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SYLLABUS (6042) REQUIREMENTS

> Expressing rational polynomials in partial fractions

(including improper fractions)
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Rational Fractions

Definition
It is a fraction of which both numerator and denominator are rational numbers or are

polynomials

Types of Rational fractions

Proper Fraction

o A fraction where the numerator (top number) is less than the denominator (the bottom
number

o The degree of the polynomial, say n , is the highest power occurring in the polynomial
e.g. x2 — 3x + 1 the degree is 2;
x* — 3x3 + 1 the degree is 4 and
2x — 8 the degree is 1.

o A rational fraction is proper when the numerator has a degree which is at least one less
than that of the denominator e.g.

2 8 11 ) 2x—1 x%+6x
x+1"  x2-2x+1’ 2x3+45x—2 " x2-2x+1" x342x2-x-3

etc

Improper Fraction

o A fraction where the numerator (top number) is greater than the denominator (the
bottom number.

o A rational fraction is proper when the numerator has a degree which is greater than that
of the denominator e.g.

2x—-1,  x?-2x+1 . x*+x-2_  2x3+5x-2
5x+1’  3x2+8x+11" x2-2x+1" x3+2x%2-x-3

etc

Changing improper fractions to proper fractions

Two methods can be employed to make fractions proper ones i.e. (i) Division algorithm

(ii) Algebraic Manipulation
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Example

. x+3 . .
Make the expression ~o5 & proper algebraic expression

Suggested Solution

Method 1. Algebraic Manipulation Algorithm

x+3_x+5—2

x+5

x+5

_x+5 2

X+

5 x+5

2
x+5

Method 2: Division Algorithm

x+5
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Partial Fractions

Definition

o A technique for rewriting a rational function (i.e. a polynomial divided by another
polynomial) as a sum of simpler rational functions.

o To express a single rational fraction into the sum of two or more single rational fractions is

called Partial fraction resolution.

Types of Partial Fractions

There are basically 3 types of partial fractions namely: Linear, Repeated linear and Quadratic

factors
Type Denominator Expression Form of Partial Fraction
Containing

1 Linear Factors F®) 4 + B 4ot _Z
(x+a)(x—b)..(x+2) (x+a) (x-—»b) (x+2)

2 Repeated Linear Factors F®) 4 + B 4ot _¢

(x+ a)n (x+a) (x+a)? (x+a)n
3 Quadratic Factors f(®) LES ol + 4
(ax2+bx+c)(x+d) (ax?+bx+c) (x+d)

Applications of Partial Fractions

Partial fractions are also used to solve problems involving: The Method of differences
Integration

Binomial expansion etc
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Steps involved in resolving partial fractions

1. Make sure that the degree of the numerator is less than the degree of the denominator.

2. Factor the denominator as fully as possible.

3. Write the original rational function as a sum of fractions. Each of the terms in the sum
gets one of the original factors as its denominator. The numerator of each new fraction is
an arbitrary polynomial of degree one less than the degree of the denominator.

4. Use algebra to solve for the coefficients in the numerators of the new fractions.

What to do if the degree of the numerator is too large

Before we apply partial fractions, we have to apply the polynomial equivalent of long

division, which works very much like long division for numbers.

Example of improper fractions

Tllustration 1

Algebraic manipulation algorithm

x% — 2x
x2+ 8x + 15

x?—2x _ x*+8x—10x+ 15— 15
x2+8x+15 x2 + 8x + 15

x24+8x+15 —10x — 15
x2+ 8x + 15

x%+8x + 15 (10x + 15)
x2+8x+15 x24+8x+15

(10x + 15)

T2 Tert 1S { It is now proper}
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NB: Algebraic manipulation is best when both the numerator and the

denominator are of the same degree.

Illustration 2

Division algorithm - Polynomial long division

3x3 — 2x% —16x + 20

x2 —4
D o)
D) o
3x—2

x2—4 | 3x3 —2x* —16x+ 20

— 3x3 —12x
—2x% —4x+ 20
Remainder
— — 2x? +8
OCD
—4x+12 <

. 3x3—2x2—16x+20_3 2+(12—4x) i
- ) = 3x 4 { It is now proper}

A. Linear Factors

o The denominators contain linear factors

o These are of the form
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f()

x+a)(x—>b)..(x+2)

o This type of partial fractions can be resolved as

A

B Z

(x+a)+(x

Worked Problems

Example 1

3
(x+2)(x-3)

Express in partial fractions

Suggested Solution

3
(x+2)(x—3)

3 A B

Let = +
(x+2)(x-3) /' x+2 x-3

_A(x=3) +B(x+2)
T (x+2)(x—3)

=2>Ax—-—3)+B(x+2)=3

Whenx =3: 5B =3
.B_3
“B =g

Now

3 3 3
(x+2)(x—3)  5x—-3) 5(x+2)
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Example 2

2x-3
Convert into the sum of three partial fractions
(x+2)(x-3)(2x+1)

Suggested Solution

2x —3
x+2)(x—3)2x+1)

2x-3 A B C

Let = +
(x+2)(x-3)(2x+1) x+2 x-3 2x+1

CAx—-3)2x+1)+Bx+2)2x+1) +C(x +2)(x— 3)
- (x +2)(x =3)2x + 1)

2Ax-3)2x+1)+Bx+2)2x+ 1)+ C(x+2)(x—3) =2x -3

Whenx =3: (5)(7)B =3 When x = =2: (=5)(-3)A =3
. B — 3 . A — 1
“B =z wA=g

Now

2x 3 1 3 4
GrDE-3)2x+ 1) 5(x+2) 35@—3) 72x+1)

Example 3
3x3-2x%2-16x+20 _ ) )
Resolve 72 into partial fractions
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Suggested Solution

-2 -16x420 (12— 4x)
x2 —4 =X x2 —4

NB: Check Illustration 2 above

Aside

(12 —4x) 12 —4x
x2—4  (x—2)(x+2)

12—4x _ A B
et = +
(x=2)(x+2) x—2 x+2

L

_A(x+2)+B(x—2)
T (x=2)(x+2)

=>Ax+2)+B(x—-2)=12 —4x

Whenx =2: 44 =4 Whenx = —2: —4B = 20
~A=1 ~B=-5
Now
12 — 4x 1 5

(x—2)(x+2)Ex—2—x+2

‘3x3—2x2—16x+20_3 - 1 5
h x?—4 o xX—2 x+2

Follow Up Questions

Question 1
x+11 . . 2 1
Resolve ————— into partial fractions Answer: — — ——
x2-2x-15 x-=5 x+3
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Question 2

Convert into partial fractions

_ XS
(x=-2)(x+1)

Question 3

10—x . ) )
Express ———— in partial fractions
xX2+x-2

Question 4

1
Resolve 2 into partial fractions

x2—

Question 5

2x+3
2

xX<—9

Convert into the sum of two partial fractions

Question 6

2—X
x245x

Express in partial fractions

Question 7

x*+x3+x%41 ] )
Resolve > into partial fractions
xX2+x-2

Question 8

2
x“—1
Convert ——— — into partial fractions
(c+4)(x—a) "OP

Question 9

3 1
Answer: —— — ——
xX—2 x+1

3 4
Answer: —— — ——
x—1 x+2

1 1
Answer:

Answer: e T 2-3)

2 7
Answer: — —
5x  5(x+5)
Answer: x? + 3 + o —
nswer: x 3Gk 2)
1
2(-1)
) 15 15
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E axl tial fracti
xpress ———— in partial fractions
P x(x%2-1) P

Question 10

5x—-7

(x+1)(x—2)

Express in partial fractions

Question 11

3x+11
(x+2)(x-3)

Express in partial fractions

Questionl?2

2

Resolve into partial fractions

x2-1

Question 13

2x%+x—4 _ )
Express ——————in partial fractions
x<“—=3x+2

Question 14

4x2%2-47x+141

Resolve into partial fractions

x2-13x+40

Question 15

5x%2-77 . _ _
Express ———————in partial fractions
x“—2x—15

Question 16

4x2+3x-16

Resolve into partial fractions

(x—2)(x+1)(2x-3)

A 1 1 1
nswer. — —
x  2(x+1) 2(x-1)

4 1
Answer: — — ——
x+1 x-2

4 1
Answer: — — ——
x—3 xX+2

1 1
Answer: 1 +

2(x—1) 2(x+1)

. 1 6
Answer: 2 + T—1 + —2

|~

Answer: 4 — _Z +
x—5 xX—

o

) 4 6
Answer: 5 + x+3 + ¥—5

Answer: —
x—2
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B. Repeated Linear Factors

o The denominators contain repeated linear factors

o These are of the form

f(x)
(x + a)?

o This type of partial fractions can be resolved as

A B C D

(x+a)+(x+a)2+(x+a)3+m+(x+a)n

Worked Problems

Example 1
Express . > in partial fractions

_ 4
(x+2)

Suggested Solution

4
x(x + 2)?
_ A, B C
Let =+
(x42)° X o XF2Z 0 (42)?

_A(x+2)2+Bx(x+2)+ Cx
N x(x + 2)?

> Ax+2)2+Bx(x+2)+Cx=4
Whenx = —2: —2C =4 Whenx =0: 44 =4

“C=-=2 ~A=1
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Comparing coefficients of x?: A+ B =0
~B=-1
Now

4 1 1 2

(x+2)2 x x+2 (x+2)2

Example 2

Convert into the sum of three partial fractions

X+
x2(x-3)

Suggested Solution

x+6
x%(x — 3)

x+6 A B Cc
Let———=—+— +—
x2(x-3) x x%  x-3

_ Ax(x —3) + B(x = 3) + Cx?
- x%(x — 3)

> Ax(x—3)+B(x—-3)+Cx*=x+6

When x =0: —3B=6 Whenx =3: 9C =9

& B=-=-2

Comparing coefficients of x?: A+C =0
2 A=-1
Now

x+6 1 1 2

xz(x—3)Ex—3+ x x?

~C=1
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Example 3

3x3-2x2-16x+20 | , _
Resolve > into partial fractions
x“(x—4)

Suggested Solution

3x3-2x%2-16x+20
x2%(x—4)

is an improper fractions

Aside

3x3 —2x% —16x +20 3x® —2x* —16x + 20
x2(x —4) B x3 — 4x?

x3 —4x? | 3x3 —2x%? —16x + 20

— 3x3 —12x?

10x2 — 16x + 20

. 3x3 — 2x%=16x + 20 i, - 10x? — 16x + 20
' x?(x —4) ] x2(x —4)

{ It is now proper}

10x%2-16x+20 A B
2 -+ 2
x4 (x—4) X X

C
Let +—
x—4

_Ax(x—4) +B(x —4) + Cx?
- x2(x —4)

= Ax(x —4) + B(x — 4) + Cx? = 10x% — 16x + 20

When x = 0: —4B = 20 When x = 4: 16C = 116
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B =-5 C=—
4
Comparing coefficients of x?: A+ C = 10
A =10 29
B 4
L
T g
Now
10x2—16x+20_11 5 N 29
x2(x — 4) T 4x x%2 S 4(x—4)
3x3 —2x% —16x + 20 11 5 29
g =3+——-a+F7——
x?(x —4) 4x x% 4(x=4)
Follow Up Questions
Question 1
_ _ : 1 1 1
Resolve ——— into partial fractions Answer: —— — — — —
xX°—=x x—1 X X
Question 2
Convert =1 into partial fracti A ! .
onvert —— into partial fractions nswer: — ——
x(x—1)3 "OP Wer 1 x-1)3  «x
Question 3
. 3x2+6x+5 . tial fracti i 1 1 2
xpress ——————in partial fractions nswer: -
P (x+2)2(x-3) P x+2  (x+2)2  x-3
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Question 4

x+7 . . 5 7
Resolve ——— into partial fractions Answer: —— + —
x2(x+2) 4x © 2x

5
4(x+2)

+

Question 5

Convert into the sum of two partial fractions Answer: . +

x+
(x—2)2
Question 6

5x%2-2x—19 2 3 4

—  in partial fractions A er: —
@+3) -0z P fewery 73

Express

Question 7

mesol 3x24+16x+15 | 0 vartial fracti 4 3 2 6
esolve ——————— Into partial Tractions nswer. — —_
(x+3)3 P X+3  (x+3)2  (x+3)3

Question 8

x2+7x+3 1,2 1

Convert ———— into partial fractions Answer: — + — — ——
x2(x+3) x2  x x+3

Question 9

—x%+21x+18 _ _ 2 3 4
> in partial fractions Answer: — + 5
(x=5)(x+2) x-=5 x+2 (x+2)

Express

Question 10

5x2-30x+44 tial fracti 4 5 10 n 4
—————In partial tractions nswer.: —_
x-2)3 P -2 (x-2)2 | (x-2)3

Express

C. Quadratic Factors

o The denominators contain quadratic factors which cannot be factorised
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o These are of the form

f(x)
(ax? +bx+c)(x +d)

o This type of partial fractions can be resolved as

Ax+ B + C
(ax?+bx+c) (x+d)

Worked Problems

Example 1

2x+4

Express m

in partial fractions

Suggested Solution

2x + 4
(x—1Dx%2+2)

2x+ — 4 Bx+C

Let =
¢ —DEE+2) XL F+2)

AP+ 2)+ (Bx+0O)(x—1)
- (x—1D(x*+2)

SAXP+2)+Bx+0O)(x—1) =2x+4

Whenx =1: 34=6 Whenx =0: 24—C =4
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Comparing coefficients of x?: A+ B =0

2+B=0
~“B=-2
Now
2x + 2 2x

c—Dx2+2) x—1 x%2+2

Example 2

Convert Fox-13 to partial fracti
onvert =——————— Into partial tractions
x2+7)(e—2) 0P

Suggested Solution

x?—x—13
(x?2+7)(x—2)

Lot x%2-x-13 Ax+B X C
€ |
(x2+7)(x—2) T x%2+47 | x=2

_(Ax+B)(x—=2)+C(x*+7)
. (x2+7)(x—2)

S>Ax+B)(x-2)+C(x*+7)=x?>—x—13

When x = 2: 11C = —-11 Whenx =0: —2B+7C = —13
~C=-1 — 2B -7 =-13

Comparing coefficients of x?: A+ C =1
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Now

x2—x—13  2x+3 1
(x2+7DN(x—-2) x24+7 x-2

Example 3

3x3-2x2-16x+20 | _ .
Resolve > into partial fractions
(x“+1)(x+2)

Suggested Solution

3x3-2x%2-16x+20
(x%2+1)(x+2)

is an improper fractions

Aside

3x3 —2x% —16x +20 _3x® —2x* = 16x + 20
2+ D(x+2) = x4+ 2x%+x+2

3+ 2x2 F¥x+2 | 3x3—2x% —16x + 20

— 3x3+6x*>+3x +6

—8x%2 —19x + 14
'3x3—2x2—16x+20_3 8x% +19x — 14
N (x2 4+ 1)(x + 2) - (x2+1)(x + 2)

. t8x2+19x—14 __ Ax+B C
e =
(x24+1)(x+2) x2+1  x+2

{ It is now proper}
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_(Ax+B)(x+2)+C(x*+1)
- (x2 + D(x +2)

= (Ax+B)(x+2)+C(x*+1) =8x%2+ 19x — 14

When x = —2: 5C = -20 Whenx =0: 2B+ C =-14
o C = —4 2B —4 =-14
~ B =-5

Comparing coefficients of x2: A+ C =8

A=8—(-4)
~A=12
Now
8x2+19x—14_12x—5 4
2+ +2) x*+1 x+2
.3x3—2x2—16x+20_3 12x—5+ 4
(x2+1D(x+2) ] x2+1 x+2

Follow Up Questions

Question 1

7x2+5x+13 | _ _ 2x+3 5
Resolve ——————— into partial fractions Answer: — —

(x“+2)(x+1) x2+2  x+1
Question 2

3+6x+4x2—2x3 _ _ 2 1  3-4x
Convert Y into partial fractions Answer: — — — >

x4(x=+3) X X xX“+3

Tarakino N.P. (Trockers) ~ 0772978155/ 0717267175
Page 21




Question 3

x%-x—-13

Express m

in partial fractions

Question 4

Resolve into partial fractions

__oX>
(x—4)(x2%+3)

Question 5

154+5x+5x2—4x3
x2(x2+5)

Convert to partial fractions

Question 6

x3+4x%2+20x-7
(x—1)%2(x2%2+8)

Express in partial fractions

Question 7

Resolve into partial fractions

x3+x
Question 8

3x3+7x—4

Convert (x212)2 into partial fractions

Question 9

x2+15
(x243)(x+3)2

Express in partial fractions

Question 10

4x%4+16x+7

Express in partial fractions
PSS ezrayz. P

2x+3

Answer: >
x2+47

1

Answer: — +

x—4

3

1
Answer: — + —
X X

3 2

1

x—2

2—X
x2+43

2—5x
X245

1-2x

Answer: - + —1)?

1

Answer: — —

X

3x

x2+8

X
xZ+1

xX—4

Answer: >
X242

1 2

(x2+2)?

1—x

Answer: 2(x+3)  (x+3)2

4x

2(x2+3)

7

Answer:
(x%2+4)

(x%2+4)2
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PAST EXAMINATION QUESTION

UCLES PAPER 1 JUNE 1998

a) Express in partial fractions. [2]

(x+3)(4—x)

Hence find

2
1
Of (x+3)(4—x) dx [4]

ZIMSEC JUNE 2004 PAPER 1

6—x ) A Bx+C )
Express in the form + where A, B and C are numerical
(2x+1)(x2+3) 2x+3 x%+3
constants to be found. [3]

Hence show that

1

6 —x 32
) Gx+ A2 +3) dx =gn <T> [4]

ZIMSEC NOVEMBER 2004 PAPER 1

Express in partial fractions and hence show that

x(1000—x)

[ —500—= % = 105" (Fo0o—) + 6
x(1000 — %) “* T 1000 "\1000 -/ " © [6]

ZIMSEC JUNE 2006 PAPER 1
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5

Express m

in partial fractions. [4]

ZIMSEC JUNE 2008 PAPER 1

E 1 nthef SR R 4
) Express (x+1)2(x—3) In the form (x+1)2  x+1  x-3 [4]
b) Hence evaluate

11x—1 g 3
(x+1)%(x—3) X 3]
ZIMSEC NOVEMBER 2008 PAPER 1
E — % i partial fracti 2
Xpress (2+%)(3x+5) in partial fractions. [2]
(i) By putting x = /3, or otherwise, obtain an expression for
1++3
(2++3)(3V3+5)
in the form a + bv/3, where a and b are integers. [3]
(ii) Show that
1
ik dx = In3 4I 2 4
2+0Bx+5) Ty [4]
-1
ZIMSEC JUNE 2009 PAPER 1
7x%+2x+20 _ _
a) Express m in partial fractions. [4]

b) Evaluate exactly
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5
7x?% + 2x + 20

(x2+4)(x+1) dx [5]
3
: . _ _ 7x2+2x+20
¢) Find the coefficients of x> and x© in the expansion of ————. [5]
(x2+4)(x+1)
ZIMSEC NOVEMBER 2009 PAPER 1
Express in partial fractions.
5x%+7x+9 .
(x+2)%2(3-x) 5]
ZIMSEC JUNE 2010 PAPER 1
E Sx+8 [ tial fracti 4
Xpress Zxr D (x213) in partial fractions. [4]
ZIMSEC NOVEMBER 2010 PAPER 1
Show that 2x3 — x% + 8x — 4 = (2x — 1)(x? + 4). [2]
_ X%+2x+20 _ :
i) Express X —x218x—a in the partial fractions [4]
ii) Hence evaluate
3
J x2+2x+20 J
2x3 —x2+8x— 4
1
giving your answer correct to three significant figures. [4]
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ZIMSEC NOVEMBER 2011 PAPER 1

a) Express the function 22

(x+3)

in partial fractions. [3]

b) Hence evaluate the integral of

3
f x2(x + 3) dx,
2
leaving your answer in exact form. [4]
ZIMSEC JUNE 2012 PAPER 1
x4—
E i ial fractions.
Xpress 1 in partial fractions [5]
ZIMSEC JUNE 2013 PAPER 1
i) E e in partial fracti 3
(i) Express DD (+3) in partial fractions. [3]

(i) By using a series expansion up to and including the term in x? show that

A be reduced to 1 — Zx + 2L x2 [4]
can pe reauced o 1 — = -— .
(x+2)(x+1)(x+3) 6% T36%

ZIMSEC JUNE 2013 PAPER 2

Show that

2
x> +6x+7 (756)
n

J (x+2)(x+3)dx:l 64 [5]
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ZIMSEC NOVEMBER 2014 PAPER 1

2x3-17x-1

Express m

in partial fractions. [6]

ZIMSEC NOVEMBER 2015 PAPER 1

5x2-5x+11

Express m

in partial fractions. [5]

ZIMSEC NOVEMBER 2016 PAPER 1

x—3
x2-1

(i) Express in partial fractions. [2]

(i1) Hence from (i) find
1

x—3
sz_ldx,

-1

giving your answer in terms of a single logarithm. [4]

ZIMSEC JUNE 2017 PAPER 1

x342x2+x+2

The function (x) = o

(@) Express f(x) in the form P(x) + é + %, where A and B are constants and P(x) is

a function of x. [4]

(b) Hence find the exact value of

2
[ reax [4]
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ZIMSEC NOVEMBER 2017 PAPER 1

3x+8
(2x+1)(x2+3)

Express in partial fractions. [5]

ZIMSEC NOVEMBER 2017 PAPER 2

Find the exact value of

3
j—x2(3 e dx [8]
1
ZIMSEC JUNE 2018 PAPER 1
Exorass oo TATA L e 5
Xpress x(x212) in partial fractions. [6]
ZIMSEC NOVEMBER 2018 PAPER 1
: _ 5x2=5x+11
The function (x) = —2)(213)
(c) Express f(x) in partial fractions. [5]
(d) Hence or otherwise evaluate
2
ff(x)dx,
0
giving your answer as an exact single term. [5]
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2x2%-7 B C
Express ——————intheform A+ — + [5]
2) (x—3)(2x+5) x—3 2x+5
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b) Hence evaluate

2x%2 -7 4
x—3)2x+5 "
4

correct to 3 decimal places. [4]
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. x3—x—2
The function f(X) = m
(@) Express f(x) in the form A + x% + i’;:f where, A, B, C and D are constants. [5]
(b) Hence evaluate
3
[ reo ax 4
2
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4x+5 . . .
(@) Express f(x) = ————— in partial fractions. [5]
f (x+1)(2x+1)*
(b) Hence find the exact value of
2
[ re ax [4]
0
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ASANTE SANA
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