TOPIC 3: SERIES AND SEQUENCES

3.2 Series

Learning Objectives
After completing this section you should be able to:

e use standard results for » r, > r? and > r® to find related sums,

e use the method of differences to obtain the sum of finite series,
e use Taylor’s and Maclaurin’s series for approximation,

¢ solve problems involving method of differences as well as Taylor’s and Maclaurin’s series.

3.2.1 Series Standard Results

n

n
1. r=—(n+1
S =204
r=1
n

Zn: r’ = E(n +1)(2n+1)
r=1

n 2
> =%(n+1)2
r=1

n
Z a=an where a is a constant.
r=1

Example 1

Show that Z r?(3-4r) =%n(n+l)(l— 2n”

re=ll

Solution

“Sometlmes the only solution is finding a new problem”

_gmanuwere@gmail.com /+263773975592/+263737967477_




=3Zn:r2—4zn:r3
r=1

r=1
=3(2+ D@n+ D) -4( 0+ D?)
=2(n+1)(2n+1) —n?(n + 1)
= %n(n +D[2n+1-2nn+1)]
= %n(n +1)(2n+ 1 —2n2 —2n)
1

= En(n + 1)(1 —2n?)

Example 2

2n

Evaluate 2 (37‘2 —%J giving your answer in a fully factorized form.
=l

100 1
Hence find Z [3r2 ——J
2
r=31

Solution

S O P T
rZ::l(Br ‘E) Y- 33
=3[Z2@n+D@n+ D] -n
=n2n+1)(4n+1)—n
= n[(2n + 1)(4n + 1) — 1]

“Sometlmes the only solution is finding a new problem”
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Exercise 3.2.1

1 (a) Express 4x3 — 6x2 + 2x in the form Ax(x + 1)(x + 2) = Bx(x + 1) + Cx

where A, B and C are constants.
X=n n
(b) Giventhat > x(x+1)(x+2)= Z(n +1)(n+2)(n+3) and
x=1
X=n n
Z x(x+1)= E(n +1)(n+2), show that
x=1

X=n
> 4x’—6x" +2x=n" (n2 —1)
el
(Zimsec J2013 p1)

n
2 Showthat Y r*(2r-p)= %n(n+l)(3n2 +(3—2p)n— p)where p is a constant.
r=1

n
Given that the coefficients of n® and n* in the expression for » #*(2r— p)are equal,

r=1
find the value of p.
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3.2.2 The method of Differences

The method of differences can be used to sum simple finite series whose general term,u,. can be
expressed in the form f(r) — f(r + 1), or possibly f(r + 1) — f(r).

= [f D) S D4 @) @+ 3~ ] + -+ 0i=3)=10(- D]+

[F(H = 2) = Fo3 D1+ [~ ) = M) = f o+ D]

Thus Z[f ~1)]=f@-f(n+1)

Example 1

€)) Express |n partial fractions.

(

n

(b) Hence (i) use the method of differences to evaluate Z ( +1)
;-:] F F

(i) deduce the value of Z (__LJ

- ror+l

Solution

L 4,8
(a) r(r+1) = " r+1

1=A(r+1)+Br
Letting r=0=A4=1
Letting r=—-1= B = —1

“Sometimes the only solution ts finding a new problem”
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3 (ET_L

Fo1 r r+1

Example 2

€)) Express 5 in partial fractions. Hence, or otherwise, using the method of

(r+1)(r+3

e la s
(r+1)(r+3)

differences find the sum of the series Z
=l
39 2

(b) Evaluate —_—
r=zll(r+l)(r+3)

Solution

2 A B

O rEmcats

r+1D)@+3)  r+1 | r+3
2=Ar+3)+B(r+1)
fr=-1=A=1andifr=-3=B=-1

2 _
Y (r+1)@+3)  r+1  1+3

o G o =t ) (e

“Sometimes the only solution ts finding a new problem”
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__ 5(n+2)(n+3)-6(n+3)—6(n+2)
- 6(n+2)(n+3)

__ 5n%+13n
T 6(n+2)(n+3)

_ n(5n+13)
T e6(n+2)(n+3)’

39 2 39 2 10 2
(b) — =) =y
rgll(r+1)(r+3) rzzll(r+1)(r+3) rzzll(r+1)(r+3)
~39(5(39)+13)  10(5(10)+13)
~6(39+2)(39+3) 6(10+2)(10+3)

_ 5017

44772
-0.112

Example 3

Show that (r + 1)* — (r — 1)* = 6r” + 2. Hence deduce >  *

=l

Solution
r+1)3-G—-13=03+3r2+3r+1)—-(@3-3r2+3r—-1)
=13 —1r34+3r2+3r24+3r-3r+1+1

= 672 4 2. Shown.

“Sometlmes the only solution is finding a new problem”
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n n

Taking Z(6r2+2):2[r+1 (r- 1)}
r=1 =1

—(2/ 03)+(;/ 13)+(/;/ §5// gﬁ///) +(n/)3—/4)
- (n [n —(n +[(n+1)3 - 1)3]

°O
O Look up carefully
here the manner
in which terms

cancel each other

= -1 +n’+(n+1)°

n
Z (6r +2) P +n*+(n+1)’=2n"+3n*+3n
n

n n n
But Y (6r'+2)=6y r’+ >y 2=6 r’+2n
r=1 r=1

r=1 r=1

n
Thus 6 Z r’+2n=2n°+3n%*+3n
r=1

n
=6 > r’=2n°+3n’+3n-2n

r=1
= i r’ :1(2n3+3n2+n)
r=1 P
=%n(2n2 +3n+1)
=%n(n+1)(2n+1)

“Sometimes the only solution ts finding a new problem”
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Example 4

Express — i partial fractions. Hence, by using the method of differences evaluate
r(r+1)(r+2)

S5r+4
Z r(r+1)(r+2)'

r=1

Solution

5r+4 A B (o}
r r+l  r+2

r(r+1)(r+2) T+
Using cover up method

A=2,B=1,C=-3

. 5r+4
T rr+1)(r+2)

2 1 3
T r+1 7+2

5r+4
rZ::lr(r +1)(r+2)

r r+1 r+2

:”Z(Li_i
r=1

Terms marked by
the same colour
of line cancel

each other.
2 (n+1)

“Sometimes the only solution ts finding a new problem”
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_ 7(n+1)(n+2)-4(n+2)-6(n+1)
- 2(n+1)(n+2)

__ 7n%+21n+14—4n-8-6n-6
2(n+1)(n+2)

__ 7n%+11n
2(n+1)(n+2)

Example 5

o 3 1 1
You are given that = — .
(5+3x)(2+3x) 2+3x  5+3x

100

) ) . 1 ..
i Use this result to find , giving your answer as an exact
0 Z (5+3r)(2+3r) Qg y

r=1
fraction.

Write down the limit to which Z G513 )1(2 3 )converges as n tends to infinity.
+3r)(2+3r

=1

Solution
100 1

® rZ::l (5+3r)(2+3r)

1 1

)+ (G 5n)
3n—1 2+3n

] _ n
5(5+3n)] ~ 5(5+3n)

1 =§[ 3n

F =1 (6+3r)(2+3r)

“Sometimes the only solution ts finding a new problem”
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100

Z 1 __ 10 _ 4
~ (G+3N)(@2+3r)  SEH00)  6
. .11 1\ _ 1. (1 1 \_1(1\_1
(i1 711_{{3105(5 - 5+3n) = 37111_{?0 (5 5+3n) 3 (5) T 15
Example 6

You are given that ——— — — 4 _ 2r+5
g 42r-1) 2r+l1 @ 4@r+3) @r-1)@r+1)@r+3)’

(i) Use the method of differences to show that

ji 2r+5 23 1
T @ -DQ2rD@2r+3) 3 4Q2n+]) 4(2n+3)
(i) Write down the limit to which Z i converges as n tends to infinity.

Qr-D2r+1)(2r+3)

=l

(iii) Find the sum of the finite series

45 47 49 105
+ + ot ——
39x41x43 41x43x45 43x45x47 99x101x103

, giving your answer to 3 s.f.

Solution

. 2r+5
Z @2r-n(2r+1)(2r+3)

r=1
4 3 1 1
r=14(2r_1) 2r+1 4(2r+3)

(24 (- (B2 r (e ) o (s )
o)+ (G i) ’

§£—12 - 7—1 Ly A

5}5—4 T on+1 | 8n+12

1_+ 1 1 1
4 8n+4 2n+1 8n+12

3 1
=>—-+
4 3

1 1 1 1

+
4  4(2n+1) 2n+1  4(2n+3)

“Sometimes the only solution ts finding a new problem”
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2 3 1

T3 a(2n+D) | 4@2n+3)

(ii) =

& 2r+5 & 2r+5

L o1 +5
(2 D@y 21 (r-DEr+D@r+3) = @r-nEr+1@r+3)

r=20

2 3 1

2 3 1
- (5 _ 4(2(50)+1) t 4(2(50)+3)) _ (3 4(2(19)+1) t 4(2(19)+3))

= 0.661668108 — 0.653533458

= 0.008134649
= 0.00813 to 3s.f.

“Sometlmes the only solution is finding a new problem”
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Exercise 3.2.2

1

Express o

in partial fractions. Hence find the sum of the series

using the method of differences.
100
Evaluate, correct to 4 decimal places the value of Z

r:50r(r+2)

Given that f(r) = ﬁ, show that f(r) — f(r + 1) = where A is an integer.

_ 4
(4r—1)(4r+3)
Find the value of Z —— using the method of differences.

o1 (4r=1)(4r+3)

Show that 473 = r2(r + 1)? — (r — 1)?r?2. Hence prove, by the method of differences

n
that Zr3 = lr.t2 (n +1)2 ;
r=I1 4

. . 2r—1 2r+1 2
Prove the identity LR S S

r(r=1) r(r+1) (r=1)(r+1)
i 2

Hence, using the method of differences, prove that _
9 g rz1(”)(’””)

0

2
Evaluate _—
FZ::] (r=1)(r+1)

5 (@ Showthat r + )= (r—D!'=G@%+r—-1D0Fr—1)!

H
(b) Hence show that >’ (r2+r71)(r71)!:(n+2)n!72
r=1

0

2
————— Hence or otherwise deduce the value of _—
1r(r+1)(r+2) rzz:lr(r+1)(r+2)

1 . g .
7 (a) Expressmm partial fractions.

n
. 1
(b) Hence, or otherwise, show that >
r=1

(r+1)(r+2) n+2

“Sometlmes the only solution is finding a new problem”
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1

+
r(r+1)’ rez

f@r)=

@ Show that f(r) — f(r+1) = , stating the value of k.

r(r+1)(r+2)

Hence show, by the method of differenes, that

22':’ 1 n(2n+3)
r(r+1)(r+2) - 4(n+1)(2n+1)

r=1

9 (a) Giventhat f(r) =r2(2r? —1),showthat f(r) — f(r— 1) = (2r — 1)3

2n
(b) Use the method of differences to show that > (2r—1)' =3n’ (100" -1)

r=n+l1

10  Showthat == - = ——  re7*.
r+2 r+1 (r+1)(r+2)

1

n
Hence. or otherwise find 2 m .
r r

r=1

11 €)) Express f(x) = in partial fractions.

(x+1)(x+2)(x+3)

n
(b)  Hencefind > f(r).

r=1

oT+1 2T r2"
12 (a) Show that —————= ="

30 o

b) Hence find ———————qgiving your answer in the form 2™ — 1, where n is an
(®) El(r+1)(r+z)g 9y n

integer.

- e . a 1
13 Express as a simplified single fraction - = Hence prove by the method of

(r-1)2

: T | 1
differences that Z - =1-—

r=2r2(r_1)2_ nz'

14 Find the sum of the series In= + In2 + In> + In —.
2 3 4 n+1
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15 Show that 21 L - 2

r+1  2r+3 ~ (2r+1)(2r+3)’

2
(2r+1)(2r+3)

30
Use the method of differences to find Z
r=1

1 1

16 (a) Show that 5r—2  5r+3 = (57=2)(57+3)’

stating the value of the constant A.

1 _ n
(5r=2)5r+3) 3(51n+3)

n
(b) Hence show that )’
r=1

1
(5r-2)(5r+3)

a0
(c) Find the value of >
r=1

3.2.3 Maclaurin’s Series

The Maclaurin’s theorem for a function f(x) is given by

F@) = £O) +ZF/(0) +2£(0) + 2 £ (0) +

Example 1

Use the Maclaurin’s theorem to find the first three non-zero terms of the expansion of sin x. Hence
find sin 0.1 radians correct to seven dp.

Solution

Let f(x) = sinx. f(0) =sin0 =0
f'(x) = cosx. f'(0) =1
f"(x) = —sinx. f"(0)=0
f"(x) =—cosx. f'"(0)=-1
f"?(x) = sinx. f0)=0

“Sometlmes the only solution is finding a new problem”
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f¥(x) = cosx. fr) =1

By Maclaurin’s theorem,

f6) =0+ x(D+Z O+ (=D + L@ +Z (1) + -

: x3 o«
=sinx =x ——+——"
31 s

3 3
sin0.1 = 0.1 — %&£ 4 2
3! 3!

= 0.0998334 correct to 7 d.p.

Exercise 3.2.3

1 Find the first three non-zero terms of the Maclaurin’s expansions of the following
functions.

(@ e *sinx (b) secx
(c) e** cosx (d) esinx

Given that f(x) = xe3*, fi(x) = 3xe3* + e3* and "' (x) = 3e3*(3x + 2).

Q) find f'""(x), f'”(x) and hence write down the Maclaurin series
of f(x) up to the term in x*.

Given that f(x) = e3*sinx and f'(x) = e3¥ cos x + 3e3* sin x,

0) find f'(x) and f'""(x) and hence write down the Maclaurin’s series of f(x) up to
and including the term in x3.

(i) evaluate f£(0.5) giving your answer correct to 4 decimal places.

(iii)  use the Maclaurin’s series obtained in (i) to estimate the value of f(0.5) and state the
absolute error in using Maclaurin as an approximation

Given that f(x) = In(2 — 3x),

(i)  show that f’(x)=ﬁ,
i) find £ (x).

Hence obtain a Maclaurin’s series expansion for In(2 — 3x), neglecting terms in x* and
higher dearee. State clearly what circumstances might justify nealecting these terms.

“Sometlmes the only solution is finding a new problem”
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sinx

Given that f(x) = tanx, x # (2n + 1)m. By expressing f(x) as
f'(x) =1+ tan?x.

(@) (i) Obtain expressions for f"(x) and f'"'(x).

CosXx

3
(i) Show that the Maclaurin’s series for tan x is x + x? is x is small enough
for the terms in x* and higher powers to be neglected.

(ili)  State one reason why Maclaurin’s series for cot x cannot be obtained.
It is given that e 73V (1 — 4x) = (7 + 3x).
()  Showthaty = —§ [In(7 + 3x) — In(1 — 4x)].

(i) Hence obtain the Maclaurin expansion of y up to and including the term in x3.

3.2.4 Problems involving implicit functions and differential equations

Example 1

Given that In y = xy, where y > 0,

- d_y 0 y2
0] 1. show that ; Ao

. d%y
2. find E

(i) Hence or otherwise, find the Maclaurin expansion of y up to and including the
term in x2.

Solution

Iny = xy, where y > 0,

= (Iny) =+ (xy)

“Sometlmes the only solution is finding a new problem”
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w=r(Z5) -
dx Y 1-xy 1-xy

aty _ (1—xy)(2y%)—y2(0—(y+x%))

dx? (1-xy)?

_ e (Eg)e (%)
- (1-xy)?

xy4
1-xy
(1-xy)?

3y3+

. 3y3 xy‘l-
T (1-xy)? U (1-xy)3

_ 3y3-3xyt+xyt
T (-xy)3

__ 3y3-2xy*

T (a-xy)?

_ (3=2xy)y?
T (a-xy)d

i —0v=1%2_ a?y _
(i) Whenx =0,y =1, dx—landdx2 3

Hence the Maclaurins series for y is given by

24
y=1l+x+Z+.

“Sometlmes the only solution is finding a new problem”
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Example 2
1
(@ Ify=(1+3e™)zfind Zatx = 0.
v _ 4 _ .2
Show that 2y =3 4=y~

(© By further differentiating, use the Maclaurin’s theorem to find the series
expansion for y in ascending powers of x, up to and including the term in x?2.

Solution

1
y=(1+3e %)

d 1 P _
2 =-(1+3e™)72(-3¢7™)

—3e™¥

— 1

2(1+3e7%)2

When x = 0,

dy =3 3 3

ay _ =-2 OR:

dx 2(4)% 4 4
1

b)) y=1+3e*)z=>3e*=y2-1

dy _ —3e7%

1
ax  5(1+3e-%)2

) y=0+3e™)2,Whenx =0,y =20R -2

d
2y£=1—y2

d 1-y?2 d
=2 =Y Whenx=0%Z
dx 2y dx

1-(+2) 3 3
=———==-= or-
2(+2) 4 4

Taking ZyZ—z =1-y?

Aoy % 1) 2 (2
=>dx(2ydx)_dx(1) dx(y)

“Sometimes the only solution ts finding a new problem”
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=>2y%+2(3—i)2 S

d%y (dy)2 dy
f—1 —_— = — — —_
ydx2 dx dx

2
When x = 0, Zd—’2’=—(
dx

d’y 15 -15

dx2 ~ 32 32

Therefore the Maclaurin’s series for y is given by
y= 2—%x+z—ix2 +. OR y= —2+%x—z—ix2 + -
Exercise 3.2.4

d?y d
222 = .

_ Ly
1 If y = Incos x, prove that — + 2 ——=-=

Hence, or otherwise, obtain the Maclaurin expansion of y in terms of x up to and
TL'Z

2
including the term in x*. Using x = = show that In 2 =~ —(1 + ”—)
4 16 96

Given thatZ—i’ = x + 2y and that y = 1 when x = 0,

d?y
@) show that = 5,
(b) obtain the Maclaurin’s series for y in ascending powers of x as far as the term
in x3.
Use a Maclaurin’s series to find a fifth degree polynomial that is a solution to the differential

2
equation i/ 2x%+y =0 giventhaty = 1andZ—Z= 2whenx =0

dx?
Use a Maclaurin’s series to find a fourth degree polynomial that is a solution to the
2
differential equation ZTZ + y = x given that y = 0 and Z—i = —gwhen x = 0.

Find an approximate value of y when x = %-

“Sometlmes the only solution is finding a new problem”
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Use a Maclaurin’s series to find the series solution (first 6 terms) of the differential equation
Z—z=y2—xgiventhaty= 1 when x = 0.

i — -x _1 @ _ _1,-
leenthaty—ln(e * 2),showthatdx— 2(e Y +2).

By finding the second derivative, or otherwise, show that the series expansion of y in
ascending powers of x, up to and including the term in x? is —In 2 — 2x — x2.

Given that Iny = xy, where y > 0,

. dy _ y*
(i 1. show that o ,

1-xy
. d%y
2. find —.

Hence or otherwise, find the Maclaurin expansion of y up to and including the
term in x2.

o\t . dy
Ify=(1+3e x)Z,flndEatx=0.

Show that 2y & = 1 — y2.
dx
By further differentiating, use the Maclaurin’s theorem to find the series

expansion for y in ascending powers of x, up to and including the term in x?2.
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3.2.5 Taylor Series

The Taylor Series for the function f about the point a is

G0 priay 4 B iy 4 E=D gy 4.

flx) = fa) +

Observe that when a = 0, the Taylor series becomes the Maclaurin’s series.

Example 1

Find the Taylor Polynomial of degree 3 for f(x) = e* about x = 2.

Solution

fx) =e* fQ2) =e?

f'(x) =e* f'(2) =e?

@) = e @) = e?
Solution

fG) =f@+ @ -af'(@+ZL (@) + 2 " (a) + -

When a = 2

e (x 2)2  e?(x-2)3

f(x)=e*+e*(x—2)+ +— "+

2 2
- e* =ez+e2(x—2)+e?(x—2)2+%(x—2)3+

Example 2

3
Expand sin x as a series of ascending powers of (x - g) up to and including the term in (x - g) .
Use your series to find an approximate value of sin 31° correct to 8 decimal places.

Solution

“Sometimes the only solution ts finding a new problem”
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A
a=-
6

FQx) = sinx
F1(%) = cosx

F'(x) = —sinx

) =—cosx ) =2

f@) = f@) + (x — f (@) + Z2 (@) + 2L 7 (a) + -

If x = 31°, we let a = 30°, then x — a = 1° which is small.

T o
— radians
180

L ) ()G

3
Sin 310 =4 180/ __ \180/ __ 180) Sl
2 2 4 12

= 0.51503807

“Sometlmes the only solution is finding a new problem”
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Exercise 3.2.5

1 Use Taylor series to expand the following about the point where x = 1 up to and
including the third term.

(@) e*cosx (b) sinx cosx (b) In(x +1) () i

Find the first three terms of the Taylor series expansion of cos x In x about the point

x =1.

Find the Taylor series expansion of xInx about x = 1 (i.e in ascending powers of (x — 1),
up to and including the term in (x — 1)°. Hence find the value of xIn x when x = 1.1 correct
to 5 decimal places.

Find the Taylor series expansion of x2In x in ascending powers of (x — 1), up to and
including the term in (x — 1)*.

Find the Taylor Series for each of the following functions about the given points.

(@ sinx about x = 3?”

(b) el=8x about x = 3

() In(1—x) aboutx =-2

3.2.6 Using Taylor series to solve differential equations

Example 1

Use a Taylor series to find the series solution (first 6 terms) of the differential equation
dy % . ® —
y* — x given that y = 1 when x = 0.

ax

Solution
Whenx =0andy =1

y=1

“Sometlmes the only solution is finding a new problem”
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D_12_0=
dx
d’y day o _ .
S=2yZ-1=2DM)-1=1
d3y [
=2 yﬁ+( ) ]—0=2[1(1)+12]=4
aty _ o[ d%  d’ydy | . dyd*y] _ —
ax* 2 dx3 | dx? dx dx dxz] =2[1(®) + 1D +2(1)(D)] = 14
asy [ d*y , a®yay d?y & dy d3y dy d3y d?%y & _ 2
et et (5) +aﬁ+2(a@+(ﬁ) )] =2[1(14) + 4(1) +1° +
1(4) + 2(1(4) + 12)]
= 66

| 24

Now using the Taylor series f(x) = f(a) + (x —a)f'(a) + %f”(a) + (x;—?ﬁf’”(a) + -

Wherea = o sincex =0

(x— 0) (x— 0) (x— O) (x— O)

fx)=1+x—-0)(1)+

(1) + (4) + —=—(14) + —=—(66) + -

=>y—1+x+ x2 42 x + x +—x +-

Example 2

Find a third degree polynomial which is a solution to the differential equation
d2

= + + y =cosx giventhaty = 1 and = 2when x = 1. Find y when x = 1.1.
Solution

Whenx =1, y=1 and %zz

sz+ +y—cosx:%—cosl—Z—l—cosl—B

3733’ Z;-l_ Smx=>d +ﬁ+ —sinx:%z—sinl—cosl+3—2=

—(sin1+cos1+1).

Using f(x) = £(@) + (x — )f'(@) + =2 (@) + 2 7" (a) + -

“Sometimes the only solution ts finding a new problem”
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Wherea = 1sincex =1

(x—1)2
2!

(x—1)3

y=1+x-1)(2)+ -

(cos1—-3) — (sinl1+cos1+1)+-

2 3
When x = 1.1 y=1+2(0.1) +%(cos1—3) —O'Tl(sinl +cosl+1)

= 1.187

“Sometlmes the only solution is finding a new problem”
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Exercise 3.2.6

Use the Taylor’s theorem to find a polynomial (up to the specified degree) which
approximates y given that

1 Z—z = ycosx giventhaty = 1 when x = 0 (2" degree)

x% +y=0giventhaty = 1whenx = 1 (3" degree)

Hence find y when x = 1.1, 1.5, and 1.9.

Z—i’ —x% = y? giventhat y = 0 when x = —1 (2" degree)

dy

—=x+y? giventhaty = 1whenx =0 (3" degree)

a2y _ (ay\? . dy
= (E) giventhat y = 1 and =4 whenx =0 (3" degree)

Find y when x = —0.1.

Z—Z = cos x + cosy given that y = 2 when x = % (2" degree)

Find y when x = g

d —2 —2xy =0giventhaty = 1 and = —3 whenx = 0 (6" degree)

dx2 + + x%y = 0 given that y = 1 and % =2whenx =0 (3" degree)

—+ 2x— + y2 =0giventhaty = 1 and —~ =2whenx =0 (4" degree)

dz_y = i = @ _ = rd
—z =y giventhaty = 1and —= = —1 when x = 2(3" degree)

d?y
dx?

- Zx% + y = 0 giventhat y = 1 and % =2whenx =0 (8" degree)

dz — +y=xgiventhaty =0 and =1- % when x = 0. (7" degree)

Find an approximate value of y when x = %.

“Sometlmes the only solution is finding a new problem”
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Miscellaneous Exercises 3.2

1 (a) Use the series expansion of Cos x to expand (1 + x)? Cos x up to and including the term
in x3.
. d?y  dy _ _ _ dy _ —
(b) leenthatﬁ+a+3y =0,wherey =1atx = 0 and = 2atx = 0.

Use the taylor series to find the first three terms of (1 + x)? Cos x.

n
(@) Show that r3+3 :11— n+2
o2 n(n+1)

(b) Write down (i) the 5" term, (ii) the sum of the first 5 terms and,

(iii) the limit of this sum as n — oo in the series.

16x
(2x—1)(2x+1)(2x+3)"

The function f(x) = Express f(x) in partial fractions.

8n(n+1)
(2n+D(2n+3)

n
Hence show that > f(r) =
r=1

Given that y? = secx + tan x —§<x<§,y>0.

Show that

dy 1
@) —_ =S ysecx

&y _1 secx (secx + 2tanx)
dx? 4y

Given that x is small and that terms in x3 and higher powers of x may be neglected, use
Maclaurin’s expansion to express y in the form A + Bx + Cx?, stating the values of
A,Band C.

— x _ a’y _ dy x
If y = tan(e* — 1), prove that e (1 + 2e*y).

Obtain the Maclaurin expansion of y as far as the term in x* inclusive.

“Sometlmes the only solution is finding a new problem”
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