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SYLLABUS (6042) REQUIREMENTS

> use Taylor's and Maclaurin's series for approximation
> solve problems involving method of differences as well

as Taylor's and Maclaurin's series
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Taylor's and Maclaurin's Series

Taylor Series

o A Taylor series is a power series which is mainly used to represent any function in terms
of a polynomial of degree n near the point x = a.

o These functions can be any type like exponential functions, trigonometric functions etc

o Itisalso called Taylors theorem or Taylors expansion

o The Taylor series expansion of a function f(x) in ascending powers of (x — a) or about

the point x = a or centred at a is given by:

PG =) = @+ f @G-+ oD —ap + LD gy h e
o This can be written in sigma form as:
P ==Y i e Loy
n=0

NOTE: f'(x), f"(x), ..., f™(x) are derivatives

Conditions
= The function f(x) has to be differentiable infinitely many times i.e. we can find each of
the first derivative, second derivative, third derivative, and so on forever.

= The function f(x) has to be defined near the value x = a.

Steps
To obtain the Taylor series expansion of a function f(x) in ascending powers of (x — a) or
about the point x = a or centred at a:

= Decide how many terms of the series you are going to generate (Normally it is specified

in the question). Call this number n.
= Calculate the derivatives of the function up to n (the required number of derivatives):
ffe, "), ., ()
= Evaluate the functionat x = a i.e. f(a)

= Evaluate the derivatives at x = a to obtain:

f'l@, f'(@, ... fH(a)
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Maclaurin's Series

o Is the special case of the Taylor expansion where a = 0.

o If f(x) can be expanded as an infinite series, then:

’I’O
P.() = F(x) = £(0) + f(0)x +f() +f3f) et

o This can be written in sigma form as:

P ==Y
n=0

Steps
To obtain the Maclaurin’s series expansion of a function f(x) in ascending powers of x:

Decide how many terms of the series you are going to generate (Normally it is specified

in the question). Call this number n.

Calculate the derivatives of the function up to n (the required number of derivatives):

fre), "), e, M)
Evaluate the functionat x = 0 i.e. £(0)

Evaluate the derivatives at x = 0 to obtain:

f1©), f7(0), ... f(0)
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SOLVED PROBLEMS

Question 1

Find the first four terms in the Taylor series for the function f(x) = (x — 1)e* near x = 1.

Suggested Solution

Method 1

Find the Taylor series for e* and then multiply by (x — 1).

Let g(x) = e*
gx) = e* => g)=e'=e

g'(x) = e* => gD =e'=e¢

gD =et = g'=el=e

g'@=et = g'=el=e

Now:

900 = 9@ + gl )k T2 - a2 + LD (o gy

S ex:e+e(x—1)+%(x—1)2+%(x—1)3

Now:

fx) = (x—1)e*

> f) = (- Dfe+ele-D+5 (= D2+ (= 1]
L f@) =e(e— 1) +eGe— 1742 (= 1° + (= F

Alternatively:
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Method 2

Let f(x) = (x — 1)e*.

fG) = (x—1)e” = fO=@1-1e'=0

flx) =(x—1e* +e* = ff()=0-Del+el=e
f(x) = (x — De* + 2e* = f"(1)=1-1e' +2e! =2e
f""(x) = (x — De* + 3e* > f"(1)=(1-1)e'+3e! =3¢
fP(x) = (x —1)e* + 4e”* =5 fP(1)=(1-1)e'+4e! =4e
Now

(@) , 1@
3!

fO=fl@+f@x-a+—F—kx—-a) (¥~ a)’

2e 3e de
= f(x)z(x—l)e"=0+e(x—1)+?(x—1)2+§(x—1)3+z(x—1)4

o flx) =(x—1e* = e(x—l)+e(x—1)2+§(x—1)3 +%(x—1)4

Question 2

Find the first four terms in the Maclaurin’s series for the function f(x) = (x — 1)e”.

Suggested Solution

Method 1

flx) = (x — 1e” = f(0)=(0-1e’=-1

f'(x) =(x—1e* +e" = f'(0)=0-1)e’+e’ =0
f"(x) = (x —1)e* + 2e” = f"(0)=(0-1e’+2e%=1
f"(x) = (x — 1e* + 3e* > f"(0)=(0-1)e®+3e° =2
f7(x) = (x — De* + 4e” = f7(0)=(0-1e’+4e’=3
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Now

£ (0)
2!

" 0 127 0
0 £

f() =£(0) +f(0)(x) + (0% + (0"

X 1 2 2 3 3 4
= (x—1)e =—1+O(x)+z(x) +§(x) +Z(x)

1 1 1
v flx) = (x—1De* =-1 +§x2 +§x3 +§x4

Method 2
From tables:

X — 1 2 1 3
e*=1+x+ Ex + gx
Now:

f(x) = (x—1)e*

— 1 2 1 3 1 4
—(x—1)<1+x+zx +§x +Zx)

1 1 1 1 1
=<x+x2+—x3+—x4+---—1—x——x2——x3——'x4)

2! 3! 2! 3! 41
1 1 1 1 1
_ _ 2 _ 22,3 _ .3, ~ 4 __ — 4
=—-14+x—x+x Z!x +2!x 3!x +3!x 4!x
1 1 1
=—1+§x2+§x3+§x4

Question 3

Find the first four terms in the Taylor series for the function f(x) = Inx centred at a = 1.

Suggested Solution

f(x) =Inx = f(1)=In1=0
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1 1

Fe = > F@=1=1
" _ 1 (1) = 1_ 1
f(x)——; = f()——I——
" _ 2 el _2_2
f (x)_F = f ()_I_
6 6
oG = - > == 6
Now
FG0 = f@) + F@G - a) + o - a4+ LD (- AL (e

-1 2 —6
= f(x) = Inx:O+1(x—1)+?(x—1)2+§(x—1)3+j(x—1)4

(-1 G-1° (&)

s f)=Inx=(x-1)— 5 3 ,

Question 4

Find the first four terms in the Taylor series for the function f(x) = Sinx centred at x = %.

Suggested Solution

f(x) = Sinx = f(a) = Sin (%) = g

f'(x) = Cosx = f'(a) = Cos (%) = g
f"(x) = =Sinx = f"(a) =-=Sin (%) = —g
f"'(x) = —Cosx = f""(a) = —Cos (%) = —g

NB: Since the fourth derivative of Sin x is just Sin x, then the sequence repeats forever.

Now
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£60 = f@ + F@0-a) + 2 a4+ LD (a1 LD e
e V2 e
_ V2 A2 ™ o ™2 5 ™3 5 T\ 4
= f@) = Sinx =+ 5 (x=3) -5 (x-3) —5r(x-g) +4(x-3)

f(x)=5inx=§ 1+(x_z)_(x_1) (X_Z) (X_IZ)

Question 5

Find the Taylor series expansion about x = 1 for the function f(x) = eX’ 2% i ascending

powers of (x — 1) up to and including the term in (x — 1)2.

Suggested Solution

fG) =er 2 > f=e® zet=2

() = (2x — 2)eX* 2 > ff(D=@2x1-2)el"2=0

2
f”(X) — (ZX _ 2)2€x2—2x + Zexz—zx = f”(l) — (2 _ 2)261_2 + 261_2 =21 = E

Now

FGO) = £(d) + f @r=a) + T2 (o — a2

2
= f(x) = eXi2x :%+O(x—1)+%(x—1)z

1 1
a f(x) = eX T2 = ot E(x —1)?
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Question 6

Given that

—— — 2y = 3e”,
dx Y ¢

If the solution of this linear differential equation passes through the origin,

(1) Write down the first four terms of the Taylor series expansion of y near the origin

(i) Find the value of y when x = 0.1.

Suggested Solution

(i) Taylor series expansion of y near the origin i.e. y = 0 when x = 0.

Y gy =37 (i)
dx Y
2

d
NB: Differentiate equation (i)to getd—x);

d’y _dy

@y _oox i
I P 3e*  (ii)

d3
NB: Differentiate equation (ii)to getd—xj,;

d’y _d%y
E— ZW = 3e* (111)

d
Substituting y = 0 and x = 0 into the equation é — 2y = ¢e* (i)

dy dy

— —2(0) = 3¢e° w—=3 "0)=3
——2(0) = 3e - = '(0)
d d? d
Substituting x = 0 and 2 3 into the equation—y -2 Z_ e” (ii):
dx dx? dx
dZy dZy "
E—2(3):3€O Ezg :>f (0):9
Y. PE Y.
Substituting x = 0 and =2 =9 into the equation % — 2= = ¢ (jii):
dx dx dx

Tarakino N.P. (Trockers) ~ 0772978155/ 0717267175
Page 10




d3y 3}’ "nr
529 =3" -o==21 = £(0) = 21

(@) ., f@

f)=fl@+f(@kx-a)+ T (x—a) 3 (x —a)?

= f(x) = f(0)+ f'(0)x + f”Z(IO) x? + f’;EO) x3 sincex = 0.
21

= f(x)=0+3x + x? + 3

2% 1 3x2x1"

9 7
= f(x) = 3x+§x2 +Ex3

(i) Finding y when x = 0.1:
9 7
= f(0.1) =3(0.1) + 5(0.1)2 + 5(0.1)3

= 0.3485

Question 7

Given that y = Sec?x.

d?y 4 2
a) Show that —= = 6Sec x — 4Sec”x.
dx?

b) Find a Taylor series expansion of Sec?x in ascending powers of (x - %) up to and

. . . m\3
including the term in (x — Z) .

Suggested Solution

a) y = Sec®x = Coizx
ay _v () (%)
dx v?

_ Cos?x(0) — 1(2Cosx X —Sinx)
B (Cos?x)?
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_ 2CosxSinx
 Cos*x

_ 25inx
" Cos3x

NEB: Differentiate 2 to get 22
. Ifrerentiate — (o get ——
dx g dx?

d’y v (Z—Z) — (%)
dx? V2

_ Cosx(2Cosx) — 2Sinx(3Cos*x X —Sinx)
B (Cos3x)?

B 2Cos*x + 6Sin’xCos?x

Cos®x

NB: Sin?x = 1 — Cos?x

_ 2Cos*x + 6Cos?x(1 — Cos?x)
B Cos®x

B 2Cos*x 4+ 6Cos*x — 6Cos*x

Cos®x

B 6Cos?x — 4Cos*x

Cos®x

B 6Cos’x " 4Cos*x

Cos®x Cos®x

6 4

Cos*x ' Cos’x

: __1 n., — 1
NB: Secx = #-— and Sec"x = o

= 6Sec*x — 4Sec’x
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b) NE: Differentiate 2 to get -2
. Differentiate —= to get —=
) dx? g dx3

d*y 6 4

dx? Cos*x Cos?x

ey () - (%)
dx3 V2

_ [Cos*x(0) — 6[4Cos*x x (—Sinx)] Cos?x(0) — 4[2Cosx X (—=Sinx)]
- I (Cos*x)? l a [ (Cos?x)?

B 24Cos3xSinx 8CosxSinx

Cos8x Cos*x

_ 24Sinx 8Sinx
" Cos®x Cos3x

Now
T
— =2
f(0) Cos?x . f(4)
25inx v
! = = :4
f(x) Cos3x v X (4)
II( ) 6 4 124 (n:) 16
e —_ = - =
frx Cos*x. Cos?x f 4
) 24Sinx 8Sinx " (n) 80
e — = - =
[ Cos®x Cos3x f 4
Now

£ = f@ + F@G -0+ o2 - + LD oy + D gy

3

R s o B
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f(x)=Sec2x=2+4(x—%)+8(X‘%)2+2£(X‘%)3

Question 8

Given that
d*y  dy dy
T2 +ydx X, atx ,¥ = 0and I

Use Taylor’s series to find a solution of the differential equation in ascending powers of (x —

1) up to and including the term in (x — 1)3

Suggested Solution

When x = 1:

y=0 = f(1)=0

dy ,

— =2 = 1)=2

— f

Substitut 0 and dy 21 h ' %y dy i
upstitute = - = tot t —— - = :

y an Ix into the equation dx? +y dx x (i)

T @ L1 Yy ") =1

e — = S — = = =

dx? dx? f

d3
Differentiate equation (i) to calculate d_x)31

d?y dy _

dx? +ydx_x (@)

d’y d’y\  dy( dy )
ﬁ@*h(@)*a(laﬂ—l (i)

. dy d’y . o
Substitute y = 0, — = 2 and — = 1 into the equation (ii):
dx dx?
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1Y o +22) =1 Ay S f(1) = -3
dx3 B Tdx3 / B

Now:

L) ot f_”;('_a) (x —a)®

21
n 1 nr 1
fz(! -2+ 3(! :

fO) = fla)+ f(@x—a)+

=f)=fD+f D=1+

(x — 1)3 sincea =1
1 -3
= f(x) :0+2(X—1)+§(X—1)2+?(X—1)3

1 1
~ flx) = Z(x—1)+§(x—1)2—§(x—1)3+---
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SOLVED PAST EXAMINATION QUESTIONS

Question 1

UCLES NOVEMBER 1992 PAPER 1

d
The variable x and y are related by d—z =2xy—1,and y=1atx =0.

d3y d4y
(@) Show that atx = 0, E —4 and — = 12.

(b) Find Maclaurin’s series for y up to and including the term in x#, and hence find
an approximation to the value of y at x = 0.1, giving your answer to an

appropriate accuracy.

Suggested Solution

dy
@—= =2(0)y-1=-1
dxx=0
y
—=2xy—1
dx i
dzy—z dy+2 Use Implicit di tiation)
T2 = AX y  (Use Implicit dif ferentiation
dZ
22 = 20(=1)+ 2(1) =2
X“x=0
d? a3
D|fferent|ate—yto get——= Y
dx? dx3
d’y d’y _dy _dy
—= =2x0—=+ 2+ 2—
dx3 dx? 2+ dx * dx
d’y d’y = dy
=2x—+4—
:>dx3 xdx2+ dx
Now:

d3y
PP 2(00(2) +4(-1)

= —4 (As required)
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a3 a4
Differentiate —33/ to get £
dx

dx*
d* d3 d? d?
S PR A it At
dx* dx3 dx? dx?
4 d3 dZ
dy _, &y dy
dx* dx3 dx?

Now:

d*y
—  =2(0)(—4) +6(2)
dx x=0

= 12 (As required)

(b) £(0) = yyeo = 1
dy

') = =-1
/ dxx=o
) d?y
0)==— =2
f dxzxzo
" d3y
0)=-—7% =-4
/ dx3y=o
d*y
vO)=— =12
7 (0) dxt,_,
14 0 rnr 0 o 0
f(x) = £(0) +f’(0)x+f2(l )xz +f 35 )x3 +f 4(' )x4
=1+ (=1)x + G I e SN 12 4
- YTox1Y T3xex1” Tax3xzaxi”
2 1
—4_ 20 43, T 4
1—-x+x 3x +2x
Now:
2 1
flx) = 1—x+x2—§x3+§x4

= f(0.1) =1—-0.1+ (0.1)? —%(0_1)3 +%(0_1)4

54563
~ 60000
= 0.90938333333333

= 0.91 (to 2 significant figures)
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Question 2

ZIMSEC NOVEMBER 2003 PAPER 1

: | dy 1. _
Giventhaty = In (e x —7), showthata =3 (e Y+ 2).

By finding the second derivative, or otherwise, show that the series expansion of y in
ascending powers of x, up to and including the term in x2, is - In2 — 2x — x2. [5]

Suggested Solution

1
=] _x——)
y=in(e™ =

e?=eX*—= (i)
Now
dy
vy _ _px
e’ = e
dy e X

e W
From (i):

1
e r=eV+ 3 (iii)

Substituting (iii) into (i1):

dy —e™*
dx ey
1
y 4=
_e +2

ey
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dy 1 .
n—=——(e s require
Tx 2( Y+2) (A d)
d’y 1 __dy
JE—— ) _e_y_
dx? 2 dx

-t ()

1 _
=—7+2)(e™)

Evaluating y = f(x) atx = O:

= f(0) = In (eo — %) = In (%) =In(27Y) = —-In2

Evaluating = = f tx =0
valuatin a 5
g (x) at x
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. d?%y " _
Evaluating FRvh f (x)atx =0:

d?y 1 1(1 1
aside: 2 = _ Lo (e 42 :_—(—)(—+2)
dx? 46 (e ) 4 \eY) \eY
_ 1 1 1
=~ 2l Zex=1 || ZeT =1 T2
2 2

1 2 2
)
4\2e % —1/\2e™* -1

= f7(0) = _%(2802— 1) (2602— 1 + 2) - _%<22T1) (% + 2)

Now:

144 0
£G0) = £(0) + £/(0)(x) 1)

2!
=> f(x) =—-In2 —2(x) + _72(96)2
wy=f(x) =~In2-—2x — x* (Asrequired)

(x)?

Alternative Method
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dy e

- ey @

From (i):
e =¢e +1 (iii)
2

Substituting (iii) into (ii):

dy e
dx ey

ey+%

dy 1 .
S it (e™+2) (Asrequired)
d’y 1 __dy
B A
dx? 2 dx

Evaluating y = f(x) atx = 0:

= f(0) =In <e° — %) =In (%) =In(2™Y) = -In2

Evaluati _—_ZIX tx=0
valuatin a .
gdx ()

dy

1
— —Z(o-Y
I > (e™ +2)
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= f'(0) = —%(e_(_mz) +2) = —%(2 +2) = —%(4) = -2

. d?y p _
Evaluating Tl f (x)atx =0:

2
d_y = 1 —yd_y = le—(—lnz)(_z)

dx? 26 dx 2
Lo
=~
=2

Now:

£ = FO + @6 + 22 2

= f(x) =—-In2-2(x) + %Z(x)z
wy=f(x)=—-In2-2x— x* (Asrequired)

Question 3

ZIMSEC NOVEMBER 2006 PAPER 1

(i) By first expanding cos(2x + x), prove that cos3x = 4cos3x — 3cosx. [3]
(ii) Use the series expansion of cosx given in the list of formulae to express 3cosx

and cos3x in terms of powers of x, up to and including the term in x6.

Hence show that

3 7 61
3y =1 ——y2 4 4 46 1 ...
cos’x =1 =X +8x 540> + [4]

(iii) Calculate the relative error in using 1 — %xz + %x‘* - %x%s an approximation

for cos3x when x = %n, giving your answer to 1 significant figure. [3]

Suggested Solution

(i) cos(2x + x) = cos2xcosx — sin2xsinx
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= cosx(2cos?*x — 1) — sinx(2sinxcosx)
= 2c0s3x — cosx — 2sin®xcosx

= 2c0s3x — cosx — 2cosx(1 — cos?x)
= 2cos3x — cosx — 2cosx + 2cos3x

= 4cos3x — 3cosx (as required)

2 .4 .6
(ii) From tables: Cosx = 1 —%+%_%+
Now:
XZ x4— x6
3cosx:3<1—§+z—a+...>
3 3 3
— a2 _ 4 .6
=3t Tav
3 1 1
2% T8* " 2a0
(3x)> (Bx)* (3x)°
cos3x =1 — o + TR W + .
9 81 729
A a2 4 T 6
Lot gy et
9 27 81
1 g2 208 T2 e
Zx + 8x 80x +

cos3x = 4cos3x — 3cosx

cos3x + 3cosx
4

= cos3x =
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Now:

92,27 4 8l ¢, 32,14 1 6.
COS3x:(1 5 X + g X 30% + )+(3 5 X +8x 540X + )
4
28 61

_ 2 4 22044 246 ..

:4 6x“ + g X 60% +
4

= SX tgX T op* (as required)

(iii) Relative error =

|Actual — Estimate]|

61 t

240

(57)

Actual
Aside
Act l—( ! )3 !
ctual = 00537t =3
stimate = 1-2(27) +2 (o)
stimate = > 37I 3 37‘[
= 0.072135213
Now:
1
37 0.072135213
Relative error = 1
8
= 0.422918294

=0.40 (to1s.f.)
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Question 4

ZIMSEC JUNE 2014 PAPER 1

Given that f(x) = e3*sinx and f'(x) = e3*cosx + 3e3*sinx,

(i) find f""(x), f""'(x) and hence write down the Maclaurin series of f(x) up to

the term in x3. [7]
(ii) evaluate f(0.5) giving your answer correct to 4 decimal places. [1]
(iif)Use Maclaurin series obtained in (i) to estimate the value of f(0.5) and state the

absolute error in using the Maclaurin as an approximation. [2]

Suggested Solution

f(x) = e3*sinx and f'(x) = e3*cosx + 3e3*sinx

(i) Differentiate f'(x) to obtain f"" (x):
" (x) = e3*(—sinx) + cosx(3e3*) + 3(e3*cosx + 3e3*sinx)
= —e3*sinx + 3e3*cosx + 3e**cosx + 9e3*sinx

= 6e3*cosx + 8e3*sinx

Differentiate f"'(x) to obtain f"(x):
" (x) = 6(—e3*sinx + 3e3*cosx) +8(e3*cosx + 3e3*sinx)
= —6e3% sinx + 18e3*cosx + 8e3*cosx + 24e3*sinx

= 26e3*cosx + 18e3*sinx

Evaluating y = f(x)atx = 0:
= f(0) =e’%in0 =0

Evaluating f'(x) at x = 0:
= f'(0) = e%o0s0 + 3e%sin0 = 1

Evaluating f"'(x) at x = 0:
= f"(0) = 6e°c0s0 + 8e%sin0 = 6
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Evaluating f'""(x) at x = 0:
= f'""(0) = 26e°cos0 + 18e%sin0 = 26

Now:

£, (0

FG) = £(0)+ F(O)() + = (0% + 75— ()

= f(x) =0+ 1(x) +%(x)2 +§(x)3
vy =f(x) =x+3x? +§x3

(i) f(x) = e3*sinx
£(0.5) = e3®3sin0.5

= 2.148636196
= 2.1486

(iii)f () = x + 3x2 + 2x°
£(0.5) = 0.5 + 3(0.5)% + 13—3(0.5)3

= 1.7916666667
= 1.7917

Absolute error = |Actual — Estimate|
= |2.1486 — 1.7917|
=10.3569|
= 0.3569

Question 5

ZIMSEC NOVEMBER 2015 PAPER 1

Given that Iny = xy, where y > 0,

y2

1-xy

: dy
(1) 1. Show that — =
dx

_ d’y
2. Find ey [5]
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(if) Hence, or otherwise, obtain the Maclaurin series for y up to and including the

term in x?2.

Suggested Solution

) 1. Iny =xy
1dy
7 1
ydx y(1)
dy _ W
dx ydx Y
ay _ L
dx ydx Y
dy
21— xw) =
dy  y° .
Ix 1= Xy (As required)
dy __y?
“dx 1-—xy
d d
d%y (1—xy)2y%—y2[ ( dﬁ y)]
dx? (1—xy)?
d ,d 5 d
d%y Zydgc/ — 2xy? dgc/ + xy? dy + y3
dx? (1 —xy)?
d d
d?y | 2yd—¥—xy dy+y
dx? (1 —=xy)?
(if) Iny = xy
eIy = XV =y=e"
Evaluating y = f(x) at x = O:

=f(0)=e=1

. dy
Evaluating — =
dx

f(x)atx = 0:

[4]
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2

1
2/ O=15=171
. d*y .
Evaluating vl f (x)atx =0:
2 -O@MMW+1* 2+1 3

—=3
(1—0)2 1 1

= f"(0) =

Now:

FG) = FO) + £ O + L2

3
= f(x) = 1+1(x)+z(X)2

3
y=f(x)=1+x+§x2

Question 6

ZIMSEC NOVEMBER 2018 PAPER 2

a) Use the series expansion of Cosx to expand (1 + x)2?Cosx up to and including the

termin x3. [4]
. d’y dy dy
b) leenthatﬁ+a+ 3y = 0,wherey = 1atx = 0 and I = 2atx=0.
Use Taylor’s series to find the first three terms of (1 + x)?Cosx. [4]

Suggested Solution

2 4 .6
a) From tables: Cosx ='1 —%4—%—%4_

; B , 2 x4t 46
Now (1 4+ x)*Cosx = (1 + 2x + x°) l—Sr+7r—gr+

x2

=1—7+2x—x3+x2

1
:1+2x+§x2—x3
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y=1 = f(0)=1
dy_ , B
=2 = f'(0) =2

2
Substituting y = 1 and % = 2 into the equationd—%/ + % + 3y =0 (i):

dx
4%y _o Ty (0)
W+(2)+3(1)_0 ”W__S = f"(0) = -5
Now
£ = F@ + f @G~ ) + 152 (- ay
= f(x) =f(0)+ f'(0)(x) + %('0)(%)2 since a = 0.

= f(x) =1+ 2(x) +%(x)2

5
S fl)=1 +2x—§x2

Question 7

ZIMSEC JUNE 2019 PAPER 2

Use Taylor’s series expansion in ascending powers of (x — 1)to find x?Inx up to and
including the term in (x — 1) *. [5]

Suggested Solution

f(x) = x%Inx = f(1)=1%In1 =0

1
f'(x) = x? (;) + 2xInx = x + 2xInx = f'()=1+4+21)In1=1

1
f”(x):1+2x(;)+21nx=3+21nx = f"(1)=3+2In1=3
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" _2 el _2_2

fre) == = fr)=1=

v 2 v 2

f (X)=—; = f (I)Z_F:_Z

Now

£ = f@ + F@0 - )+ o2 - + L0 a1 L0 e

2 3 2, 2 3, ~2 4
= f(x) = xlnx=0+1(x—1)+i(x—1) +§(x—1) +I(x—1)

v f(x) = x%Inx = (x—l)+§(x—1)2+1(x—1)3—i(x—1)4
B 2 3 12

Question 8

ZIMSEC JUNE 2020 PAPER 2

i) Use Taylor’s theorem to obtain a series expansion for cos | x + ) aboutx =2 up to
y 4 4

and including the term in x3. [6]

(if) Hence evaluate cos46° leaving the answer in exact form. [2]

Suggested Solution

()NB: f (x + %) = cos (x + %)

_T[
=7

S -y (v + D) - o] =x

f@
2!

, (@) > (3 ;
) =@ Q5D+ 55+l

flll(a)
3!

ie. f(X)=f(@)+f'(a)(x—a)+ (x—a)?+ (x—a)
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m (T
s =) Qe Lye e

f(x) = cos(x)
f'(x) = =sin(x)
f"(x) = —cos(x)
f"(x) = sin(x)

Now:

f(a)
2

(@)
3!

fG) = f(a)+ f(@)(x —a)+ (x —a)* + (x—a)®

) (T o (T
= f(x —}—%) = cos (x +E) = f (E) +f (%) (x) +f 2(!4) (x)?2 +f 3?4—) (x)3

Vi A2
V2 (VT
=2t ‘7)“”70‘)”?(")3

Hence means use the above result:
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cos 46° = cos (x + %)

cos 46° = cos(x + 45°)
cos(1 + 45°) = cos(x + 45°)

=>x=1°

T

=5 x = —

* =180

Now

460 V2 W2 x/§2+x/§ ;
cos == ——=Xx——Xx"+-—=x
2 2 4 12

V2 V2, V2, m\2 N2, \3
= (t0)~ 7 (50) *12(180)

V2 N2m V2n? / V23
2 360 «~ 129600 69984 000
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PAST EXAMINATION QUESTIONS

QUESTION 1

The displacement x metres of a particle at time t seconds is given by the differential equation

d*x dx 1

F+ x + Cosx =0 when t = 0,x = 0and a-2 Find a Taylor’s series solution for x the in
t

ascending powers of t up to and including the term in ¢3.

QUESTION 2
d’y dy
; ay _ x ay 2
Given that 2 e [Zy Y +1]
d3y d?y dy\* dy
a) Showthat—= = €* [2 — 42 (—) + k (—) +9* 4+ 1] here k is a constant
) W dx3 o dx? dx y dx Y W 1S >
to be found.

Giventhatat x =0,y = 1 and %: 2,.

b) find a series solution for y in ascending powers of x up to and including the term in x3

QUESTION 3

Given that x (%) =3x +y?

2
d’y dy
a) Show that x + (1 -2y) = 3.
de (dx)

Giventhatat y =1latx =1,

b) find a series solution for y in ascending powers of (x — 1) up to and including the term in
(x—1)°
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QUESTION 4

4’y + 4 Sinx =0
T2 y inx =
. 1 dy 1 : . : .
Given that y = > and ix "8 atx = 0, , find a series expansion for y in terms of x, up to

and including the term in x3.

QUESTION 5
Given that
d?y  (dy\®
vyt () +ov=0
d3 d%y d
a) Find 2 in terms of—y, 24 and y
dx3 dx?’ dx

. dy
Given that y=2anda =2atx =0,

b) find a series solution for y in ascending powers of x up to and including the term in

3

X
QUESTION 6
Given that
dy _ _ _
xa+y —3x+4=0, y =1whenx = 1.

Use Taylor’s series to find a solution of the differential equation in ascending powers of (x —

1) up to and including the term in (x — 1)*
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QUESTION 7

Given that y = /(cosx), show that

) 2 (§) =17

By further differentiation, or otherwise, obtain the expansion of y as a series of ascending

powers of x up to and including the term in x*. (JUNE 1980)

QUESTION 8

da
Given thatd—z = y + 2x and that y = 1 when x = 0.

2

a
Show that d_szz = 3 when x = 0. Find the first three terms in the Maclaurin series for y.

(NOV 1989)

QUESTION 9

d? 1
. 1 1 y o
Giventhaty = In [E (1+e )], show thatﬁ =ze - 1.

By repeated differentiation of this result, or otherwise, show that the series expansion of y in

ascending powers of x, up to and including the term in x*, is L Lo 4 ke where the

2 8
numerical value of k is to be determined. (JUNE 1988)
QUESTION 10
. dy d*y ~1 . o
If y=In(1+sinx), find = and show that — = —. Find the expansion in
dx dx 1+sinx

ascending powers of x of In(1 + sinx) up to and including the term in x*.

Deduce that, if powers of x above the fourth are neglected,

1+x \ _ 1 3
In (m) =z23(1—x). (JUNE 1977)
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QUESTION 11

d?y dy\ 2 ) . .
If y = In(secx), prove that 2~ \ax + 1. By further differentiation of this result, or

otherwise, find the series expansion of y in terms of x up to and including the term in x*.
(JUNE 1978)

QUESTION 12
Let y = V4 + Sin?x.

a) Show that y% = %sian

b) By successive differentiation of this result show

4y LY (dzy)z

yw+ 4dx I3 T2z = —4cos2x
c) Find the series expansion of y in ascending powers of x up to and including the term
inx*. (NOV 1985)
QUESTION 13

d
Given that y = tan®x express d_ic] in terms of tanx, and hence show that

dy
-~ =248y +6y2
dx y y

By further differentiation of this result, or otherwise, show that if x is small enough for

powers of x above x° to be neglected, then

tan’x = x? + %x“ + gxq
(JUNE 1979)
QUESTION 14
If y = tan™'x, prove that
1+ xz)@+ Zxd—y = 0.
dx? dx
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Differentiate three more times, and find the values of the first five derivatives of tan™1x at
x = 0. Hence or otherwise, find the first three non-zero terms of the Maclaurin expansion of
tan™1x. (NOV 1974)

QUESTION 15

da
Let y = e*sinx. Show that d_ic/ may be expressed as ce*sin(x + a) where ¢ > 0 and

O<ac< %and state the numerical values of ¢ and a.

d%y d3y d* d>
Hence, or otherwise, find y’ y1 Y n y.
dx?' dx3’ dx* dx>

Using these results, or otherwise, expand y as a series in ascending powers of x up to and
including the term in x°. (JUNE 1981)

QUESTION 16

Show that, if x is so small that x® and higher powers of x may be neglected,

1 1 1 1
In(1 — 42 a3 4 — .5
n(l+x)=x 5% +3x 27X +5x

Deduce that, for such values of x,

! <1+x)_2< +1 3_|_1 5)
nl—x o\ 3x 5x

By giving x a suitable value in this last result, prove that for large N,

<N+1) 2+ 2 N 2
"N=1)N T3N3 5N

N
Hence show that, for large N, (x—j) ~ e?

(JUNE 1982)

QUESTION 17

2
If y = tan (% + x), show that% = Zy%.
X
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By repeated differentiation of this result, or otherwise, find the series expansion of y in

ascending powers of x up to and including the term in x*.

When x = 0.1, the value of y, correct to 8 decimal places, is 1.223 048 88. Verify that, in
this case, the series expansion up to and including the term in x* gives an estimate that is in
error by about 0.004%.

(JUNE 1989)

QUESTION 18

ZIMSEC NOVEMBER 2019 PAPER 2

a) (i) Find the Maclaurin series expansion for y up to and including the term in x3 given

dy 3 8
tha =Y + x and y =1 whenx =0. [8]
(ii) Evaluate y when x = 1.2 [2]

b) Use Taylor’s theorem to obtain series expansion about (x = 4) for f(x) = "%, up to and

including the term in (x — 1) *. [6]

QUESTION 19

ZIMSEC JUNE 2019 PAPER 1

(i) Obtain, in terms of the constant a, an expression for the first 3 simplified terms of the
series expansion for y = e®™*, [3]

(i) If the coefficient of x in the series expansion in (i) is —4, find the exact value of a.  [2]

QUESTION 20

ZIMSEC JUNE 2018 PAPER 1

da
Given thatd—z = x + 2y and that y = 1 when x = 0.
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Show th dz—y— 3
(a) Show adxz—. [3]

(b) Obtain the Maclaurin series for y in ascending powers of x as far as the term inx3. [3]

QUESTION 21

ZIMSEC NOVEMBER 2017 PAPER 1

d
a) Given that y = e?*sinx and d_z = e*cosx + 2e**sinx find

d?y

1. — 2
dx?’ [2]
d3y

2. —. 3
T3 [3]

b) Hence, or otherwise, obtain the Maclaurin series for y = e**sinx up to the term in x3.[2]

QUESTION 22

ZIMSEC NOVEMBER 2013 PAPER 1

: r o dy
() fy=(1+3e¥)z find Ix atx = 0. [3]
(ii) Show that = 2y %Y =1 — 2. 2]
(iii) By further differentiating, use Maclaurin’s therom to find the series expansion
for y in ascending powers of x, up to and including the term in x2. [4]
QUESTION 23

ZIMSEC JUNE 2007 PAPER 1

Given that f(x) = xe3%, f'(x) = 3xe3* + e3* and f"(x) = 3e3*(3x + 2)

(@) Find f""(x), f"V(x) and hence write down the Maclaurin series of f(x) up to
the term in x*. [6]

(b) Find by integration the area in the first quadrant bounded by f (x), the x — axis
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and the line x = 1, giving your answer correct to 3 decimal places. [4]
(c) Use Maclaurin series obtained in (i) to estimate the area and state the absolute

error. [4]

QUESTION 24

ZIMSEC NOVEMBER 2003 PAPER 1 SPECIMEN

] . .d
Given that = e *cos?x , find é and deduce that

dz_y = e ¥[2sin2x — 2cos2x + cos?x]

dx?
By finding the second derivative, or otherwise, find the series expansion of y in ascending
powers of x, up to and including the term in x3. [8]
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ASANTE SANA
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