 _2__5 - 6 - gé. )
4 4

- qx-2y L
melx- S

, lExercise 1.2@
Complete the square of the following quadratic polynomials.
1 3x*-7x+10 [Ans:3(x—lj +—7—}]
6 12
2 2% +6x+ 11 [Anszz[x-mtzj +£}
2 2
35— f3x+2 [Ans: 5 x——\/j +§-7—]
| 10 20
4 2x(x-2) [Ans: 2{x—1)" - 2]
5 3x°-9x +4 [Ans:S[x«i) —ﬂ]
2 4
6 -x"—3x+2 [Ans: {Y+-3w~) +£}
2 4
7 4x(x+2) [Ans: 4{x+1) --4] 2
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1.2 Stating the coordinates of the vertex (minimum or maximum
point) of a quadratic function

1 . <ate the coordinates of the vertex, that is the minimum OT MAXIMM point of a
suadratic polynomial, use the following steps:

1 Complete the square
3 To find the x-coordinates of the turning point, equatc the bracket to zero.
3 The y-coordinate is the constant term added to the perfect square.

Example 1
State the coordinates of the vertex (turning point) in cach of the following quadratic
polynomials:

(@) (x- 245 (b) 2(x + 3)° -—-} (©9-3 -1y

Solution

“(a) (v 2)2 +35

The ¥ coordinates is given x- 2= 0 =>x= 2
And the y-coordinates is 5.

Hence, the minimum point is (2.5}

(0) 26+ 3V~ 1
The v coordinates is given by x +3=0=x= =3

And the y-coordinates 13 ~% .

5 5 ‘o 7
Hence, the minimum point is (-3, - = ).

@© 9 3 1Y

The x—coordinates is given by x —1= D=1

And the y- coordinates is 9.

In this case, it is a maximum point since there is a minus sign in front of the perfect
sguare.

Hence, the maximum point is (1.9).

Example 2

Cxpress 8- 6x— ¥* in the form a —(x - b)* and hence, or otherwise, find the maximum
ve e of the function and the coordinates of the maximum point. (C)

Selution

« Ay r=a (x-b)

Nty =d- (x* - 2bx + bz)

5 i i 2 9
L e o g en b 20%- B
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Equating coefficients of like terms, we have

xz]

X]

-1 =1
~6=2b=>b=-3

Constants] 8=a-b’

8=a— (-3 =a=17

S B—6x—x = 17— (x + 3
The maximum value of the function is 17.
The ceordinates of the maximum point is (-3, 17).

th

Complete the following table

" Quadratic Nature of Coordinates of | Max/min value .
Polynomial | turning point turning point | of function
(x-2)° + 1 minimum (2,1) I
3-2(x+1) | maximum (-1,3) 3
4(x+3)° +15
- Sl | T
L (x+3)79
5+ (x— 4y
L

Express y = x* - 5x + 4 in the form a(x — b)> + ¢ where a, b and ¢ are constants.
Hence state the minimum value of v

[Ans: (x - —J i . minimum value = — 2 ]
2 4 4

Express y = 2x” + 7x + 1 in the form a(x + b)* + ¢ where a, b and ¢ are constants.
Hence state the minimum value of y. i

[Ans: Z(x + —7-) —--—; minimum value = — ﬂ]

4 8 8

Express y = 2x” + 5x + 4 in the form a(x+by’ +¢ stating the numerical valyes of
a, b and c. Hence, or otherwise, write down the coordinates of the minimum point
on the graph of y = 2x* + 5x + 4.

[Ans:a=2,b=5/4,¢=78; (-5/4, 7/8)]

Show that x* + x + 1 is positive for all real x. (C)
Show that x* — x + 1 is positive for all real x. (C)
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1.4 Sketching the graph of a quadratic pelynomial using completing
the square

To sketch the graph of a quadratic polynomial, make use of the following steps:

1 Complete the square
2 State the coordinates of the vertex of the graph
3 Using the Cartesian axes, draw a parabola

Examplel =

Sketch the graph of the quadratic polynomial y = (x — 1)* 43

Solution

Clearly the graph has a minimum point and the coordinates of the vertex is (1,3)
Whenx =0,y ~4

So the graph will have the have the following shape,

1y

y=(x~1y+3
4
3
|
i
T >y
Example 2 ‘
Sketch the graph of the quadratic polynomial y = 5 - 3(x - 2)?
Solution

Clearly the graph will have a maximum point and the coordinates of the vertex is (2,5).
- Whenx=0,y~=-7

5 375 = 3(x 2)

{0y ¥ SUR R
b
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Example 3
Sketceh the graph of the quadratic polynomial y = X -dx+5
Seluftien
Completing the squarc, we have

(@) F-dx+5-(C-dx+A)+5--4

S x=2Y+1

Clearly the graph has a minimum point and the coordinates of the vertex is (2.1}
Whenx 0,y =5
So the graph will have the following shape

y=x2—4x+3

Exercise 1.4
skeich the graph of the following quadratic polynomials.
(@ y=(x-1+3
b) y=(x-2Y+4
© y=3-(x-4
)y y=5-(x+1)

(€ y=2x+1)+3
() y=2x 3Y+1
@ y=4 (x+3)
) oy l-(ck3)

) y=x-6x+10
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1.5 Discriminant of a quadratic polynomial

We know that the roots of a quadratic equation can be obtained by the formula

. —~btab’ —dac

2a

The expression b” — 4ac in the quadratic formula is called the discriminant of the
equation as it determines the fype of roots that the equation possesses.

Case 1: When b” - 4ac > 0, there-are two real values for 5> --4ac . Thus the equation

has two real and unequal roots or real and distinct roots.
Graphically, the curve y = ax” + bx + ¢ cuts the x—axis at two different points,

i A

Case 2: When b’ — 4ac = 0, then x = mzi. Thus both roots of the equation are real and
a

equal. Graphically, the curve touches the x—axis at x = -—?b— , that is, the x-axis is a
a

tangent to the curve. These roots are called repeated or coincident roots.

4 yA

»x

L 4

w0
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Case 3: Whenb”  4ac <0, then we have no real roots. The square root ofan

oyt

Caaloe J

number is known as a complex number and we say that the cquation has complex o-

imaginary roots.

Graphically, the curve does not cut or touch the x--axis. It lies entirely above or below 1o

axis.

A

»
X

From the ubove we conclude that the quadratic cquation ax’ +bx + ¢ =0,

.

Nature of roots No. of real roots
W Gac > 0 Real and distinct . 9
b'—4ac =0 Real and Equal 1
b~ 4ac<0 | Complex, imaginary 0
L or not real
b>-4ac 2 0 Real Ior2

Example 1

Determine the number of real roots of the following quadrat

(a)x*—4x+3 (B)x +4x+4=0
Solution

() x"—4x+3-0
Herea=1,b— 4dandc=3
Now b’ - -dac = (--4) -4 1)(3) =4
Since b” - 4ac > 0, there arc two roots.

(b) x*+4x+4=0
Herca=1,b~4andc=4
Now b’ - -4ac — (4)° - 4(1)(4) = 0

Since b’ ~ 4ac - - 0, there is oniy one root.

Pure Mathematics 9709
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(c) 4x* - 5V3x+5=0

Herea =4 b=-5V3and ¢=5

Now b - dac = (-5V3) — 4 (4)}5)=75-80=-5
Since b — 4ac < 0, the roots are not real or imaginary.
The number of real roots =~ 0.

Example 2

Find the set of values of a for which ax~ + 3x + 4 is positive for all real vatues of x. (C}
Solution

Since ax- +3x + 4 is positive for all real values of x, the graph of the quadratic
polynomial will li¢ entirely above the x—axis. So, there will be no real roots.

Hence b - 4ac < 0.

Herea=a b-3andc=4

3. 4a)(4) <0

9-16a<0
~16a>-9
d S,
16
Example 3

Prove that, for all real values of a{a > 0), the equation x™ - 2ax + 24" ta+1=0hasno
real roots for x. {C) ’
Selution
Here a = l.bz2aandcz“2az+a+ 1
Now b” - 4ac = 2aY —4(DQ2a* +a+ 1)
=4a" —8a ~4a--4
= _4a" - 4a -4
Since each and every term is negative, b —4ac < 0.
Hence the equation has no real roots.
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Exercise 15]

Use the discriminant of a quadratic polynomial to determine the number of real roots o7
the folowing equations:

1

2

10

It

12

13

14

15

16

X*-4x+3=0 [Ans : 2]
3+ Tx +2=0 [Ans : 2]
x*Hdx+4=0 [Ans : 1]
X*+X+5=0 [Ans : 0]
X 6x+ 9 =0 [Ans: 1]
X —4:-:0 [Ans: 2]

A =53 +5-0 (C)  [Ans: 0]

X +9=0 [Ans : 0]
2x7 - TX+3=0 |Ans : 2]
X" H2x+ 10 [Ans : 1]

~ Find the set of values of « for which ax” + 4x + 5 — 0 is positive for all rea} values

of x. [Ans : u > 4/5]

Find the set of values of k for which kx* — 3x + 2 = 0 is positive for all real values
of x. [Ans : k> 9/8]

Find the sct of values of & for which k + 2x — 3x is negative for all real values of
X. [Ans : k<—1/3]

Prove that, if x~ > k(x + 1) for a!l real values of x, then -4 <k <0 (C)

Given that x~ + ax + b = (x+p)’ + g, find the constants p and q in terms of  and .
Deduce that the equation x>+ ax +b =0 has no real solutions if b > Y4 a*. (C)

' [Ans:p=a/2, q=b - Y]
Find the set of values of the real number & for which the equation x* — 2ax + ¢+ 0
has real solutions for x. [Ans : 0<a<1]
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1.6  Solving quadratic equations

To solve a quadratic equation, we may use the method of factorization, completing the
square or make use of the quadratic formula.

Example 1

Solve the equation 12x* +x-6=0
Solution

1253+ x - 6=(4x +3) (3x - 2)
Eitherx =—% or x = 2/3 (Ans)
Example 2

Solve the equation  x* +2x—=5=0
Solution

Since the equation cannot be factorised, we make use of the quadratic formuia
Hereg= 1,b=2andc=-5

; _ _px+bT —dac
Using x = _—_E_—_ , we have
)

1 D 37 =l 1R -~5

X ——

2N
eitherx=1.450rx = -3.45

Example 2 can also be solved by the method of completing the square

x4 2x=5=(xx1) ~6=0
(.H—I]::G
x+1=%/6

either x = 1.450r x =-3.45

Solve the following quadratic equations using any method of your choice.
1 WA S5x+1=0 [Ans : -0.209, -4.79]

2 2%+ 7x+3=0 [Ans:-3,- "]

3 {5—-2a-a=0 [Ans : 3, =53]

4 25+ 7x+1=0 [Ans : —0.149, — 3.35]

5 J5x2+9x+2=0 [Ans:-0.24,-3.79]

6 VIl 5x+3=0 [Ans:-0.77,-2.77]

[

Pure Mathemarics - 5762

1 - Quadratics .



cs .

1.7 Solving linear and quadratic inequalitics in one unknown

1.7.1 Lincar inequalitics

Example 1
Find the set of values of x which satisfy inequality x--4<3 x
Solution

x—4<3--x

2x <7

X< z (Answer)

Example 2
Solve the inequalities 3(3 --2x) <3 +x
Solution

33-2x)<3+x

9 6x<3+x

—6x -x<3-9

In< &
7x > 6 (sign change;

s 6
[herefore x> 5

1.7.2  Quadratic inequalities

To solve a quadratic inequalities, the following steps wiil be useful.

Step 1  Rearrange the inequalities in such a way that one side 1s always zero.
Step2  Factorise the quadratic expression.

Step 3 Find the critical valucs of the expression by equating each bracket to zero.

Step4 By drawing a table, select the right answer.

Example 1

Solve the inequality x(x +1)<12 (C})
Solution

The given inequality is x(x +1)<12

It can be written as X+ x--12<0

(x +4)(x-3)<0
Critical values of x arc - - 4 and 3.

o
x-3 _ = = W
(e AR(E~ 5) * - _t

“nerefore the solution setis { x ¢ R -4 <x <3 |

3
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[Exercise 1.7

Solve the following incqualities

1 It T <=3
2 x-2)(x-5)>0
3 (x-2)(x 3Hx 5H>0
4 %7 - Tx <=2
5 (x+rhx-2) g

(x=1)
¢ Bxhexod)
\ (x—2)
7 (el -2) g

e

8 (1-xy =17 2x
9 (x~1)(5x+4)>2(x41)
10 (1-x)@-x)>x+1l
11 5x <3x+2
12 (x+2)Y<x(4-x)T40
13 (2x-DHx+r1)<0
14 x=x'>0 (O
15 x'<6x-x (O
16 x{x+t)<12 (O
17 £-9x(x+NE-3xrH (O
Pure Mathematios 9709

[Ans: V2 <x <3}
[Ans:x <2orx >3]
[Ans:2<x<3orx>5]

[Ans: 1/3 <x <2]

ix<-torl<x<2]

[ Va<x<5/30rx>2]

[x<-Tor0<x<2]

[Ans:x <—4orx=4]
[Ans:x <-2/50rx>1]
[Ans:x <--1orx>7]
[Ans:-2/5 <x<1]
[Ans:w\f18<x<\“8]
[Ans:--l<x<'2]
[Ans:x <-1or 0<x<l]
[Ans:x<---30r0<x<2]
[Ans : 4 <x < 3]

[Ans:x < 2]
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1.8 Rational fractions in inequalities

x--2
x--5

<3

Consider the incquality

The initial problem here is that we do not know whether x — 5 is negative or positive.
This prevents the apparently obvious step of multiplying both sides by x — 5. Thus, in this
case the following steps would be useful in solving an inequality.

Step 1 Bring all the functions on one side. One side must always be 0.
[ Never cross multiply]
Step 2 Take L. C. M, simplify and factorise.

Step 3 Find critical values and construct a table as usual.

Example 2

Solve the inequality 3x -+ 5> 2 (C)
X

Solution

Jxt+5>

I b

3x+5-=>0

RV N

Eone) Wt PR

X

5
3xT + 502

- > ()

LE
Br-hr+2)

X

>0

Critical values of x are -2, 0 and %

x <2 2<x<0 ()<x<l x>l
o o - 3 3
ST -~ = +
x+2 s 4 B +
T VX 7 __ p— vy ‘*— b +
awe | N R
X

Therefore the solution setis { x c R:-2<x<0orx> % b
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Solve the inequalitics.

10

11

12

13

EﬁkQQKEﬁiES~ﬁASTEXANHNATKHQQUESHQES

11—5144
x—1

2x
—>x
y+1

Y-S

o=zl
[==m

1
—9-<19—6.\‘
X

Y+l 6

2x -3
-5

oW

i 1
- <
r—=1 x+1

Purc Mathematies 9704

[Ans :
|Ans :
[Ans:
{Ans :
[Ans :

[Ans -

[Ans

[Ans:

[Ans

{Ans

[Ans

[Ans

[Ans

x < 1orx>5/3]
x<-lorD<x<1l]

1 <x <3}

x <0 or 2/3 <x <5/2]
2<x<5/2
x<—2or0<x<l]
c.3<x<3orx>3]
x<-lor2<x<3]
cx<-9orx>5]
sl x < 1]

cx<-2or ~1<x<l1]
x <—lor2<x<11/3]

cx <Y oorl<x<2]
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ChaniTRICS

1.9 Simultaneous equations

In this section we are going to sclve a pair of simultancous equations in which ene

is linear and the other is quadratic.

Example 1

Solve the simultancous cquations
y=x 2, y2 TX ()
Solution

yoox- 2 ge g 1)

-

VR s (2}
Suhstituting (1) in (2) , we have

[« T

X' 4x -t 4-=x

X -5x 4 40

(x- D(x--4)—0

eitherx — lor x—4

From (1) =-]ory -2

Thus we have as solutions (1, --1) and (4,2).

Example 2
(i) Solve the simultaneous equations y=x"-3x+2,y=3x-
(ii) Interpret your solution to part (i) geometrically.
Solution
i)  yox -3x+2 e (D)
y=3x 7 e 2)

Substituting (2) in (1), we have

3x T=x—3x+2

X - 6xt 9 x

x 3Nx-3)-0

x~ 3or x=3

From {2) y -2

Thus we have as the only solution (3, 2).

(it) The line y — 3x--7 is a tangent to the curve y - X —3x+ 2,

Excreise 1.9

Solve the following simultancous equations:

1 Xty 12,y 8x+9 [Ans: (5,7} (27.-15)]

2 el y~lLedy- B |Ans : (1,-2) ; (-2/5.11/5)]
3 XK+y:m 5, xy—x+3 [Ans: (1.4): (3.2}

4 X2y 2.x7 4 xy—-20 [Ans : (4,1} (--10/3, 8/3)]
5 Ik y=T7, Xty —yi= [Ans : (5.8) . (2.-1)]

6 Y3 x byl (&) [Ans : (0.63,0.37)]

Pure Mathematics - 9709 17
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1.10 Quadratic Equations in some functions

Sometimes we may €OME 2cross equations of the form x!
be rewritten as (x)° - 5 (x7) + 4 = 0, which is a quadratic equation In X,

5% 4= 0 This equation can

Similarly, y - 2¥y - 3 = 0 is a quadratic in ‘Jy. To solve such equations, we have to use

the middie term as substitution.

Example 1

Solve the equation x*-29%7 F100 =0
Solution

x!-29x -+ 100 -0

Letx™ = vy,
We have y* - 29y + 100 = 0
(y - 25) (y- 4)= 0
r

Flthuy~25( yo4
x =25 orx -4
X~ +5 oF & o= & 2
Example 2

Solve the equation x5 VX 60
Solution
X 5NE ¥ 6220
Let Vx =y,
We y -5y +6=0
(y -2y -3)" 0
Either Yo 2or y = 3

N T or Vx 3
X =4 orx- 9
Example 3

Solve the equation 1 9 +8=0
Solution

~9r' +8=0
Letr = X,
We have X —9x+8=0
(x—1)(x -8)=0

Eitherx == 1 orx =8

=1 or r 8§

] or T2
Pure Mazhemzio~ =702 13
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nis LIS

(ii)
(iii)

IQUADRATICS — PAST EXAMINA TION QUESTIONS

The function f is defined by f: x — x* + kx + 1, (x ¢ R), where k is a real
constant. Find the set of values of k such that the range of f is a subset of R™.
[Ans : —2<k<2]

Express 9x7 - 36x +52 in the form (Ax - B)* + C, where A, B and C are integers.
Hence, or otherwise, find the set of values taken by 9x” - -36x + 52 forx € R.
[Ans : (3x--6) + 16, y>16]

Express 9x” +12x + 7 in the form (ax + by + ¢, where a, b and ¢ are constants
whose values are to be found.

Find the set of values of x for which 9x> + 12x + 7 > 19.

. |
Find the set of values taken by ———--——- - for real values of x.
9x" +12xv+7

[Ans 1 (i) a3, b =2, ¢ == 3: (i) x<2or x>§ (i) 0 <y s%]

Sketch the graph of the curve with equation y == x(1 -- x). Determine the greatest
and least values of y when -1 € x <1,
[Ans : V4, 2]

It is given that f{x) = 4%+ 6% - 6. Express {{x) in the form A(x+BY + C, where
A. B and C are constants. Hence or otherwise.

(a) find the exact solutions of f{x) - 0,

(b) tind the exact solutions of i - ¥3) = 0,

(c) find the exact coordinates of the minimum point on the graph of y = f{x).

33 3433 33 (3 33)
ol WA ae e TR e Tl S et o}
[Ans: 4%, 75 @ R 0 X @[~ F )

Sketch the graph of y --- x* + 2x -- 11 and hence obtain the graph of ml_m
SN2 -1

State the range of the function in each case.
[Ans :y s-i0; ———llag r<0}
Show that, if X is positive but not greater than 3, the roots of the equation
(A-2) x* — (8-21)x — (8 - 3%.) = 0 are real.
Find the range of A for which one root is real and positive, the other root is real
and ncgative.

[Ans:2<x<§]
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CHAPTER 2

FUNCTIONS I' |

2.1  Function, Demain and range

A function is a rule which maps a single number to another single number.
Domain Co-Domain

A B

e

The elements of the Set A are connected to the elements of the Set B by the relation “ is a
factor of.” For example, 3 is a factor of 15, 4 is a factor of 8 and 7 is a factor of 35, So,
each element in the Set A (Domain) has a unique image in the Set B (Co-domain). This
type of relation is called a function.

If we look at the function f: x — Inx, the choice of x is limited as only positive numbers
give a real result. So, we write f: x — Inx, x > 0.

Similarly for the function g : x-» +x , the choice of x is also limited as only positive
numbers give a real result. So, we write g : x > v , x > 0.

The sets of values x > 0 and x > 0 are called the domain of the functions f and g
respectively.

The range is the sct of output numbers. In fact the range is a subset of the co domain.
In the above relation the range is { 8, 15, 35).

We are now going to take a few examples to illustrate in & much better way the difference
between range and domain.

Pure Mathemznes  $700 i 20
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Example 1

Sketch f:x —x°, =1 < x <2 and state the range of f.

Solution

For the function f, the table values of x and f{x) is.constructed as follows:

_ 1o [ 1] 2
f(x) 1| o] 1

me&

'
k
L

1 0 i 2 X

From the graph we can sec that the range of fis 0 << 4,

Example 2

Sketch f: x —x’, x 2—1 and state the range of .
Solution

For the function f, the table values of x and f(x) is constructed as follows:

x |1 lo ] 1]27]3
ix) |-t o] 18 |27

A
8
: 7
e Z3T8 6
. 5
WIS 4
3
amd 2 2
14
»
Jg . —‘/wgl. 1 2 X
)
e litevence The arrow indicates that the graph will increase up to infinity. So, the range of {25 z7 =

by f>-1.

= . ERARTSHS Pure Mathematics —~ 9709 21 Ga




Example 3

Sketch £ x -» x7-- 5% + 6, 0 < x £ 4 and state the range of f.

Solution 5

For the function f, the table values of x and f(x) is constructed as follows:

-

)]

YA

-2

To be able to state the range of the function we have to find the vertex of the graph.
Completing the square, we have

X" -5x+6 =x" -5x+ gi+6—gz
4 4

The coordinates of the minimum point is [%— ﬂ

Hence the range of the fis — %S f<é.

Pure Mathemazize =709 i 2 - Functions



Exercise 2.1
Sketch the graph of the following functions and hence state their range.

1 frxox*xeR —1<x<3.
[Ans: 02f<9)

2 gix o>x,xeR, -1<x<2,
[Ans: -1 £g<8]

3 f:x—)»‘/zxz,xcﬂi,xzo.
[Ans: f20]
4 g:x—>%.\-3,xe‘ﬁ,x22.

[Ans: g = &/3]

5 frx = x-1y,xeR x> 1.
[Ans: £20]
6 f:x—>x2775x+6,xe‘3’\,x-33.

IAns: £V

1 f'.x_‘;\xu'l\,x e, -3<x <7,
[Ans: 0 ££<5)

8 fix—2x-3,xeR, - 2<x<6.

[Ans: 0<f<9]

9 f:x——)xz—w2x,xeﬂ?,x51.
[Ans: f> -1}
10 f:x—»x° +6x,x eR, x > -3.
[Ans: f> - 9]
11 f:x—é»x:Jrl,xe'tR,xZO.
[Ans: f> 1]
i2 f:x—>x3+2,xe‘.lf,x20.
[Ans: f>2]
. Pure Mathematics - 9709 A 23
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22 Composition of functions

~When two functions are combined together, we talk of composite functions.

Example 1
Givenf: x sy .xeWRandg:x —>e‘ﬁ,x>0,fmd

() fglx) (b) gf(x).
Solution

(a) fe(x)=1f(e" )" (¥ Yoz M, x> 0.
(b) gfx) = glx’) = A=t xe W

Example 2
Givenf:x >»2x+3,x € N andg:x — i,x;ﬁO, find
X
(a) £3(x)
(b) feilx).
Solution
(a) fg(x)= ft{x)
= f{2x + 3)
- 2(2x+3)+3

cd4x +9,x e R

(b gftx) = g(@x+3)
5

2x+

(U]

© fef=f[=2 ¢

H
= ]
V2x+3)

=3 [_,l_} i3
Jx+3

— 310 %3

Ie+3

10 +§(.’.§H-3)
2x+3

_ bx+19 3

——, __r—!x #_
2x+3 pi

Pure Methomanes -~ 9708 24
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Egércise 2.2

In questions 1 - 10, find {g{x) and gf{x) for functions fand g defined on M, x > 0.

1 fix->x,, gix—3x+1
[Ans: fg = (3x + 1)°; gf =3x + 1]

2 frx—ox~2, g:x-»2x+1

[Ans: fg=4x*+4x -1 ; gf = 2x" — 3]
3 Frx=dut, graeye

[Ans: fg=e%; pf= ™" ]

4 fix—>Inx+2), g:x—3x+4
[Ans: fg =In(3x +6); gf =3 In(x + 2) + 4]

5. fix—=In(x-1), g:X—>2x+35
[Ans: fg=In(2x+4);gf=2In(x-1) + 3]

6 frx-sx’, gix—oe™?
[Ans: fg=e&"""; gf= ¢"2]

7 fix—o 2| grx—2x+1
x+1
2x+1 3x+1
Ans: fg = ;ef=
[ & 2x+2 £ x+l]
3x
8 f:rx— , X2 2x+5
x+2
[Ans : fg = 6x+15  ofi 11x+IO]
2x+7 x+2

9 f:x—

; ,E2i X 2x+4
x4
. 3 4x + 22
Ans: fe= cof=
[ & 2x+8 & x+4 ]

10 f:x->lr~+—1,g:x—>3x+l
X+

3x+8 P 4x+22

Ans: fg= ;
| & x+2 x+1

]
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2.3  One-One function
2.3.1 The horizontal line test

A function { is said to be one-one if a horizontal line cuts the graph of f only once. That
is, for each value of x there is only onc corresponding value of y.

[ 3%

T y=¢ f =y
___/
—p —p
X x
Figure 1 Figure 2

%

Figure 1 shows the graph of y = ¢*. Clearly it is a one-one function as a horizontal line
cuts the graph of the function only once.

Figure 2 shows the graph ofy= x”. Clearly it is not a one-one function as a horizontal
line cuts the graph of the function twice.

Vet there exists another way of showing how a function is a one -one function.
Statement : A function fis said to be one—one if there exist two values of x, say x; and
x>, where x;€ Rand x2€ R such that if f{x;) = f{x2) then x; = x2.

In simple terms if we assume f(x,) = f(xz), we have to show that x; = Xa.

Example
Show that f(x) - —'\;—1, x +— |, is 2 one—one function.
X+

Solution
Consider fixy) - = ((x2)
X, Y
x,—fl' B \—3 +1
Xi(x2 + 1) = Xa(xi + 1)
XiXa b X = KXy T X
Hence X, = X2
Since X == Xz, f(x) 15 a one -one function.

Pure Mathematics 9709 26 2. Functions



Fxercise 2.3
Show graphically, or otherwise, that the following are one -one functions.
1 f(x) —x7, x >0
2 f(x) —»e" 1 2, xeR.
I T B e

4 i(x) X , % OH.

5 f(x) » L Jx e, n=l
X

-
T 4 E
6 fx) » -2 ,x >0
Pl R
7 fix) » —— , x#-1.
x+1
2x
8 fix) » o, x#2.
. x-2
9 fix) » ——, x#5.
x5

10 flx) »——, x= 3.

x+3
i fx) > 17, x21.
12 fx) o lnx, x>0,
13 f{x) >Vx, x>0.
14 f(x) >In(x 3), x>3.

15 {(x) »e'’?, x eR.
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2.4  Inverses of one—one functions

When does th(, inverse of a function exist?

This is a very important question as it is not possible or feasible to find the inverse of any
function. A-function has an inverse or the inverse of a function exist if and only if it is a

onc-dne function. If a given function is not one-one, the inverse does not exist.

To find the inverse of a function, make use of the following steps:
Step 1 Equate the given function to y (say)

Step 2 Make x the subject of formula

Step 3 Replace y by x.

2.4.1 Inverse of algebraic functions

Example

Given e -2—13 ¢ 365 B Y,
R

Solution
Lot =
e' S
x+3 Y
2x=y(x+3)
2x = xy+ 3y
2x ~xy =3y
X(2-y)=3y
_ v
2-v
1 3]('.
Hencef '(x) = e,
=g

lﬁxercise 2.4.1}

In each of the folloWing questions find f “I(x) , stating the domain in each case.

3v+1 1
1 —L‘+ xeR x=0. [Ans: " (x)mz———i iz]
X -
4y “r B 5x—
2 ';)j;,-t"eﬁ.l'i_%' [Ans: f'(x) = lvx;tz]
2x+
- bx A .. 2K
3 —- . xc R x#-2. [Ans:f (x)= ]
i v+2’ 6-x
2 )
4 r—%g,xcR,xaﬁ--S. [Ans:f"'(x)=—355—,x¢3]
.\"‘}' — X
X+l 5 [
5 L= xeR xz0. [Ans: f (x)= — —,x#1]
X x—1
x | g . x 1
6 e T N )= -2 L x#-
2_}{_‘1,\@R,r¢2 ’ [Ans: f "(x) ™ ”1,.r¢2]
Pure Mathemonos 5700 28
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2.4.2 Inverse of exponential functions

To find the inverse of exponential functions we have to apply the same steps given in the

previous page.

Example 1

Given that f(x) = ¢**, x &R, find £ "'(x).

Solution

Let ey
3x .= lny

In v

=

Hence f '(x) =

M,.\'>0.

Example 2
Given that f{x) ~ 2", x &R, find f ().
*Solution
Leg Pelay
x- v
e Ta e
2
7y
x -l=In|<|
2,
X ln(i} + 1
2 |

Hence f '(x) = In(i\j +1,x>0.

2)

In each of the following questions find £ '(x) , stating the domain in each case.

1 fix) e™xeNn

2 Hxy--se .x e

3 fix) = e’ x eN

4 fixy = 2¢* %, x eM

5 flx)- —‘Igc L x &R
6 fix) - 3¢* "2, x €N

Pure Mathematics 9709

Exercise 2.4.2

[AnS :

JAns :

[Ans :
[Ans:

[Ans :

[Ans

Inx -2, x> 0]
ln(i
2

In(3x)+ Lx>0.]

+3.0>0.]

L e

)
: h‘l('\ :_J+4._\'>#2.]

29




2.4.3 Inverse of logarithmic functions

To find the inverse of logarithmic functions we have to apply the same steps given in the

previous pages.

Example 1
Given that f(x) = In(x —2), x > 2, find £ '(x).
Solution
Let  In(x—-2)=vy
x a2
x=¢ +2
Hence f '(x) e +2,x eR.

Example 2
Given that f{x) - 2 Inx — |, x >0, find ~'(x).
Solution
et 2Inx-- 17y
2lnx < y+ 1
v+
inx = = -
2
1+l
X= e’

Hence f {(x)— ¢ ? .xek.

[Exermse 2.4

In each of the following questions find £'(x), stating the domain in each case.

A

1 f(x) =3 Inx, x>0 [Ans: ed . x eR)
2 f(x)=In(x- 4}, x>4 [Ans:e*+4,x eR]
3 f(x) =5 In(x ~2). x> 2 [Ans: e’ +2,x eR]

4 fix)= In{x - 1}+3,x>1  [Ans: e, x eN]

5 f(x) - In(x + 1) -3, x> -1 [Ans: e =1, x eR]

v+

6 f(x)=In(2x-3), x> % [Ans: e ® .xeR]
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2.44 Inverse of quadratic functions

To find the inverse of a quadratic function, we have to apply the same steps mentioned in
the previous pages. In addition, we have to complete the square so as to make x the

subject of formula.

Example 1
Given that {{x) "= x* - 2x, x.> 1, find f'(x).

Solution

iet xT-2x = y
(x-D*-1=y
(x-— 1Y =y-+1
X=1= Jril

X ™ \[)’Tl b,

Hence £ '(x)= /x+1 + 1, x>~1.

Example 2
“iven that fix) = x* + 6x, x 2 -3, find f ~'(x),
Solution
el Xt OX v
(x+3)’ -9y
K43P -y+9
X+3- 149
x= 119 -3,

Hence £ '(x) Vv +9 . 3,x>-9,

lgxercise 2.4.4

v euen ot the iliowing questions find £ 7'(x) , stating the domain in each case.

1 fix) = x* dx . x2>2 [Ans: 2+ Vr+4,x>-4)

2 fix) = x>+ 8x,x>_4 [Ans:—4+ Jx¥16,x2-16]

3 R0~ x - 5x+6,x23  [Ans: freded en ]
42 4

4 ). 2°-Tx+6,x<%  [Ans: %[Hé‘"}..

S foy= x*=2x +1,x< 1 [Ans:\/;ﬂ,xz(}]
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2.5 Relationship between a one—one function and its inverse

By now the reader must be farniliar with one—one functions. We shall attempt to show
graphically the relationship between a one-one function and its inverse.

Consider for example, a function f:x —-e*, xR

Now I }(x) =~ lnx, x > 0.

1f we sketch the graph of fand £ ' on a single diagram, we obtain

/ 10 -

We can sce from the diagram that the graph of f -l is a reflection of the graph of f in the
line » - x (shown dotted in the diagram).

So, in general the graph of { ! can be obtained from the graph of f by a reflection in the
line y ~ x. Under such a transformation all points (x,v) are mapped onto {y,X). In other
words we have to interchange the coordinates of f'to obtain the coordinates of f ™.

For example, (1.0) is mapped onto (0.1)
(2.3) > (3.2)
(3.3)—> (3.3)

Example |
The diagram shows the graph of y = g(x). Skeich the graph of g (x).

A

'
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Solution
The graph of ¢ ' can be obtained by a reflection in the liney  x.

Thus (2,00 = (0.2) ¥

4

tJ

Sketeh the graph of the inverse functions in cach of the following cascs.

1 The diagram shows the graph of y — fix). Sketch the graph of { '(x).

A
.1‘

2 The diagram shows the graph of y - f{(x}. Sketch the graph of f '(x).

A X o 2
..1 '

S R e s )

B
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3 I'he diagram shows the graph of y = g(x). Sketch the graph of g7'(x).

4

]

1 The diagram shows the graph of y = f(x). Sketch the graph of f '(x).

4

4

X

0

1 _>

5 The diagram shows the graph of y =1(x). Sketch the graph of f "'(x).

i

For questions 6 —

of inverse function.

10, sketch the graph of the given functions and hence sketch the graph

6 f(x) - (x-2), x> 2.

7 f(x) »x,x e R, x> 0.

8 f(x)r»%xz,xe‘ﬁ,xz(}.

9 fix) > In(x — 1), xeR, x> 1.
10 fix) se™' x e N, x>0,
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[FUNCTIONS - PAST EXAMINATION QUESTIONS)

I Given that  (x) = 3x”— 4, x>0, and g (x) = x + 4, x R, find
O 7 x4, (i) fg (x), x4,

[Ans: (i)1/4;x (ii) 3x% + 24x + 44]

2 The functions f and g are defined by f: x = e*, xeR, g: x> x°, xeR.
Find f ' (x) and gf (x). Sketch the graph of y =f ' (x-2).
[Ans: % Inx, €™

3 Functions f and g are defined for x eR by f: x —» ¢, g: x —>1-x. Find
@fgx),  ®F®. .
[Ans: (a) e**V (b) - ¥ Inx]

4 (a) The function f is defined, for real values of x, by f(x) = [+e™,
Express f ™' (x) in terms of x, where x>1. [Ans : — In(x—1)]
(b) The diagram shows the graph of y = g (x). Sketch the graph of y =g ' (x).

S5(a) Functions g and h are defined by g: x —Inx, xeR, x>0, h: x —» 1+x, xeR. The
function f is defined by f: x— gh (x), x eR, x>-1.
(i) Sketch the graph of y = f(x)
(ii) Write down expressions for g™’ (x) and h™" (x)
(iii) Write down an expression for g™ h™'(x) ;
(iv) Sketch the graph of y = g™'h™ (x). [Ans: (i) e, x - 1 (iii) ']

(b)  The function q is defined by q:x— x* - 4x, xR,

x| <li. Show, by means of a
graphical argument or otherwise, that q is one-one, and find an expression for

q" (x). [Ans:2 - 4 +x]
6 The functions g and h are defined by g: x— 3x°42, xeR, h: x — J(XT_ZJ , X2
Find hg (x) for (a) x 20, (b) x< 0. [Ans : {a)x (b}-—x_
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10

11

Functions f and g, each with domain R, are defined by f: x— x+1, gi x >|x[‘ .
(a) Write down an expression for f 1 (x), and state, giving a reason, whether g
has an inverse,
(b) Sketch the graph of y = gf(x).
{¢) Find the solution set of the equation gf(x} = fg(x).

[Ans :(a) x - 1, gisnot I-1 ..it has no inverse (¢} x = 0]

The functions f and g are defined for xeR by f: x— x’, g x— 2-3x. Find
(@ fg(x), (B (fe)” (x).
[Ans : (a) (2 - 3x)° (b) %(z ~¥oy 1

Given that f(x) = 2x*+7, xeR, find { " (x). [Ans : (-1\—-'5_7}3]

The functions f and g are given by f(x} = 1. l, g (x)= 1-—% , and each function
i A .

has domain the set of all real numbers excluding 0.
(1) Find the range of f and the range of g.

(if) Find f ' ().

(iii) Explain why g does not have an inverse.

[Ans: (i) yeR,y#1;yeR, y>1 (ii) Tl“‘ (iii) g is not 1-1]
.

The function h is defined by h: x — ,x 2 0. Find an expression for h! ()

1++/x
and state the domain and range of h ™

[Ans : (_i__]J‘ (0<x<l;y20]
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CHAPTER 3

COORDINATE GEOMETRY

In this section, we expect the reader to be familiar with terms such as gradient, midpoint,
distance formula, equations of line either in the form y = mx + ¢ or (y - Y1) = m(X — X;).
We also expect the reader to be familiar with parallel and perpendicular lines.

Example 1
Find the equation of the line passing through A(2,0) and through the midpoint of B(1,3)
and C(-3,5).

¢ Solution
: : _i+=3 345
Midpoint of BC, M = (TTJZ (-14)
Gradient of AM = 220 = 4
i (e 3
Equation of required line is given by
y=0 4
-2 3
3y =—4(x-2)
3y =--4x + & (Ans)
Example 2
Show that 2x + 3y =1 and 2y = 3x - 5 are perpendicular.
Solution

Two lines are perpendicular if the product of their gradients = -1,
Now  2x+ 3y =l
Jy=-2x+1

Now 2y=3x 3§

i
myin; = ——;—x—;— = -1 (shown)

Pure Mathematics - 9709 37 3 — Coordinaze zeormen



Example 3

Find the length of the linc joining the origin to the point of intersection of the line y = X

and the curve y = —!,—.
A

Solution
To find the point of intersection, we solve simultaneously
yo.% ssrellel)
t
Ay
1
2 XE —
A
T x =1
= £

Whenx=1,y=1
So, the point of intersection is (1 ,1).
We have to find the distance between the points (0,0) and (1,1).

Using d = \/(',\-3 =55} N (v, -¥;)", we have

d= J0-0 +0-0)

d = 2 (Ans)

Example 4
Find the equation of the line passing through (—1,2) and parallel to 2x —3y=1.
Selution
2x--3y=1
~Jy=-2x+1.
2 1

y733

So the gradient of the required line 1s %

Equation of required line is given by

vz 2.
T
3(y-2) = 2(x+1)
Jy- 6=2x+2

3y =2x + 8 (Ans)
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COORDINATE GEOMETRY - PAST EXAMINATION QUESTIONS

1 The points P, Q, R have coordinates (3, -1), (2, 5), (8, 3) respectively. Find the
equation of the straight line joining P to the mid—point of QR.
fAns: 5x~2y--17=0]

2 The vertices of the triangle ABC are A(-3, 1), B(10,-8) and C(1,4). Find an
equation of the line passing through A and B, giving your answer in the form
px + qy 1 r=0, where p, q and r are integers. Show by calculation that CA and
CB are perpendicular.

[Ans : 9x + 13y + 14 = 0]

3 The curve y = }xz -1 and the line 2y = x +10 intersect at the points A and B, and

O 1s the origin. Calculate the coordinates of A and B, and hence show that OA
and OB are perpendicular.

[Ans : (-4,3) ; (6,8)]

4 The straight line L passes through the point (3,-2) and is perpendicular to the line
X+ 2y +1=0. Find the equation of L, giving your answer in the form y = mx+c.
[Ans :y=2x — 8]
8 The straight line y = 20-3x meets the circle x>+ y'— 2X - 14y = 0 at the points A
and B, Calculate the exact length of the chord AB.
[Ans : 4V10]
6 The points A, B, C have coordinates (3,-3), (4,-6), {11,1) respectively.

(a} Show that AB is perpendicular to BC.

(b) Find the length of AC.

{c) Find the coordinates of the midpoint of AC.
[Ans:(b) 10 (c)(7,-2)]

7 The points A and B have coordinates (3,~1) and (7,1) respectively. Find the
cquation of the perpendicular bisector of AB, giving your answer in the form
ax + by —=c. [Ans : 2x +y = 10]

8 The straight line / has equation 2y — x + 7= 0. The straight line /' passes through

the point P (- 1,6) and is perpendicular to /.

(i) Find the equation of /', giving your answer in the form ax + by + ¢ = 0.
(i) Find the coordinates of the point of intersection of / and /'

(iii) Show that the perpendicular distance form P to 7 is 4+/5 .

(iv} Itis given that the points Q( 7, 7) and R(9,1) lic on /. Find the exact area of
the triangle PQR.

[Ans @ (i) 2x+y -4 =0 (i) (3,~2) (iv) 80]
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CHAPTER 4

CIRCULAR MEASURE

E

[n angular measurement, the most common system is to measure angles in terms of
degrees. A measurement of 360° has been traditionally chosen to devote one complete
revolution. However, in some branches of mathematics, angular measurement cannot be
conveniently done in degrees. Thus a new unit, the radian, is introduced to describe the
magnitude of an angle. This system of angular measurements, known as circular measure,
is applied especially to those branches of Mathematics which involve the differentiation
and integration of trigonometrical ratios.

=

The Radian (rad)

Consider a circle with centre O and radius r units and an arc AB. Suppose the length of
the arc is equal to the radius. The angle 6, subtended by the arc AB at the centre O, is
then defined as one radian. A radian is the angle subtended at the centre of a circle by an

arc equal in length of the radius of the circle.
A

When AB = 2mr, it means that the arm QA has made one complete revolution, that is, OA
has moved through an angle of 360°.

Hence 27 rad = 360°
wrad- 180°

180
and 1 rad = - —=57.3"
Fia

Also 1" = Zrad =0.017 rad.
180
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Example 1
Convert the following angles from radian to degrees.

@7 ox @
Solution
To convert radian to degrees, we have to replace © by 180°.

T 180
@3F=—5=%

(b) 2r =2 (180°) = 360°

(¢) 2Z = 20B0) _ g0,
5
Example 2
Convert the following angles form degrees to radians.
(a) 60° (b) 360°
Seolution
Since 180° = 7 radian => 1°= -7
180

Thus to convert degrees to radians, we have to mutltiply by 1%;? ;
(@) 60°=60° x = X

180 3
(b) 360° ~360° x ——— =27

180
Exercise 4.1

1 Convert the following angles from degrees to radians.
(a) 45° (b) 120° (c}y 720° (d) 150° (e) 240°
(f) 48° (g) 135° (h) 72° (i) 100°

: . T 2r . St dr 4w i 2r . Sx
[Ans : (a)za (b)_T ;(c)4n ‘(d)_(,— ; (e)—}— 5 (ﬂF ,(g)—4— ; (h)—s‘" (1) F]

2 Convert the following angles from radian to degrees.

S5

@7 OE (c) 3n (d)

R

i 8x

[Ans @ (a) 225°; (b) 150° ; (c) 540° ; (d) 30°; (e) 420° ; (f) 96°]
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4.2.1 Length of arc and area of sector

Consider a sector of a circle having centre O and radius T A
Suppose the length of arc AB is s. 5
S
5
O
r

Then

Arc length AB = angle subtended by AB at O

Circumference of circle angle subtended by the circle at O

K 2
2w 21
s = 1o

Hence the formula used for the length of arc of a circle is 0 . where 9 is measured in
radians.

Similarly
Area of sector OAB = angle subtended by AB at 0
Area of circle angle subtended by the circle at O
a2 B
s 27
A=%r0

Thus the area of a sector is given by the formula A =2 9, where 8 is measured in
radians.

4.2.2 Area of segment (A)

Area of the shaded region = Area of sector OAB - Area of AOAB
= %hre-tarr.sind
= Y%re-lhrsind
A= %1 (B-5inB)

Thus to find the area of a segment
we use the formula 'z r (6 —sin Q),
where B is measured in radians.
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Example 1
OAB is a sector of a circle centre O and having radius 10 cm . If angle AOB =1.2 radians
Calculate

(a) the length of arc AB,

(b) area of sector AOB.
Solution
(a) the length of arc AB +

=10 (1.2 12¢m
(b) area of the sector AOB -~ 4 1°0
= Ve (10) (1.2) - 60 em”

Example 2
Find the area of the shaded region.
Solution A
T s
o = 1.5I rad B
Area of shaded region = Y2 - {8 — sin 0)
= Y5 (10) (1.5 --sin 1.5)
=251 emr.

Example3 P
The diagram shows a circle of radius 6¢cm,
divided into 2 sectors. The length of the arc
APB is 24 cm.
Find (a) the angle in radians,

(b) the area of the minor sector.(C) n
Solution
(a) since length of arc 1B B

S =24 A

66 — 24

0 =~ 4 rad.
(b) minor angle AOB =2n-0

Arca of minor sector = r'( 2 - 0)
=5 (6) 21 - 4)
=41.1 em”.

. o e
.. The area of the minor sector 1s 41.1 em- correct to 3 s.f.
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Example 4

1 he diagram shows the cross-section of a tunnel. The cross-section has the shape of a
major segment of a circle. and the point O is the centre of the circle. The radius of the
cirele is 4m, and the size of the angle AOB is 1.5 radians. Calculate the perimeter of the
cross section. (C)
Solution
perimeter - AB -+ length of major arc AB.
To find AB, we use cosine rule
AR 4 +4 2xdxdxcosls
ABT 297
AB:- 545
2 sflex angle AOB - 27 - 1.5
sy 0 sl dmg A IR 4% (2t —1.5)=19.13
iience penmeter ¢l the unnel = 5.45 + 19.13=24.6 (3 s.f)

Example £

The diagram shows a semicircle APB on AB p

as diameter. The midpoint of AB is Q. The point P

on the semicirele is such that the area of the sector

POB is equal to twice the area of the shaded segment. ~0

Given that angle POB ‘s O radians, show that A 0 B
30 = 2 (i - sin B} (C)

Solution
Let r be the radius of the semicircle

Area of sector POB - 1; 0
Area AOP - -0

Area of shaded region * l G ) -sin(z ~ )

]

: -l—i':[ﬂ,'"g"”Sin 9] (- sin(xr — @) = siné)

~3

(yiven area of sector POB =2 Area of shaded region
(I 5 .
bl < 20K L.' [)r =@ --sin 9].

~

0: 2 |z—-0-sin 0]
Q- 21— 20 - 2sinB
30 -2 (n - sin() (shown)
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[Exercise 4.2

1 The perimeter of a sector of a circle, centre O is 16 cm. Given that the radius o
the circle is 5 cm, find, in radians the angle 8 subtended at the centre.
[Ans : 6/5]

2 The length of arc of a sector of a circle is 15 cm and the area of the sector of the
circle is 75 em™. Find, in radians, the angle subtended at the centre.
[Ans: 1.5]

3 A piece of wire 20 cm long 1s bent to form the shape of a sector. If the arc has a
length of 8 cm, calculate the angle of the sector and the area enclosed by this
sector. [Ans : 4/3 ; 24]

4 A chord PQ of a circle, radius 5 cm. subtends an angle of 2 radians at the centre of
the circle. Calculate
(a) the length of the major arc PQ,
+ (b) the area enclosed by the chord PQ and the minor arc PQ.
[Ans :{a)21.4 (b) 13.6]

5 A piece of wire 1s in the form of an arc of a circle, centre O and radius 10 ¢m.

Given that the area of the sector AOB is 20 cm®, find the length of the wire.
[Ans : 24]

6 The diagram shows the circle x* +y* =25, A
Find P(3.4}
(a) angle POX
(b) angle QOX . Q(4.3)
(¢) the length of the minor arc between b
the points P(3,4) and Q(4.3), Q X
giving vour answer correct to 3 significant figures.

|Ans: 1.42 cm]

7 The diagram shows the cross-section of a tunnel.
The cross-section has the shape of a major segment
of a circle, and the point O is the centre of the circle.
The radius of the circle 1s 6 cm, and the size of the
angle AOB is 2 radians.
Calculate the perimeter of the cross-section.
[Ans : 35.8]

4 hY
6 cm/’ \\6 cnl
7
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(a)
(b)

(c}
(d)

CIRCULAR MEASURE — PAST EXAMINATION QUESTIONS

A sector OAB of a circle, of radius ¢ and centre O, has £ AOB = 0 radians.
Given that the area of the sector OAB is twice the square of the length of the arc
AB, find 0. {Ans : 4]

The diagram shows a sector of a circle, with centre O and radius r. The length of
the arc is equal to half the perimeter of the sector. Find the area of the sector in

terms of r. [Ans . ]
0
S

The diagram shows OAB of a circle, with centre O, in which angle AOB = 120°.

Lengthofe bord 187

lreaef sec QOB -
(a) Show that Aregrefrriongle V8 o 1\‘3 & /—\
we Lewsthofore AB
(b) Find the exact value of =2tm A B
\'\V

[Ans : (b)

2T
7

3
A and B are two points on a circle with centre O and radius 5 cm. Given that the

length of the minor arc AB is 4 cm, calculate the area of the sector AOB.
fAns: 10 cm7)

The diagram shows a circle with centre O and radius r. The three points A, B, D
on the circle are such that ZBAQ = ZDAO = 6 radian, and BCD is an arc of the
circle with centre A and radius AB. The point E lies on the arc AD. Find, in terms
of r and 0, expressions for

the length of the straight line AD.
the area of the sector of the circle (centre A} bounded by the lines AB and AD and
the arc BCD.
the area of the triangle OAD.
the area of the segment ADE.
[Ans : (a) 2r cos@ (b) Arcos™® (¢) Y% rsin20 (d) r'cosh - Y rzsin28]
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CHAPTER S

TRIGONOMETRY 1

5.1.1 Graph of sinc

»

i ¥ =Ssinx

>
—-360° -270° -180° -90° ()° 90°  180°  270° 3p0° x

5.1.2 Graph of cosine

/ V== COSX
»

3 0° 90°  180° 270° 360° «x

-360° -27Q°

The graphs of y = sinx and y = cosx show that the curves are similar in shape. There is a
complete cycle for 0° < x < 360 in both the sine and cosine graphs. The only difference
is that the cosine curve is lagging 90" behind the sine curve. This 90° difference is called
the phase difference. For angles greater than 360" or less than 0° the curves repea:
themselves in periodic cyeles. Such functions are called periodic functions. The sine
and cosine curves are useful especially in the study of waves and electricity.
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5.1.3 Graph of tangent

—

¥ =tanx

]

|

; —p
180°  270%  /360° x

!

_360° -

o]

70 180°  -90° 0° o6e

e, o el et s e

etk ~ b

The tangent curve approaches very close to the vertical lines drawn through — 270", — 90",
90°, 270° etc. as x approaches these values. But the graph never really touches these lines.
Such vertical lines are called asymptotes, and we say that the graph is nearing them
asymptoticalty.

Example 1
Sketch the graph of y = | +sinx for 0" < x <3607,
Solution
First we sketch the graph of y = sin x. Then the whole curve is moved 1 unit up to obtain
y=1+sinx.
A

2

y=1+sinx
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Example 2

Sketch the graph of y == 1 + |cosa] for 180" < x < 180"

Solution '

First we sketch the graph of y = |cos+|. Then the whole curve is moved | unit up to obtain

vyl [ms.\'g.

A
. 2
\\ T~ -~ - .
% R bR -~ y =1+ |cosy]
\ ’ N 3%
o/ b Y
v/ Nos
[ Yoy
1! vt
I by
[ Y
] v =[cos .1'|
>

~§30™ 902 0° 90°  180° «x

-1
Example 3
Sketch the graph of y = |tany| for 0< x <2 1 showing clearly the position of the
asymptotes,
Solve the inequality jtan s < | for 0< x <21, (C)
Solution
- |
I I
| : L1y =tanx
1 1 "
| |
s |
: I ‘ : I
I 1
| N A : N,
4 Sz 3
0 E i x AX A Iz 2z X
4 20 4 4 2
| )
To solve the inequality Jtan x| < |, we draw the line y = 1.
Next we solve tan X = |
7 3z T
We have X = E,E-E,——E, I
4 4 4 4
kS 7
From the graph we can see that jrany| < | for 0 <x <%T’T <x <§£.—f— ZNL I,
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! Sketch the graph of y=2+sinx for 0°< x < 360"
2 Sketch the graph of  y =1 +lsinx | for—180°<x < 180° .
3 Sketch the graph of y =sinx - 1 for 0°< x € 360°.

4 Sketch the graph of y=1"+c0sX for 0°< x < 360°.

5 Sketch the graph of y = |cos x|~ %for ~MEXS T

6 Sketch the graph of y = sin 2x for 0 x S .

7 Sketch the graph of y = c08 2x for 0 x s m.

8 Sketch the graph of y =tan 2X for0<x<m

9 Sketch the graph of y=3+ tanx for 0"3“ x < 360",

10 Sketch the graph of-i y = 2 cos x for 0°< x < 360°.

11 Sketch the graph of y =3 sinx for— 180°< x < 180°.
12 Sketch the graph of y=1-+2cosx for — 180°< x < 180°.
13 Sketch the graph of y=2+3 sinx for — 0°< x < 360°.
14  Sketch the graph of y =2~ cosx for— 180°< x < 180"
15 Sketch the graph of y= 1—sinx for 0°< x £ 360°.

16 Sketch the graph of y = sin(x - 30°) for 0°<x < 180"
17 Sketch the graph of y = cos (x - 60°) for 0°< x < 360"
18  Sketch the graph of y =tan{x+ 45°%) for 0°< x < 360"
19 Sketch the graph of y =] 1 +3cosx b for 0°< x < 1807

30 Sketch the graph of y =11+ 2sinx | for 0°< x < 180°.
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3.2 Exact values of trfgonometry functions

k]

In this section we are going to recall the exact values of sine, cosine and tangent of 30°
45", 60° and related angles, example 120° or 150°,

The following table will help the reader to remember the exact values of trigonometric
functions very casily.

il I 3
L S R I S

X 30° 45° 60°

Sinx 1 2 S

2 275 2

Cosx 3 V2 1

2 20 2

tanx 3 I V3
; O
A 3 3

To find the exact values of sine 30", 45° and 60° . we take the square root of the numbers
found in the first row.

Similarly to find the exact values of cosine 30° 45" and 60°, we reverse the values
obtained for sin x. '
sinx

And we know that tan x = . 30, to derive the exact values of tan X, we have to divide

cas.y
the third row by the fourth row.

Example 1
Without using calculator or tables, find the exact value of tan 105°,
Solution

Tan 105° = tan (45° + 60°) = {3043 _+1a060°
1-tan 45" tan 60°

_ 1+J§
-3
Rationalising, we have H‘E; L] X ]
Y B TN
_ 1+24343
1-3

)
BB B

=2

Pure Mathematics — 9709 51 5 = Tz



Example 2
Without using calculator or tables, find the exact value of sin 15°.
Solution

Sin 15° = sin (45° - 30°)
== 5in 45° cos 30° - cos 45° sin 30°
Az 3 A2
PR ._.__..><______.._ . ,,,,x —
2 2 2 2

4

Example 3

Without using calculator or tables. find the exact value of cos 150°.
Solution

cos 150° = cos (90° + 60°)
= cos 90° cos 60° - sin 90° sin 60°

il

e
o

Exercise 5.2

Without using calculator or tables, find the exact value of each of the following:

1 cos 15° [Ans : 3[62\[2] 8 sin 120° [Ans : }3 ,
2 s 150° [Ans : Va2 ) 9 cos 120° [Ans: -4 ]
3 an75°  [Ans: 3443 ]

3-43
4 sin 103° [Ans : ﬁgﬁé]
5 cos 75° [Ans : l/é4£]
6 tan 15° [Ans : S ]

3443

o |
éiz
(]

sin 75° [Ans :
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3.3 Proof of identities

If we recall the identitics learnt in lower classes, we have
sin” @ +cos” @ = 1
[ +tan® 0 = gec? B
I +cot’ 0 - cosec’0

In addition, the reader is expected to be familiar with the following identities

51 [

smn 0_ A tan()‘ Cf)sg = =cot 0,
cos sinf  tan@

--'l -7 cosech, = sec.

sin ¢ coséd

To prove an identity, the following steps will prove useful.
Stepl  Convert all trigonometric ratios to sine and cosine ratios
Step2 Take L.C.M and simplify

Step3 , Use the identity sin® 0 + cos? 0 = |

Example 1
Show that sech cosech - cotd - tand
Proof
[LHS secl cosech - coth = | x _] —C_ﬁq
cosé sind  sind
_ ] _ Cosf
cos@sing@  sind
o l-cos’ @
cosfsing
- sin” @
cosfFsin g
= 28 - and (R.HLS)
cosf
Example 2
Show that tanbl + cot = — 2 AC)
sin 26
Proof
[.HS tan® + coth = —Sjiéi+ C'OSQ
cosd@  sind
. _;En: 6+cos” @
cosé@sind
- !
cos@sing
2 2
Cye——— = 2 (RHS)
2cosfsing s 2¢
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[Exercise 5.3

Prove the following identities

1 cosec A —sin A - cos Acot A

¥ el . b
2 seeTX b COSECTX T COSECTX SeCTX
3 ,I_T_S_i,“:" . cosxy 2

Ccos X l+sinx CoOsSXY

4 M-)— = 2 4+ SeCX COSEeC X

SIN . XCOS .Y
5 cos A cosec A + sin A sec A = cosec A sec A
6 (sin x + cos x) (1 —sin X cOs X) = sin® x + cos’ X.
7 (sec x —tan x) (cosec X + =cotx
8 cot? A~ cos® A= cot” A cos” A
9 (sin A - cos A) (tan A + cot A)=sec A —cosec A
10 cot A+ tan A = sec A cosec A
11 (1 - cos@) (1 + secB) = sinb tano
12 _SmA +1+,C°SA =2 cosec A

l+cos A sin 4
13 tan’y + cot’y = sec’y + cosec’y — 2
14 {cot8 — tanB) sinf = 2cosb — secO
15 cosech — —o b= cot
14cosé
16 cos’®+ sin?0 = sin’D + cos™®
sind
17 cosec A - - ———- = cot A,
1+cos A
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3.4 senmg aigonometric equations

In this part of the chapter. the reader is expected 10 be familiar with the four guadrz=:-
and the sign of the difierent irigonometric ratios in cach of the four quadrants.
Oie following w il help the reader 1o solve trigonometric equations more confident:y .

A

2" Quadrant ™ Quadrant
sin (+) AlL(H)
—p
3 Quadrant 4™ Quadrant
tan (+) cos (+)

Once the principal values (key angles) of the trigonometric cquations are known. the
following can be used to find the required angles.

A
2™ Quadrant 1" Quadrant
180° - 6 g
»
3 Quadrant 4" Quadrant
270°-0 360° -6

Example 1

J.._L —

Find all values of x for which 0°<x<360° that satisfy the equation sin | —x

t | —

g TT—

Solution

. (l 1] i ]
sin|-x!. = 25 —xy=sin"'| =
k2T 2 L“’*

%.\- ~14.5° 165.5°

v =290 331.0°

Example 2
Solve the equation 2 cos™0 + cos8 — 1 = 0 for 0°< 9 <360".
Solution
2 cosO+cosb-1=0
(2cos0-- 1)} (cos@+ 1)~ 0
Either cosO = % or cosh = -1

0~ 60", 300° or ©=180"
Hence 0= 60°, 180°,300°. (Ans)
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Exampie 3
Solve the cquation 2 sin x ~ sec X, for 0" < 0 < 360"
Solutton

2sinx scCX

. !
28y —
COs Y

2sinxcosx <l

sin 2x =1

% = 90°, 4507
Hence x = 45", 225" (Ans)

Example 4
Solve, for 0°< 0 <360°. the equation 3secd + tan"8 +2 = 0. (C)
Solution

3scch + tan'® + 2 =0,

Isech + secO-- 1 +2=0.

sec 0 + 3sec@ +1=0.

Using the quadratic formula, we have

a5 B = =343 —4xix
2xl
_344/5
2

Either sec 6 =-0.38  orsec 6 —=-2.62
Either cos - 2.62 oOrcos 0 ---0.38

cos 0 - -2.62 (No Solution)

cos O~ 0.38

Key anglee = 67.5°

0. 180° 67.5°, 180° + 67.5"
Hence 0:-11.25% 247.5°,

Pure Maghoman s T 56 5 — Trigonometry }



Exercisc 5.4
Find all the angles between 0° and 360" inclusive which satisty the following equations:

V2

1 sin (x - 10%) = . [Ans: 55° 1457

2 cos (x + 15%) == g [Ans: 15°,315°)

3 $in 2x - 0.5 [Ans: 15°, 75°, 195°, 255°]

4 cos2x - 0.5 [Ans: 30° 1507, 210°, 330"

5 tan 3x ~ | [Ans: 15°,75°, 135° 195°, 255°, 315°]
6 2tany =3 siny [Ans: 0°, 48.2°, 180°, 311.8", 360°]

7 2'cos™x + sinx = | [Ans: 90° 210°, 330°]

8 2 cos™x - Tcosx + 3 = 0 [Ans: 60°, 3007

9 3sin’x  7sinx+2 -0 [Ans: 19.5° 160.5"]

10 sinx 1 2sinx cosx =0 . [Ans: 0° 116.6°, 180°, 243.4°, 360°] .
1t 3cos™0 - 2 cosh [Ans: 48.2°,90° 270°, 311.8°]

12 tan 2x := cot 70° [Ans: 10°, 100°, 190“, 280]

13 3 (sin0 - cosB) - 2(sinb + cosh) [Ans: 78.7°, 258.7%)

14 Scos’0+2sin0-3 [Ans: 54.7°, 125.3% 243.7°. 305.3°]
I 1

15 tan —x = - [Ans: 53.2Y)
20 2

16 3 cosB+coth=0 [Ans: 90°, 199.5% 270°, 340.5°]
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[TRIGONOMETRY 1 - SAST EXAMINATION QUESTIONS|

Solve for x, where —} g0°< x < 180°, the equation sin (x + 607) == cos X.
[Ans @ 15°, -165°]

Find the solution for x. where 0°< x < 360°, of the equation sin 2x = cos 36°.
[Ans : 27°, 63°. 207°, 243°]

Using the fact that 759 = 30°+ 45°, find the value of sin 75° in surd form,
simplifying your answer. [Ans : Y (V6 +V2)]

By completing the square. find the greatest and least values. as 8 varies. of
cosO—cosB+6. - [Ans: 8 5%]

Given that coseec A = 1. where 90" <A<180", tind the exact value of sec A.

745

Ans . ———
[Ans 15]

Show that the equation 28inx Cosx 4 4 cosox = | may be written in the form
tan~x — 2 tanx - 3 = 0.
Hence solve the equation 2sinx COsX + 4 cos'x = L. giving solutions for
0°< x £ 360°.
[Ans : 71.6°,251.6% 135°,315°]

Given that 7 tan@® + cotd = 5 secB, derive a quadratic equation for sin®. Hence. of
otherwise. find all values of € in the interval 0°< x <180° which satisty the
equation, giving your answers to the nearest 0.1°, where necessary.

[Ans: 6sin@—5sin6+1-0: 30°, 150°. 19.5°, 160.5°)

Solve the equation secH tand = 2. giving solutions for 0°< x < 360°.
[Ans: 51.3° 128.7°
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CHAPTER 6

[ vecrors |

6.1 Standard notations for vectors

A vector quantity can be represented by a line segment with the direction specified,
e 1.
Normally, a vector is represented by a single bold letter. sav a.

CIN )

Vectors can be represented horizontally, e.g 2i = 3 or in column vector form, S (

L

]

L.

=

“Vectors can be represented in two-dimensions e.g 3i - djor

. 8 %"
Vectors can also be represented in three—dimensions, e.g 3i — 4j + Skor -4+

¢
& A

Class Activity

Express the following in column vector form.

(@) 4i+j+3% (b)Y2i-57+74 (©yi—27+3k
(d) ~i+6j+i (€ i-j+k () i+ 4k

(g) 57+ (h)2i -3 (77

(§) 6/ (k) 5% (N47i+34
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6.2 Position vectors and Displaceinent vectors

The position of the points P, Q and R relative to the origin O are denoted by oP .00 and

Of . The vectors OF .00 and OR are called position vectors of P, Q and R respectively.

OP .00 and Of can be represented by p, g and r respectively.

From the diagram
7
00=4q
OP + 00=p +q
PO=00 — OP =q—P
Similarly
RO B =r—p
OR=0R-00 =r~-q

In general, a vector between two points A and B can be expressed in terms of their

position vectors.
1B = 0B -0

Example 1

The positioh vectors of A and B relative to an origin O are

is the midpoint of AB. Find the position vector of M.

Solution
OM = L(01 + 0B)
f10 (3 14
Now 04 + OB = | 1[+!15|=|6
3 l\ﬁ 8
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L

Exercise 6.2|

The position vectors of A, B and C relative to a fixed origin O arc
2373
5001
30

(a) AB (b) AC [Ans: (a) (1,-4,-2) (b} (~1.-5, 1)]

1
and {0 respectively. Find the displacement vectors
4

Yl position vectors of P, Q and R relative to a fixed origin O are
(3 ] 2]

to 1| and | 3| respectively. Find the displacement vectors .

1 4)

2

(a) PO (b) OR. [Ans:(a) (-2, 1.-1) (b) (1,2, 3)]

The position vectors of A and B relative to a fixed origin O are
(2\ 4
Lcl ‘ and | 0] respectively.
3) !
If M is the midpoint of AB, find the position vector of M.  {Ans : (3, 2. 2)]

The position vectors of P and  relative to a fixed origin O are
| -1
0|and | 2 | respectively,
)

“

It N 1s the midpoint of PQ, find the position vector ofN.: [Ans: (0, 1,5/2)]

! 2
[ {and [-3|
-1 {)J

respectively. If R is a point on AB such that AR : RB =1 : 3, find the position
vector of R. [Ans: (5/4,0,-3/4)]

1 4 ]
Ofand | -3
3 0 )

respectively. If R is a point on AB such that AR : RB = 1 : 2, find the position
vector of R. [Ans:(2.-1.1}]

The position vectors of A and B relative to a fixed origin O are

The position vectors of A and B relative to a fixed origin O are
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6.3 Magnitude of a vector
)

The magnitude of a vectora = | h 1. denoted by jd. is given by

¢

M = ‘Jc.': b7 ot

The magnitude of ¢ vector represents the length or modulus of that vector.

Example 1
Calculate the magnitude of the vector a=1+2j+2k
Solution
ldf = 17427427 = Jo=3
Example 2

nOA—:+3;+2kandOB = 4i — j + 5k. find 43]

Solution
1 4
Now 04 ={3|and 08 = |-t
i) 5
18= OB — O

il
to W
— -

— ' 1
\.43 = J L3 43" = 4
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Exercise 6.3

1 The position vectors of A, B and C relative to a fixed origin O are
RANS 5
14 (J and | 2 | respectively, Find
“Loj l ; J 6
(a) ZE‘ (b [4C [Ans:(a) ¥3 (b)7]
2 The position vectors of P, Q and R relative to a fixed origin O are

o2y, 0
L!J,l—!J and 11 respectively, Find
2700

)

(a)

P—.Ql (b) l@ﬁ‘ [Ans: (a) V8 (b)243]

3 The position vectors of A and B relative to a fixed origin O are
) 3
4J and UJ respectively. Find FTE’ where M is the midpoint of AB.

5
3

3

[Ans : 6]

4 The position vectors of P and Q relative to a fixed origin O are
|

3
0| and {2 i respectively, Find |ﬁil where M is the midpoint of PQ.

2 4)
[Ans: 3]
5 Relative to the origin O. the points L and N have position vectors 12i + 5k and

9i + j. Calculate the magnitudes of OL and LN.

[Ans: 13, 435]
6 Relative to the origin O, the points P, Q and R have position vectors 6i + 8k,

21+ 3j and 2i -- 3 + 4k. Calculate the magnitudes of OP and QR.
' [Ans: 10, 32 ]
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6.4 Unit vectors

A unit vector is a vector whose magnitude or length is 1.
The unit vector in the direction of a denoted by & is given by

Example 1

Find the unit vector in the direction of 12i + 5.
Solution
Let a=12i+45j.

- 12/ 45
Then dG= == — 0

ZINER

L +5L

: N
B 125+5_}'

J169
=L (2i+5))

13

Example 2
Find the unit vector in the direction of 21 + 2j + k.

Solution
Let a=2i+2j+k

B i i
Then &=—= ——==

Example 3

IFOA=2i+3j+kand OB=3i-2j F 4k, find a unit vector in the direction 0

Solution
2 3
Now O =3 and 08 = | =2
1 4
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AB  =0B-0A

3 2y 1)
=|-2]-13]=|-5
1
4 ] L3 J
The unit vector in the direction of 48 = 22 = ’——S&_
|,4B| JE (=)t 43
N (Ans)
V35

Exercise 6.4

1 The position vectors of A, B and C relative to a fixed origin O are
31( 6 (3
4J. 0 ] and [2 respectively.
0)1-8] 6
Find unit vectors in the direction of OA, OB and BC.
M+4j 6i -8k —i+2j+14k

Ans: - § .
[An 5 10 /201 ]
2 The position vectors of P} and R relative to 4 fixed origin O are
(2\( 2 1
|3]/~1 and {4 respectively.
1
4710y \3
Find unit vectors in the direction of OP and QR.
243744k -{+57+3
Ans: : ; :
: T s
3 Relative to the origin O, the points L and N have position vectors 12i + 5k and

8i + 5. Find unit vectors in the direction of OL and LN.
1245k —4i+ 5] Sk

Ans ; ]
[ 13 Jo6
4 Relative to the origin O, the points P and Q have position vectors 2i + 3j +kand

3i+4j. Find unit vectors in the direction of OP and PQ.
[Ans : 2i +3_;7+/\' i+ j-tk

NI
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6.5 * Scalar product (dot product) of two vectors

N b
The scalar product of two vectors a4 = u:} and b= ih:}. written as a « b is given by
h;

sy

(”1 b
l ay el by |7 by + ¢br + asba.
Lr} hy : '

Example 1

The position vectors of
1

2 (3\ \
\ 1\. lu}-and 4| respectively.
~ Y e

A. B and C relative to 8 fixed origin O are

\_'\

Find (i) OA «OB (i) AB «BC

2Y (3
;l-{()l=6+0+6= 12

2

Solution

(i) QA OB =

3
(1) AB=0B -0A= KO}
n
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@e_i'cise 6.5}

The position vectors of A, B and C relative to a fixed origin O are
(2Y(3 (1
’ St and ‘ 0
341 4

5 respectively, Find
341

(@) O4e OB (b) OBe 3¢ [Ans:(a) 14 (b)-7]

The position vectors of P, Q and R relative to a fixed origin O are

3
2 4

N 2
{O _{1 ’ and { respectively. Find
Y

(a) OPeOR (b} OR » F@ [Ans:(a) 14 {(b)-5]

The position vectors of A and B relative to a fixed origin O are
2 4
4land | 0 respectively. Find
3 I

(a) 04008 (b) UBe 15 [Ans:(a) 11 (b)6]

The position vectors of L and M relative to a fixed origin O are
] ]
2| and || respectively. Find

i3 !

(a) OL=OXT  (b) OLe L1} [Ans:(a)6  (b)—8]

Relative to the origin O, the points P and Q have position vectors [0j + Sk and
7i + 5j. Find

(@) orPe0Q  (b) 00 e OP [Ans:(a) 70 (b) -4]

Relative to the origin O, the points A and B have position vectors 3i+4f +k and
2i+ 3j. Find
(a) 01«08 (b) OB« B [Ans:(a) 18 (b)5]
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6.6  Angle between two directions

To find the angle between two vectors ¢ and b, we start by drawing ¢ and 4 from a

commeon point. Then the angie 8 between the two directions is given by

Example 1

“ Find the acute angle between the vectors a =i+ j+ k and b = 2i + 3j + 4k.

. Solution

Now g eh=||

ash =i || cosB

or cosd = kol
e

lf =Vt =43
1h] = 20 43040 = 00

9
Thus cost= —--=
3429

Hence 8 - 15.2°

Example 2
F

Given that OA = | 0 1 OB

Sy
in exact form.
Solution
cos 2BAC = 8240

|4Bj4C]

Now AB=0B-0A=

AC=0C-0A=

Pure Mathemznos - 9700

2
=1 ] and OC = | -2, find cos ~ BAC, giving your answer

0

3] 3

=3 3
2 1 ]
= |o]=|1
3 ] .
0} (1 ~1
—2j— 10| =]-2
3} -1 4
68
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Also

-
o= y

FRTY Pl
ABeAC=| 1 |ofu2i=_y]
4/‘

F?)"):\/Iz—ni:l: +(-2)% =46

l4C] == -2 47 3T

Hence

. —11
cos ZBAC =
Vo2t

~11
= = Answer
xBficds e )

Exercise 6.

The position vectors of A and B relative to a fixed origin O are
[ 3)
! 4| and IJ respectively. Find ZAOB. [Ans : 45.6°]

L1 2

The position vectors of P and Q refative 1o a fixed origin O are
2) 0)
and Ll respectively. Find ZPOQ. [Ans : 42.5°]
3

1
2

The position vectors of A and B relative to a fixed origin O are
1 3
| ! |
I-LJ' and | 01 respectively. Find ZABO. [Ans 1 90°]
5 2)

The position vectors of P, Q and R relative to a fixed origin O are
( 1y (2 /3
| . :
(0 ; f—i and {2; respectively. Find ZQPR. [Ans : 70.5°]
2) s 4,

Relative to the origin O, the points L and N have posttion vectors 4i + 3k and
i+ 5. Calculate ZLLON. [Ans: 72.7°]

Relative to the origin O, the points P, Q and R have position vectors 6i + 8k.
2i i 3jand 2i - 3j 1 4k. Calculate ZPQR. [Ans : 42.7°]
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6.7 Perpendicular vectors |

Two vectors « and b are perpendicular to each other if ve b = 0.

Example |
Show that i+ j + k and 2i - 3j + k are perpendicular.

Solution

Let «@=i+j+k and bh=2i-3j+ Kk are perpendicular,
[y (2

o] -3[=2--3+1=0

) L

Since « o h - 0, ¢ and 5 are perpendicular.

Then ¢ «b =

Example 2
Find the value of p for which 2i + 4j + 5k is perpendicular to 3i - pj + 2k.

Solution
Let a=2i+4fj+5Skandb=3i-pj+2k.
Since « and b are per pendicular taeb=0

2
Now web - 4} -p| =0
L2
6 -4p+10-=0
16 4p -0
p-4
Example 3

h e

(

=

&S 5
I'he position vectors of A and B relative to a fixed origin O are [ and [—2}
{

respectively.
Find the value of k for which ka + 2b is perpendicular to b.

Solution

kav2b—=k|5|+2 -2
0

3+ 10 (S
Now ka+2beb =] 5;-4 . -2
¢ Lo

=15k + 50— 10k + 8 + 0 = 5k + 58

58
Hence k = —-—.
2
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Exercise 6.7

l The position vectors of A and B relative to an origin O are 3i + 4j and 2i + pi
respectively. Find the valye of p for which OA is perpendicular to AB.
19
Ans: =
[Ans : 2]
2 The position vectors of A, B and C relative to a fixed origin O are

23(3 !
! ] EJ and | p | respectively. Find the value of p for which OA is perpendicular
{ 1)

to BC. [Ans : 6]

3 The position vectors of P, Q and R relative to a fixed origin O are

IV 2
| - :
[()J. » | and [3 respectively. Find the value of p for which OR is perpendicular
3

YN
to PQ. [Ans : J%i]
4 The position vectors of P and Q relative to a fixed origin O are

2 4
(3] and { 2| respectively.
~1

12

Find the value of p for which OQ is perpendicular to QP. [Ans ; -7}

5 The position vectors of P and Q relative to a fixed origin O are
3 I
I | and S] respectively,
0 0

Find the value of £ for which kp + q is perpendicular to p. [Ans : —i]

3

6 The position vectors of P, Q. R and S relative to a fixed origin O are p=3i+4j.

q=35i.r= z‘}-(p +qg)ands = Zi(p — ). Show that r is perpendicular to s,
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WECTORS I - PAST EXAMINATION QUESTIONS]
The points A, B and C have position vectors given respectively by a = 2i+3j+4k,
b=350-2j+k, e=3i+5j+2k Calculate angle ABC, giving your answer t0 the
nearest degree. [Ans : 247}

Relative to a fixed origin O, the points A, B and C have positive vectors given
respectively by a=2i +3j -k, b=35i-2j+3k.c=4i+j-2k. Find

(a) the length of AB, correct to 3 significant figures,

(b) angle BAC, correct to the nearest degree,

(¢) the area of triangle ABC, correct to 3 s. £ [Ans:(a) S¥2 (b)56°{(c) 8.75]

The angle between the vector Ai + 3j — 6k and the vector i 1s 120°. Find the exact
value of the constant .. [Ans :-V15]

The diagram shows a pyramid DOABC. Taking unit vectors i, j, k as shown, the
position vectors of A, B, C, D are given by.O4 —=4i, OB =41+ 2j, oC =12j,
OD = 6k. The mid-points of BD and AB are M and N respectively.

(i) Find the vector A~ and the angle between the directions of MN and OB .
(ii) The point P lying on OD has position vector pk and is such that angle PMN is
a right angle. Find the value of p.

D

[Ans : (i) (2, 0.-3) 1 60° (ii) 5/3]

With respect to the origin O, the comners A, B,C of the square base
ABCD of a pyramid have positions vectors i + j, — +J, -1 -]
respectively (see diagram). Write down the position vector of D.
The vertex V of the pylamld has pOSIthH vector (V6)k.
{1} Express the vectors 17 and CF interms of i, j, k.
{11} Use a scasar product to show that angle AVC = 60°.
[Ans.1#J,—1—J+x6k,1+J+\161\]

=]
ra
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CHAPTER 7

7.1 Expansion of (a +b)", where n is a positive integer

{2y L ” 5w ‘/
(a+ by’ -'a""f;’]??a‘""b'— i a“’“b'+§:\‘a”3b3+ ....... + B
Example 1
Expand (2 + 3x)*.
Solution
(2 + 3x)* —24+( }23(3 x)! +L2 T (3x)° - “ 2 (3x)* + (3%)°
\ J -
<9 +4(8)(3x)+6(4)(9x) +4(2) 0“ )= 81k,
=16 +96x + 21x> + 216x° + 81x*.
Example 2

. : ) { ’ _ X
Obtain the first four terms in the expansion of | 2+i§) 1t ascending powers of x. Find the
\

value of (2.0025)® correct to three decimal places. (C)

Solution ( -
4 X 8 g (8\ 2 fx\ 8\ & _Y .4.[8\ 5 ('x\‘»
-— - ‘ v o 2 ' L 2 R
(244] 2l @y, e T @ (]
r_,q ( A
256 ¢ 8 (128) LZ +28 (64)K J+56(32) _J
256+ 256x + 112x% + 28%°
Let 21 T =2.0025
4
X =2.0025
4
x =001

So we replace x = 0.01 in the above expansion,
(2.00025)" -+ 256 + 256(0.01) + 112(0.01)2 + 28(0.01)°

—258.571 3 d.p)
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(2)
(b}
(c)
(d)

(2)
(b)
{c)

(d)

Exercise 7.1[

Write down the expansion of

(2 +3x)° [Ans : 32 + 240x + 720x + 1080x° + §10x* + 243%’]
(2 +x)° [Ans : 64 + 192x +240x + 160x° + 60x* + 12x° +x%]
(1 +2x)* [Ans: 1+ 8x +24x” +32x + 16x" |

(2 -3x)° [Ans: 8 — 36x -+ 54x° = 27x |

‘Write down the first four terms in each of the following expansions.

(2 +x)"° [Ans : 1024 + 5120x + 11520:" + 15360%°
(x +2y)"° fAns : x'7 +24x!'y + 240x "% + 1760 xy’]
(2-xYV [Ans : 512 — 2304x + 4608x" - 5376x°]
{x + l)m [Ans: <%+ 10x® + 45x° +120x%]

X

i ;
Expand (2 + x)° up to terms in %% Hence find an approximate value of (2.01)°.
[Ans : 64 + 192x + 240x* ; 65.944]

Find the first three terms in the expansion of (2 — 3x)’. Use the expansion to find
(1.997) correct to the nearest whole number.
[Ans : 128 — 1344x + 6048x" ; 127]
5 5 .
Fxpand {2 - —2—) in ascending powers of x. Use the frist four terms of the

expansion to find an approximate value of (1.99)5.

[Ans : 32 40x + 20x" — 5%° + %}{4 — glixs - 31.20796]

Find, in ascending powers of x, the first three terms in the expansion of

M 2-x° [Ans : 64— 192x +240%° |

)2 +x)(2-x)  [Ans:128-320x+ 288%” |
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7.2 Finding the nth term of an expansion

In the expansion of (a + b)", T e (”},w "

r+l
F

For example, 7, = (g}:"‘gb“ or T, =(I’”‘Jgn4|bn

Example

In each of the following expansions, find the indicated term.
(@ 2+x) ;5" term

10
(b) [2+1J : 7" term
X
Solution
(@) T, =(2J25x4 =4032x*

(b) .T, = [‘2}24[1]" _ 3360

X x6

xercise 7.2

In each of the following expansions, find the indicated term.

1 2+x;5%term - [Ans : 13440x%)
[ed
2 [3+5J ; 9% term [Ans: 1026‘5320]
X X~
3 (G-x)""; 7" term [Ans : 112266x°]
? 63
4 (2 45 f] - 6 term [Ans: —=x°]
4 32
< 20 5x)0; 4™ term [Ans : 192000x°]
B 63
6 [1 +—J ;5% term : [Ans: —]
2x 8x*
7 3-%)%; 6™ term [Ans : —1512x')
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7.3 Finding the coefficient of a given term

To find the coefficient of a given term, we have to use of the formula7,,, ={n]a””'b" :
r

Example
7
Evaluate the coefficient of x° in the expansion of (.\'2 —3] )
X
" Solution
For [xz —z] s Do =£7J(x2)7"[-—2—]
X ¥ X

Power of x in T, =20-1)—1
Let 2(7-1)-r=5

14-2r—r=5

=3r=-9

r=3

3
The term in x° = [;’)(xz )‘(— 3) =280
X

Exercise 7.3

10 -
1 In the expansion of [.1:3 ﬁi?—) , find the coefficient of x . [Ans : 3360]
X
8
2 Evaluate the coefficient of x* in the expansion of (3 —%] : [Ans : 7]
8§
3 Evaluate the coefficient of x* in the expansion of (2 + 3)()[1 —é] . [Ans:-1701]
9
4 Evaluate the coefficient of x* in the expansion of (9 + 8x) [1 —-;,—] . [Ans: 4]
5 Find, in its simplest form, the coefficient of x* in the expansion of
(a) (1+3x)° [Ans : 1215]
5
®) [x-* +EJ [Ans : 90]
X
6 Find, in its simplest form, the coefficient of x”* in the expansion of
(a) 2+x)° [Ans : 60]
10 _
(b) (_Y_EJ [Ans : ~15000]
X
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7.4  Arithmetic progressions

Consider the sequence 2,5.8,11,14,....
Clearly to obtain each term we have to add 3 to the preceding term.
The next three terms of the above sequence is 17,20 and 23,

A sequence of the above type is called an Arithmetic progression (AP).

The difference between any two successive terms is called the common difference (d).
We usually use the letter “a” to denote the first term.

The following are examples of AP’s.

1,35,79,....... a=1,d=2
45,40, 35,30, 25,....... a=45 d=-5
6,6.1,6.2,6.3, a=6,d=0.1
Now T, =a

T2=T1+d=a+d

T;=Ta+d=a+d+d=a+2d

T4=T;+d=a+2d+d=a+3d

Ts=Ts+d=a+3d+d=a+4d
Similarly Tip=a+ 9

In general the nth term is givenby Th,=a+(n-1)d
7.4.1(a) Use of the formula T,= a + (n—1)d to determine the nth term

We can make use of the formula Ty=a+(n-1d to determine the nth term of a
given sequence.

Example

Find the tenth term of the AP 2, 5,8, 11, ....
Solution

Herea=2,d=3

The tenth term, Tip=a+9d =2+ 93) =29

[Exercise 7.4.1(a)|
1 Find the tenth term of the AP 3,5.7,9, .... [Ans: 21]
2 Find the sixth term of the AP 4, 9, 14, 19, ... [Ans : 29]
3 Find the seventh term of the AP 5, 11, 17,23, ... [Ans : 41]
4 Find the ninth term of the AP 20, 17, 14, 11, ... [Ans : —4]
5 Find the eighth term of the AP 3,3.2,3.4,3.6, ... [Ans : 4.4]
6 Find the fifth term of the AP 2, 5, 8, 11, .... [Ans : 14]
7 Find the eighteenth term of the AP 10, 8.5, 7, 5.5, ... [Ans : —15.5]
8 Find the twenty {ifth term of the AP 4,7, 10, 13, ... [Ans : 76]
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7.4.1(b) Using T,=a + (n —1)d to determine the value of n

We can make use of the formula T.=a+(n-Dd to determine the number of
terms of a given sequence,

Example 1
Find the number of terms in the sequence 4, 7, 10, 13, ......... , 1000,
Solution
Herca=4 ,d=3
T|'-:4,T3':‘7,T3: 10_
Let T, = 1000
Using T,=a+(n-1)d
1000=4+{n-1)3
996 =13n-3
3n=999
n=333 (Ans)
* Hence the sequence 4, 7, 10, 13, ........., 1000 has 333 terms.

Example 2
Find the number of terms in the sequence 1, 1.1, 1.2, 1.3, ......... 9.
Solution
Herea=1,d=0.1
T1=1,T,=1.1,T;=1.2
LetT,=9
Using To=a+(n-1)d
9=1+(n-10.1"

8§=0.In-0.1

0.In=28.1

n=281(Ans)
Hence the sequence 1, 1.1, 1.2, 1.3, ......... , 9 has 81 terms.

Exercise 7.4.1(b)|

1 Find the number of terms in the sequence 2, 5, 8, ...... , 68. [Ans : 23]
3 Find the number of terms in the sequence 1, 5,9, ......... , 129, [Ans : 33]
3 Find the number of terms in the sequence 5, 5.2, 5.4, ......... ,25. [Ans: 101]
4 Find the number of terms in the sequence 60, 55, 50, ......... ,—40. [Ans: 21}

Find the number of terms in the sequence 8, 11, 14, ......... ,80. [Ans; 25]
) Find the number of terms in the sequence 4, 4.5,5,5.5 ......... , 50.{Ans : 93]
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7.4.1{c) Using T,=a + (n-1)d to determine the value of a and d

We can make use of the formula T,=a+{n-1)d to determine the value of the
first term and the common difference. '

Example 1
For a given AP, the nth term is given by T, =2n + 5.
Find the value of the first term and the common difference.

Solution

Ty=2n+35

Ty =21)+5=7

Ty =2(2)+5=9
T;=23)+5~-11

Clearly, g=ly=g
and d=9-7=2
Example 2

For a given AP, the nth term 1s given by T, = 3n — 1. Find the value of the first term and
the common difference. Also calculate the hundredth term.

Solution

To=3n-1

Ty =3(1)- 1=2
Ti=3(2)-1=5
T;=3(3)-1=8

Dlealiy, a=T=2
and d=5 23

Hence Tigp = a+ 99d = 2 + 99(3) = 299

[Exercise 7.4.1(c)

1 For a given AP, the nth term is given by T, = 4n + 3. Fiﬁd the value of the first
term and the commeon difference. [Ans:a=7,d=4]

2 For a given AP, the nth term 1s given by T, = 3n + 5. Find the value of the first
term and the common difference. [Ans:a=8,d=3]

3 For a given AP, the nth term 1s given by T, = 2n — 7. Find the value of o and d.
Also calculate the fiftieth term. [Ans:a=-5,d=2;93]

+ i'or a given AP, the nth term is given by T, = 10 — 3n. Find the value of # and d.
Also calculate the twentieth term. [Ans:a=7,d=-3;-50]

5 For a given AP, the nth term 1s given by T, = 5n + 3. Find the value of @ and d.
Also calculate the fourteenth term. [Ans:a=8,d=5;73]
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7.4.1(d) Using T,=a+ (n—1)d to determine the value of a and d

We can make use of the formula To=a+(n-1)d to determine the value of the
first term and the common difference.

Example 1}

For a given AP, the fourth term is 11 and the sixth term is 17. Find the value of thg first
term and the common difference,
Solution

Ts=11 =—=a+3d=11
Te=17 = at+5d=17

Subtracting ~2d—-6
= d=3
a=11- 3(3)=2

Example 2

For a given AP, the third term s 17 and the fifth term is 9. Find the hundredth term.
-Solution
T =17 =at2d=17
17 e

Subtracting - 2d=8

= d=--4

=4 a=17-2(-4)=25
Hence T =a+99d =25+ 99(—4) = -371.

Exercise 7.4.1(d)]

1 For a given AP, the fifth term is 8 and the eighth term is 27. Find the value of
the first term and the common difference. [Ans:a=6,d=13]

The fourth term of an AP is 28 and the sixth term is 40. Find the value of the first 7.

term and the common difference. [Ans:a=10,d=6]

3 For a given AP, the third term is 5.2 and the eleventh term is 6. Find the twenty
fifth term. [Ans : 7.4]

4 The second term of an AP 1s 9.2 and the fifth term is 12.8. Find the thirteenth
term. [Ans : 22.4]

5 For a given AP, the third term is % and the eighth term is 2. Find the eighteenth
term. [Ans : 4.5]

6 The third term of an AP is 12.6 and the seventh term is 13.8. Find the fifteenth
term. [Ans : 16.2]
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7.4.2 Sum of an AP

For the sequence Ty, Ta, T3, Ts, Ts, ... Ty, ... iIf we add up the terms, we will obtain a
series Ty + Ta+ T3+ Tu+Ts+ ...
If S, denotes the sum of the first n terms, we have

g == g[2u+(n—1)d] or S, = %[a-i—]], where / is the last term
Example 1
Forthe AP 2,5 8, t1,....... Find the sum of the first 25 terms.
Solution
Hete a=2andd=3
Using Sy = %[2a +(n-1d] , we have
Sas = 2—25[2(2)+z4(3)]
- —223[4+7z] =950 (Ans)
Example 2
Find the sum of the AP Y , 1000.
Solution

First we have to find the number of terms of the above AP.
Here a=1landd=3
Using T, =a=+(n- 1)d, we have
1000 =1 +(n—1).3
1000 =1+3n-3
3n= 1002
Hence n=2334

Since the last term is known, weuse S, = g[aw]

Syss= 222 [1+1000] = 167167 (Ans)
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tmple 3 ;
Ath term ot an AP is given by T, = 3n + 10, Find the sum of the first 15 terms of the
APl
Solution
Now S[5 .I‘| | Tg_Jr 13 Tl + T]j
T -3+ 10 13
Tis =3(15) 1 10 =355

[!sing S == f [(J+/] oS85 = 12?-[13+55] =510 (Ans)

B

xample 4
Find the sum of all even integers between 20 and 100 inclusive.
Solution
The integers are 20,22, 24, ..., 100,
Here a 20andd+=2
To find the number of terms of the above AP, we usc

Ty =a+(n- d,

160 - 20+(n 1)2

80 2n 1y

40 - n- 1
Henece n = 4i
Using Sa - g[m 1]

Sqy = f; [20+100] - 2460 (Ans)

Lxample 5

Find the sum of all integers between 50 and 100 inclusive which are not multiples of 3.
Selution

Integers from 50 to 100 are 50, 51, 52, 53. . A

Clearly there are 51 terms.

Using  S,= g[aﬂ']

Sei = %[5{)“00] = 3825

Constider those integers which are muitiples of 3
The integers are 51,54,57, ....... .99
Using To=a+(n-1)d, we have

99 =51 +(n— 1)3

48=3(n-1)
16=n-1
Hence n=17

Using Sp = ~;-—[a+f]

8= .’;_[51+99] = 1275
Hence the required sum = 3825 — 1275 = 2550 (Ans)
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Exercise 7.4.2‘

1 Forthe AP 2,6, 10, .... find the sum of the first 50 terms. l&ms ¢ flas,

2 Forthe AP 5,8, L1, 14.... find the sum of the first 60 terms.  {Ans: 5610;

3 The nth term of an AP is given by T, = 2n + 3. Find the sum of the first twenty
terms. [Ans : 480]

4 The nth term of an AP is given by T, = 3n + 5. Find the sum of the first forty
terms. [Ans : 2660]

5 Find the sum of the AP 1, dads o v s . 30 [Ans:12520.5]

6 Find the sum of the AP 4 7,10,13,....... , 499, [Ans: 41749]

7 Find the sum of all odd numbers between 11 and 51 inclusive. [Ans : 651]

8 Find the sum of all even numbers between 50 and 100 inclusive.  [Ans: 1950}

9 The second term of an AP is 4 and the fifth term is 13. Find the sum of the first
hundred term . [Ans : 14950]

10 Given that the first and second term of an AP are 12 and 6 respectively, find the
sum of the first hundred terms. (C) [Ans: -
28500]

11 The first few terms of an AP are 60, 55, 50, .... Find the sum of the positive terms
of the sequence. [Ans : 390]

12 Show that the sum of the positive integers less than 100 which do not contain the
digit 7 is 3762. (C)

13 An arithmetic progression has 241 terms and a common difference of 0.1. Given
that the sum of all the terms is 964, find the first term. (C) [Ans : -8]

14 An arithmetic series is such that the ninth term is zero and the sum of the first 25
terms is 50. Find the first term of the series. (C) [Ans : —4]

15 An AP is such that the sum of the first 8 terms is 156, and the sum of the first 10
terms is 215. Find the fifth term. (C) [Ans : 20.5]

16 The surn of the first 6 terms of an AP 55.5 and the sum of the next 6 terms is
145.5. Find the common difference and the first term. (C) [Ans:20.5]
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Geometric progressions

| Consider the sequence 2,6,18,54, ...
“Clearly to obtain each term we have to multiply the preceding term by 3.

The next two terms of the above sequence is 162 and 486.

A sequence of the above type is called an Geometric progression {GP).
The ratio between any two successive terms is called the common ratio ().

As usual, we use the letter “a” to denote the first term.

The following are examples of GP’s.

:,_)‘_,‘)“i R a=1,r=3
100, 20,4,08,....... a:100,r=é‘
2, 20, 200, 2000, ..... a=2,r=10
Now T1=a
T=T)xr=ar
Ti=Taxr=arxr=ar
Ti=Tixr=arxr=ar
_ _ T5=T4><r=.czr3><r=arr4
Similarly Tw=a’

In general the nth term is given by Ty = ar™

7.5.1 Use of the formula T,= ar™' to determine the nth term

We can make use of the formula T,=ar

n-1

sequence.

Example

Find the eighth term of the GP 2, 4, 8, 16, 32....
Solution

Herea=2 ,r=2

The tenth term, Ty = ar’ =2 (2)T =256

[T ¥ ) - R R O R

[Exercise 7.5.1]

Find the tenth term of the GP 3, 6, 12, 24, ...
Find the sixth term of the GP 4, 12, 36, 108, ....
Find the seventh term of the GP 100, 50, 25,, ....

Find the ninth term of the GP 1, 3, L S—
Find the eighth term of the GP 1, %, Y , ...
Find the fifth term of the GP 10, 20, 40, , ...
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7.5.2 Using T,= ar""' to determine the value of n

We can make use of the formula T,= @™ to determine the number of terms of 2 gvEr
sequence.

Example
Find the number of terms in the sequence 1,2, 4.8, ......., , 1024,
Solution .
tlerea ~ 1, r=2
Te 1. Ig=2 Ty =4
LetT = 1024
sing Tp= ar™
1024 = 1(2)“‘
2"=1024
Taking In on both sides
In 2" '= In 1024
(n=1) In 2 =1n 1024
: In1024
n-- 1 —

=10
in2
n=11
Hence the sequence®, 2,4, 8, ........ , 1024 has 11 terms.
Exercise 7.5.2]

1 Find the number of terms in the sequence 2, 6, 18, ......... , 1458. [Ans: 7]

2 Find the number of terms in the sequence 1, 3,9, 81......... ,2187. [Ans : §]

3 Find the number of terms in the sequence 8,4,2, 1......... , SIE [Ans : 13]
25 25

4 Find the number of terms 1n the sequence 100, 25, —, ... —. [Ans: 7]
4 1024

. ) : 1 11 i

5 Find the number of terms in the sequence 1, —, —, —..., ——. [Ans: 12]

- 27478 2048
_ . . 2 2
6 Find the number of terms in the sequence 6, 2, g s ; @ . [Ans: 0]

7 Find the number of terms in the sequence 5, 10, 20, 40..., 640, [Ans : §]
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7.5.3 Using T,=ar"" to determine the value of a and r

We can make use of the formula To= ar™ to determine the value of the first
term and the common ratto.

Example 1
For a given GP, the nth term is given by Ty = 2l
Find the value of the first term and the common ratio.

Solution

T, =3

Ty =t

T,=2=8

Clearly, a=T=4 and r= % =2
Example 2

For a given GP, the nth term is given by T, = 2(3" Y. Find the value of the first term and
the common ratio. Also calculate the tenth term.

Solution
T.=2(3""
=2(3% =2
"=2(3) =6
Clearly, a=T; 2 and r= % =3

Hence Tg=ar — 2(352) ~ 39366 (Ans)

[Exercise 7.5.3

For a given GP, the nth term is given by Ty = 3"*! Find the value of the first term
4 the common ratio. [Ans:a=9,r=3]

2 The nth term of a GP is given by T» = 53(2"™"). Find the value of the first term and
the common ratio. [Ans:a=5,1=2]

3 For a given GP, the nth term is given by T, =3 (%] . Find the value of g and .

3 3
Also calculate the tenth term. [Ans:a==,r="Y; —]
2 1024
/ n+l
4 The nth term of a GP is given by T, = 2[5} .
2 2
dentes 0 glue of the seventh term _ BpEsEEmE= e, [T — 1 —1
g 6561
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7.5.4 Using T,=ar"" to determine the value of a and d

n-1!

We can make use of the formula Ti=ar to determine the value of the firs:

term and the common ratio.

Example 1
For a given GP, the third term is 18 and the sixth term is 486. Find the value of the first
term and the common ratio.
Solution .
T3=18 =ar'=18
Te=486 = ar’ =486

Dividing = 27
r=3
a3y’ =18
2 el
Example 2

For 4 given GP, the fourth term is 8 and the seventh term is 1. Find the fifteenth term.
Solution

T4=8 =ar=8
T;=1 = a’=1

. 1
Dividin e =
& g
{
r: S
2
a (l)k—, 8
2
a=064
S
Hence Tys= 64(—} =—
2 256

IExercise 7.5.4

i For a given GP, the third term is 16 and the fifth term is 256. Find the value of

the first term and the common ratio. [Ans:a=1,r=4]
2 The fourth term of a GP is % and the sixth term is é— Find the value of the first
: 1
term and the common ratio. [Ans:a=4,r= 5]
3 [n a certain G the second term is 20 and the fourth term 1s 500. Show that tha

first term 1s 4.

4 The first term of a GP is 20 and the third term is 28.8. Find the tenth term.
[Ans: 103.2]
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7.6  Sumofa GP

For the sequence Ty, T, T3, T4, Ts, ..., Ty, ... if we add up the terms, we will obtain a
series T+ Ta+ Ty +Ty+ Tet .4 T
I S, denotes the sum of the first n terms , we have

LI

a = a\
vr-b)
U )
or s, --a{ 11 2 ] — This formula is used when the common ratio 1s less than 1 (i.e r <1)
o
Example 1
Forthe GP 3,6, 12,24, ... {ind the sum of the first 10 terms.
Solution

Here a =73 r=:2

- . R
Sincer > 1, weuse §, - a(f.._l__
r—1

(ql(} -1
-3 ;__l_) = 3069 (Ans)

L 2

f
s

Example 2

Forthe GP  64,16,4, ....... —

256
Solution
Herea=64 r='%
Using T, = ar®™' to find the number of terms
1 — ) 1 n-1
5 = 6414 )
l

b 5/ n--1
16384 Gl

1

Ino (et
16384

™
‘Ch
— i)
=)
=
.|

(1Y)
: (1-¢m) 1"k4} ‘
Since r << |, we use S, = aL-—— o | R 8 = 64{ = 85.3 (Ans)

el ] 1__1. !

‘)
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Example 3

A GP has first term 6 and common ratio of 1.5. Find the least number of terms which
must be taken so that the sum of these terms exceeds 10 000,

Solution J '

£ _

Sincer> 1, we use S, = C,JL’___II_]
e

4

i

S, :6([' J:-lOOOO
o LBl
12(1.5" ~1) > 10 000
[.5">833.3
Taking In on both sides
in 1.5">1n 833.3
ninl.5>In 8333
n>16.6
“ence n= 17 (Ans)

1 Forthe GP  4,8,16,32, ... find the sum of the first 12 terms. [Ans 1638b]

2 Forthe GP 50,25, 12.5,.... find the sum of the first 9 terms.  [Ans : 99.8]

3 The nth term of an GP is given by T, = 3™, Find the sum of the first seven terms.
[Ans : 295113
4 Find the sum of the GP 2, 1 B2, e 15552, [Ans:4.76672]
5 The fourth term of a GP is 24 and the sixth term is 96. Find the sum of the first
ten term . [Ans : 3069}
6 The sum of the first three terms ofa GP is 117 and the sum of the next three terms
is 1?3 Calculate the third term. [Ans : 9]
4 tind the least number of terms of the GP 4, 8, 16, .... which must be taken for
their sum to exceed 500. fAns: 7]
8 A GP has first term 5 and last term 2560. If the sum of all its terms is 51185, how
many terms are there? [Ans : 10]
v -4 of the first 4 terms of a GP is 40. Its third term exceeds the first term by
8. If the first term is greater than I, calculate the sum of the first six term,
[Ans :168]
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7.7 Sum to infinity (S.) of a GP

_ rn

Consider the formula 5, = a[ll ) . Basically it is being used when the value of r is such

=1
that—1 <r<1.Asn— oo, 1" — 0.

o
;..o we have §, =
- B

Flence the sum 1o infinity of a GP exists provided -1 <r< 1.

Example 1

Forthe GP 4,2, 1, ...find the sum to infinity.
Solution

Herea=4,r=%

S, = = =8

S 1_%

Example 2

A GP has first term @ and a common ratio of —\;—_— . Show that the sum to infinity of the
2

series is givea by a(2 + \E). (C)

Solution
Hcrea‘:a,r:—\}‘;—
e a - a _ a — ﬁa
“Tler 1z 2ol V24
V2
o | J2 41

= E(EJI—JZ) =g(2 + 2} (shown)

Example 3
The second term of a GP is 2 while its sum to infinity is 8. Find the sum of the first 8
ferms. ’

Solution
Given To=ar=2 e (1)
and S, =-—=8 .2
I—r

Fram (1) a= 2
. g

T 2fr
Substituting in (2), we have o 8

—-F

= = =81-1)
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=] 4r-4r°
N P

% (2

v B

(a)
(b)

(c)

(d)

1} (2r- 1) =0
Y ¢ ‘and a:V—?z:zx
L7
(/12,)«}“731 (Ans)
- b

Li's. . o [Ans : 2]
6,2, -2~ 2 [Ans : 9]
379
4
16,4, 1, Y4 [Ans : —63—]
25,5, 1, L] [Ans: ]—%5—]
5 4

Find the common ratio of a GP whose first term is 18 and whose sum to infinity is
42. . ' [Ans : 4/7]

The first term of 2 GP is @ and the common ratio is r. Given that ¢ + 96r = 0 and
that the sum to infinity is 32, find the eighth term. [Ans : —0.375]

The second term of a GP is 24 and its sum to infinity is 100. Find the possible
values of the common ratio. [Ans : 2/5, 3/5]

An infinite GP has a finite sum of 256. The sum of the first three terms is 224.
What is the value of the third term? [Ans : 32]

In a certain GP, the second term is 32 and the fifth term is 4. The sum of the first
4 terms is x % of the sum to infinity. Find the value of x. [Ans : 93.75]

Find the least value of n for which the sum to n terms of the geometric series
14098+ (0.98)* + ... is greater than half the sum to infinity. [Ans: 35]
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CHAPTER 8

ll DIFFERENTIATION 1 Il

8.1 Gradient of a curve

We know that the gradient of a line from a point P(x,, y)) to Q (X2, y2) is defined as

m= X

XamXy

The gradient of a straight line is constant throughout and 1s equal to the tangent of the
angle which the line makes with the positive direction of the x—axis.

Ya
I

I

When a line touches a curve without cutting it, the line is said to be the tangent to the
curve.

In the figure, the line /; is said to be the tangent to the curve at the point P and the line /,
is satd to be the tangent to the curve at the point Q.

A curve is not a straight line and its gradient is not constant. In fact the gradient of a
curve changes continuously.

We define the gradient of a curve at a point P to be the gradient of the tangent drawn at
the point P,

The gradient of a point P-is found by drawing a tangent to the curve at the point P. The
gradient at Q is found by drawing a tangent to the curve at the point Q. However, the

gradients obtained by drawing tangents are only approximate values.

We can obtain the exact value of gradients by using the method of differentiation.
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8.2 Derivative of ax"

If y =ax", then d—v = anx" ", where a is a constant and » is an integer or a rational number.

X
Example 1
¥ind the derivative of the following
@+t () 128 S
X

@) Lery= 5%° + 7+ 1
P - = 15x* + 14x

X

(b) Lety=12x"—- = = 12x" —6x °
’C

= 24x + 18x *=24x+ %
X X
Example 2
Find the derivative of the following
4 61 +5x
a) — b
(a) 7 (b) =
Solution
1
(a) Lety = LA
X
3
Ll —2x 2 2——2—
dx 3
x2

Example 3
Siventhei )= “——, find £'(x)and /" (x).
X

Solution

%) =x+ 2 oex+ax?
B x2

. _ -3 _ 3
O

24

-
X

and f"‘ (x) =24x "=

Pure Mathematics — 9709 95 § - T



Example 4

If y=2¢+3 Ye-1 find 2

X e
Solution
y=2x"+3 J;Lq
. !
=2x"+3¢2 —x*
|
A gy I Trax
dy 2
=4x + ,,3_+i
2\/; X
Now d: 4- 3,72 1oy
dx”

3 12
=4 - R (Ans)
4x3
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Differentiate the following with respect to x.

1 3x7 1 6x [Ans : 6x + 6]
2 8x* + Tx* - 3x [Ans : 24 x> + 14x - 3]
2 1 1
3 X"+ — [Ans:2x— —]
X X"
4 3
TR [Ans : 8x + 3]
x”
k) 3
5 6% _;4 ] [Ans : 6x]
2y
6 2x + +x Ans:2+
X [ 5 J_E)
2 ALl 1
7 x3—f [Ans: 3x"+ _i]
x?
2 a e 3
8 4x° 4 3 Jx Ans : 8x +
’ [ 2x ]
9 i [Ans : 2}
3x8

10 Given that f{x) = 5%° — >+ 2, find £'(x) and £"(x). [Ans : 15x* +—- ; 30x - 31]
: _

x* x

96

11 Given that f(x) =4x +% find £'(x) and f"(x).  [Ans:4-2% ; 2]
X~ X X

-

12 If = L , prove that x* d—-:' +xﬂ = .
X x” ex
2 1]
13 y=3x"+4x, prove that 2 T8 5.0 g
dx friy
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