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SYLLABUS (6042) REQUIREMENTS

» Sketch the graphs of trigonometrical functions

» Transform the graphs of trigonometrical functions
> Sketch graphs of inverse trigonometrical relations
> Solve trigonometrical equations

> Prove trigonometrical identities

> Solve problems using trigonometrical identities
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TRIGONOMETRIC FUNCTTIONS

Definition: Trigonometric functions are elementary functions, the argument of which is an

angle. Trigonometric functions are simply functions of angles. They are used to

relate the angles.

Notes

o Trigonometric functions describe the relation between the sides and angles of a right
angle.

o Trigonometric functions are also called circular functions

o Trigonometric functions include the following six functions: sine, cosine, tangent,
cotangent, secant and cosecant.

o Trig functions can be defined using unit circles (A circle with a radius of 1)
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The diagram above shows a circle with centre (0,0) and radius » = 1. P(x,y) is a point on

the circle and 8 is the angle between the positive direction of x-axis and vector OP.
NOW:

e The Sine of an angle 6 is the ratio of y coordinate of the point P(x, y) to the radius r:
Sing =2
r

Since r = 1, this is equal to y coordinate of the point P(x,y) i.e. Sinf =y

e The Cosine of an angle 6 is the ratio of x coordinate of the point P(x, y) to the radius

T
X
Cosf = —
T

e The Tangent of an angle @ is the ratio of x coordinate of the point P(x,y) to the

x coordinate:

Tanf = =; x#0

R

e The Cotangent of an angle 6 is the ratio of x coordinate of the point P(x,y) to the

y coordinate:
X

Cotf = —; y+0
NB:
Cotd = 1 Cos6
ot = Tan6 ~— Sinf

e The Secant of an angle 8 is the ratio of the radius to the x coordinate of the point
P(x,y):

T
Secd = —=—; x#0
X

NB:
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SecH = Tos0

e The Cosecant of an angle 8 is the ratio of the radius to the y coordinate of the point
P(x,y):

1
CosecO = =;; y#0

<I=

NB:

CosecO =

95}

in@
NOTE

For Cosecf and Sec there is a ‘C’ ‘S’ relationship i.e. Sinf and Cos@ are reciprocal

functions

1
CosecO = Sind and SecO = Coso

Graphs of Basic Trigonometric Functions

The six basic trigonometric functions are sinx, cosx, tanx, cotx, secx and cosecx.

Amplitude and Period

(a) Amplitude refers to the maximum value of y or simple maximum ordinate value

(b) Period refers to the length of the smallest domain interval which corresponds to a
complete cycle of values of the function

(c) Domain refers to the set of all possible input values (x values) over which the function
has defined outputs

(d) Range refers to the set of all actual outputs (y values)
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Sine Function

—90: 0

o Amplitude = 1
o Period = 360° or 27t radians
o Domain= -0 <x < 4o

o Range=-1<y<+1

90 180 \Qz 270 Q, /360 x
—1

o Sinx = —=Sin(—x) i.e. it is odd or asymmetric

Cosine Function

N Q4

o Amplitude = 1
o Period = 360° or 2t radians
o Domain= - <x < 4o

o Range=—-1<y<+1

90\Q, 180 Q3 /270 360 =x

o Cosx = Cos(—x) i.e. itis even or symmetric
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Tangent Function

Q1 Q3

180 270

—180 —90 360 x

Q;

o Amplitude = None

o Period = 180° or & radians

nm

5 } :nis an odd integer [n € (odd Z)]

o Domain = —oo < x < 400 except for x = {

o Range=—oco <y < 4o

o Tanx = —Tan(—x) i.e. itis odd or asymmetric

NOTE:

Sinx

Tanx = ;
Cosx’

e Itis defined for x € R: Cosx # 0
e Sowhen Cosx = 0 we have the asymptotes for the Tanx graph i.e. x # £90°,
+270° etc

e The vertical asymptotes must be positioned at x = +90°; x = +270° etc

NB: Tanx 1s undefined for x = {(Zn +1) %} :n€Zor

x={nz—n}:ne (odd 7Z)

orx={2n+1)90° hn€Zorx={90° n}:n € (odd Z)
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Secant Function

\

N\

N\
\

Q)

> .

.
/fi;;:__

N
’,

| S
N

v

270 360 x

—180

Sy
of 9ot 180

CQ ’
S

o Period = 360° or 2w radians
nm
o Domain = —o0 < x < 400 except for 7:Where n is an odd integer [ n € (odd Z)]

o Range=—oco <y < +ooexceptfor-1<y<1
o Secx = Sec(—x) i.e. it is even or symmetric
NOTE:

1
Cosx’

Secx =

e Itis defined for x € R: Cosx = 0
e Sowhen Cosx = 0 we have the asymptotes for the Secx graph i.e. x # +90°,
+270° etc

e The vertical asymptotes must be positioned at x = +90° x = +270° etc

nm

NB: Secx 1s undefined for x = { 5

:n € (odd Z)} orx ={90n° :n € (odd 7)}
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Cosecant Function

—180

Ry

o Period = 360° or 27 radians

S e G U S

e

N

270

o Domain = —oo < x < +oo except for nm: n is an integer (n € Z)

o Range= —oo <y < +ooexceptfor—-1<y<1

o Cosecx = —Cosec(—x) i.e. itis odd or asymmetric

NOTE:

1
Cosecx = —;

Sinx’

e Itisdefined for x € R: Sinx # 0

e Sowhen Sinx = 0 we have the asymptotes for the Cosecx graphi.e. x = 0°,

+180°, £360° etc

e The vertical asymptotes must be positioned at x = 0°; x = £180°;, x = +360° etc

NB: Cosecx is undefined for x = {nm:n € Z} or x = {180° n: n € Z}
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Cotangent Function

—180

B T ey e ——

o Period = 180° or w radians
o Domain = —oo < x < +oo except for nm: n is an integer (n € Z)
o Range= - <y <+

o Cotx = —Cot(—x) i.e. itis odd or asymmetric

NOTE:

e ltisdefined for x € R: Sinx # 0
e x # 0°+180° +360° etc

e The vertical asymptotes must be positioned at x = 0°; x = £180°; x = +360° etc

NB: Cotx is undefined for x = {nm:n € Z} or x = {180° n: n € Z}
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Graphs of Inverse Trigonometrical Relations

o The six inverse trigonometric functions are sin™1x; cos™x; tan™'x;cot™x; sec™x

and cosec™x.

o To sketch the graphs of inverses simply reflect the graphs of the original functions along

the line y = x.

sin”'x Function

It is a reflection of the graph of y = sinx along the line y = x. The domain of y = sinx

must be restricted so that it becomes a one-one function.

A

- 2n

/
A

7

N
v

(-5-3

Domain:[—1;1]or -1 < x < +1

\ 4
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T T Y T
== —_——< < —
Range.[ 2,2]0r SSys+3

cos~'x Function

It is a reflection of the graph of y = cosx along the line y = x. The domain of y = cosx

must be restricted so that it becomes a one-one function.

v

(—Lm)

0 (1;0)

Domain:[—1;1]or -1 < x < +1

Range: [0;t]or0 <y < +m

v
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tan”'x Function

It is a reflection of the graph of y = tanx along the line y = x. The domain of y = tanx

must be restricted so that it becomes a one-one function.

v

Domain:[—o0; ®] or —0 < x < 4

(_T.Z -5 T
Range.( 2,2)or S <y <+

cot~1x Function

v

It is a reflection of the graph of y = cotx along the line y = x. The domain of y = cotx

must be restricted so that it becomes a one-one function.
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N\

T §

2 1N

............................ 77T
A
.......................................................... y=mn
b
(0:5)

2

Domain:[—oo; ] or —oo < x < 400

Range: (0; m) or0 <y < +m

sec”'x Function

It is a reflection of the graph of y = secx along the line y = x. The domain of y = secx

must be restricted so that it becomes a one-one function.
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(1, 0)

Domain:[—o0; oo] except for (—1; 1) or —co < x < +oo exceptfor—1 < x <1

Range: [0; ] except forgor O<y<+my=# %

cosec”'x Function

It is a reflection of the graph of y = cosecx along the line y = x. The domain of

y = cosecx must be restricted so that it becomes a one-one function.
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A

Domain[—oo; o] except for (—1;1) or —oo < x < +oo except for -1 <x < 1

o P _r T,
Range.[ 2,Z]exceptforOOr 2Sy§+2.y¢0
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TRANSFORMATIONS

o To transform means to change in shape (size) and position.

o Only three out of the six transformations will be considered i.e. Translation, Reflection

and Stretch.

TRANSLATION
(i) x—axis

a
f(x — a) : This is translation along the x — axis with translation vector (0) or

simply moving a units to the right side.

—a
f(x + a) : This is translation along the x — axis with translation vector ( 0 ) or
simply moving a units to the left side.

(i) y—axis

_ . . . 0
f(x) —a : This is translation along the y — axis with translation vector (_ ) or

simply moving a units downwards.

. ; . . 0
f(x) +a : This is translation along the y — axis with translation vector ( ) or

simply moving a units upwards.

REFLECTION
(i) x—axis

—f(x) : This is reflection along the x — axis

(ii) y—axis
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f(—x) : This is reflection along the y — axis

STRETCH
(i) x—axis

1
f(ax) : This is stretch along the x — axis with factor (Z) or simply divide every

x — coordinate by a.
(if) y—axis

af (x) : This is stretch along the y — axis with factor a or simply multiply every

y — coordinate by a.

Worked examples

Question 1
Sketch the graph of f(x) = Cosx — 1 for0 < x < 2m.

Hence on separate diagrams, sketch the graphs of the following functions and state the

resultant transformation.

(i) y=1(5x)
i)y =r(x=%)
(i)y = 2/ (x)

oy =Jr (-2 +1
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Suggested solution

NB: f(x) is a graph of Cosx which has been translated 1 unit below the y — axis.

y=f(x)
y A
0 z T 3 2w X
2 2
-1
-2
. 1
(i) y=r(3x)

Stretch along the x — axis with factor % or multiply every x — coordinate by 2 or

divide every x — coordinate by %

v

.s Vs
i)y =f(x—3)
T
Translation along the x — axis with translation vector (2) or movingg units
0

rightwards.
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v

2w x

o

TR
3
|

(ii)y = 2f (x)
Stretch along the y — axis with factor 2 or multiplying every'y — coordinate hy 2.
y A
0 z T 3—n/gt\ X
2 2
-2
-4

(iv)y = |f(x—§) + 1|

s
(a) Translation along the x — axis with translation vector <5> or moving g units
0

rightwards.

(b) Translation along the y — axis with translation vector ((1)) or moving 1 unit

upwards.
A
y
1
0 = T 3 21 X
2 2
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Question 2

Sketch the graph of y = 2secx + 1, for the interval 0 < x < 2m.

Suggested Solution

(a) Stretch along the y — axis with factor 2 or multiply every y —coordinate by 2

(b) Translation along the y — axis with translation vector ((1)) or moving 1 unit upwards.

-

v

0 g T > 21 X
Question 3

NE

Sketch the graph of y = 2sec2x, for the interval 0 < x <

Suggested Solution

. 1 . i
(a) Stretch along the x — axis with factor S 0r divide every x —coordinate by 2

(b) Stretch along the y — axis with factor 2 or multiply every y —coordinate by 2
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NE

Question 4

a) Sketch the graph of f(x) = SSin%x for the interval 0 < x < 2m

A
b) Given that f: x +— sinx, for the domain Py < x < p, find the largest value of p for which

f has an inverse.

Suggested Solution

a) (i) Stretch along the x — axis with factor 2 or divide every x —coordinate by%

(i) Stretch along the y — axis with factor 3 or multiply every y —coordinate by 3

4

v

b) If f has an inverse then it must be a one to one function thus the largest value of p in the

. . . 31
given interval is 7
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Question 5

Sketch the graph of y = 5cosec(x — m), for the interval 0 < x < 2m.

Suggested Solution

(a) Translation along the x — axis with translation vector (g) or moving m units

rightwards.

(b) Stretch along the y — axis with factor 5 or multiply every y —coordinate by 5.

1
5 |
0 90 180 g

270 3607 x
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Quadrants/CAST Diagram

A quadrant is a quarter of a coordinate plane

There are four quadrants namely (i), (ii), (iii) and (iv)

The coordinates in each respective quadrant are of the form (+; +), (—; +), (—; —) and
(+; —) respectively

Quadrants move in an anticlockwise direction from the first quadrant which is the

positive quadrant i.e. both x and y have positive coordinates.

90°
A
Qi  sILLY (180°—6) (6) ALL Q;
(Only Sin positive) Sin @ Sin@; Tan 0; Cos 0 (All positive)
180° ¢ ) 0°
360°
(Only Tan positive) Tan @ Cos 6 (Only Cos positive)
Qi  Tom (180°+6) | (360°—6) CATS Qiv
v
270°

There are two angles within the first 360° that have the same value.

The first angle is called the principal angle/value and is found using the calculator and the
second one is called the secondary angle/ value

6° is the principal angle

The principal angle is the anti-clockwise angle between the initial arm and the terminal
arm of an angle in standard position.

The value of thee principal angle is between 0° and 360°.
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Reference Angles

o 6°isthe reference angle: The positive acute and smallest angle representing an angle of
any measure and it is made from the terminal side of a given
angle with the x-axis. It is never negative

o f°isthe principal/standard angle

Quadrant 1 Quadrant 2
A
0 \p 0 B
0 180° -0
Quadrant 3 Quadrant 4

»
>

/FIN N

( 0 0 o
p

A 4

180°+ 6 360°— 0
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General Solutions

o A general solution refers to all angles that satisfy the trigonometric equation

Sine function

If sin@ = k, then the general solution is given by:
nm + (—=1)"a or 180°n + (1)«

Cosine function

If cos6@ = k, then the general solution is given by:

2nm + a or 360°n + «

Tangent function

If tan6 = k, then the general solution is given by:
nm + aor 180°n + a

NB: «a is the principal angle/value and n is period.

Basic Trigonometrical Equations

Steps

o Set the equation equal to zero

o Factor if possible

o Convert to one trigonometric function if possible

o If the angle has a coefficient greater than one (multiple variables e.g. 2x, 3x etc), then go
around the circle that many times to find all possible angles.

o Divide the resulting angles by the coefficient e.g. for 2x divide by 2.
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NOTE

The other solutions are found by adding or subtracting multiples of the period i.e. for
sinx and cosx the period is 2nm or 360°n and for tanx the period is nm or 180°n
BUT be guided by the given range/interval.

Do not divide the equation by a trig function e.g. for sinxcos2x = sinx never divide
by sinx BUT put all functions to one side and factor out sinx.

If you square both sides, always remember to check the solutions at the end e.g.
for sinx = 2 — cosx, we get (sinx)? = (2 —cosx)? BUT after application of
necessary identities and solving this equation, remember to check if all the solutions
satisfy the original equation sinx = 2 — cosx. Drop/ignore all solutions which do not
satisfy this equation.

If the range is given in radians e.g. 0 < x < 2 make sure to give your solutions in
radians and if it is given in degrees e.g. 0° < x < 360° always express your answers

in degrees.

NB: To enter sin®x in a calculate we€nter (sinx)?

Solved Problems

Question 1

Solve the equation 4sinx = 2 for 0° < x < 360°

Suggested Solution

4sinx = 2
) 2
sinx = —
1
— cin—1(_
X = sin <2)

x = 30°;180° — 30°
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~x = 30°% 150°

OR

Using the general solution:
4sinx = 2

. 2
sinx = —

1
x =sin~! <E)
x = 30°
x = 180°(0) + (—1)°30° 180°(1) + (—1)*30°
x = 30° 180°—30°

~ x = 30°%150°

Question 2

Solve the equation 3sin?x = cos?x for 0° < x < 360°

Suggested Solution

Method 1
3sin’x = cos?x

2 _1 2
sin X—gCOSX

sin’x B V3
cos?x 3

, 3
tan®x = Y
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V3

tanx = +—
- 3

— -1 \/§ -1 \/§
x = tan <?> or tan <—?>

x = 30° 180° + 30° or — 30° 180° + (—30°)

x = 30°% 210° or x = —30° 150° 360 + (—30°)
~x =30° 150° 210°% 330°

Method 2

3sin?x = cos?x

3(1 — cos?x) = cos?x

3 — 3cos?x = cos’x

cos?x + 3cos’x =3

4cos’x =3
3
cos’x = —
B
cos =+~
(%) e (-3)
x = cosTl| 5= ) orcos™h ==

x =130° or x= +150°+ (—30°)
= x = 30°% 360° — 30° or x = 150° 360° — 150°

x = 30° 210° 150° 330°
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Method 3
3sin’x = cos?x
3sin’x = 1 — sin’x

3sin’x 4+ sin’x =1

1
sin’x = —
sinx = —

, 1
sin =+—

2

x = 30° or x = —30°
= x = 30°% 180° —30°orx = —30°% 180° — (—30); 360° + (—30°)

x = 30°% 150° 210° 330°

Question 3

Solve the equation 3 — 3sinx = 2cos?x for 0° < x < 180°

Suggested Solution

3 — 3sinx = 2c0s’x

3 — 3sinx = 2(1 — sin’x)
3 — 3sinx = 2 — 2sin®x
2sin’*x — 3sinx +1=0

2sin’x — 2sinx —sinx +1 =0
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2sinx(sinx —1) — 1(sinx —1) =0
(2sinx — 1)(sinx —1) =0
2sinx—1=0or sinx—1=0
Now:

2sinx —1=20

Sinx = —
2

1
— oin-1(=
X = sin (2)

x = 30°
Also:

sinx —1=0
sinx =1

x = sin~1(1)
x =90°

~x = 30°% 90°

Question 4

Solve the equation tan3x = 1 for 0° < x < 360°

Suggested Solution

tan3x =1
3x = tan"1(1)

3x = 45° 180° + 45°
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3x = 45° 225° 360° + 45°, 360° + 225°;,720° + 45°; 720° + 225°

3x = 45°, 225° 405°; 585°; 765°; 945°

| 45° 225° 405° 585° 765° 945°
YTT3T3 T3 T3 T3 T3

~ x = 15°% 75° 135° 195° 225°% 315°

Question 5

Solve the equation 3 — 3cosf = 2sin?0 for —180° < 6 < 180°.
3 — 3cosO = 2sin?0

3 — 3cos6 = 2(1 — cos?6)

2c0s%0 —3cos +3=2=0
2c0s%0 —3cos0 +1 =0

2c0s%0 —2¢0s0 — cosd +1 =0
2cos0(cosfd —1) —1(cos8 —1) =0
(2cosf —1)(cos6 —1) =0

2c0s0 —1=0o0rcosfd —1=0
Aside:

2cos0 —1=0
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cosO =

o=z
= T CoSs >
6 = +60°

Also:
cos8—1=0
cosf =1

0 =+ cos (1)
0 =0°

08 =—-60°0°o0r60°

Question 6

Cambridge Question

a) Solve the equation 2cos?0 = 3sin® for 0° < 6 < 360°.

b) The smallest positive solution of the equation 2cos?(n®) = 3sin(n®), where n is a
positive integer is 10°. State the value of n and hence find the largest solution of the

equation in the interval 0° < 6 < 360°.

Suggested Solution

a) 2cos?*0 = 3sind
2(1 — sin?@) = 3sind

2 — 2sin%0 = 3sin0b
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2sin’0 4+ 3sin6 —2 =0
2sin%0 + 4sin® —sind —2 =10
2sinB(sinf + 2) —1(sin@+2) =0

(sinB +2)(2sin6—1) =0
sind+2=0or2sin6—1=20

. . 1
sin@ = —2 or sinf = 5

sinf = —2 has no solutions or 0 = sin~?! (%)

0 = 30°,180° — 30°

0 = 30° 150°
30°  30°
b)no =30°= = — = — = 10°
n n
30°
= 10°
n
30°
10° ¢
>n=3
150° + 720°
= 2L T L ogpe

3

Question 7

Given that 7tan® + cotf = 5sec8, derive a quadratic equation for sin6.
Hence, or otherwise, find all values of 6 in the interval 0° < 6 < 180° which satisfy the

given equation.

Suggested Solution

7tan@ + cotf = 5secO
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7sin@ cos@_ 5

= — =
cos0 sin@ cos@

] 7sin6 _ cos6 ]
= (sinfcosf@) —— + (sinfcosf) —— = (sinfcosH)
cosf sinf cosf
= 7sin?6 + cos?*8 = 5sinf
= 7sin%6 + (1 — sin?@) = 5sinf
= 7sin’0 + 1 — sin*0 — 5sinf = 0

= 6sin’0 — 5sin@ + 1 =0 (As required)

Now

7taf + cotd = S5secO

= sin?f — 5sinf +1 =10

6sin%6 — 3sinf — 2sinf +1 =10

= 3sinf(2sinf — 1) — 1(2sinf —1) =0
= (3sinf — 1)(2sinf — 1) =0

= 3sinf —1=0 or 2sinf -1 =0
. 1 .
= sinf = 3 or sinf = >
=0 =sin"t (1) or 0 = sin~?! (1)
3 2
= 6 =19.471221°;160.528779° or 6 = 30° 150°

~ 8 =19°%30%150° 161°
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Proving Trigonometric Identities

Definition: Trigonometric identities are equations involving the trigonometric functions that

are true for every value of the variables involved.

Steps

e Determine the more complex side

e Work each side separately. Do NOT move across the equal sign

e Break down the sines and cosines

e When there are two terms on one side sometimes it is necessary to find the common
denominator

e Sometimes you need to factor i.e. sum and difference of cubes, difference of two
squares

e Use substitutions like sin2A or cos2A

e sin?A + cos?A = 1 is often used

e Sometimes you need to multiply by a conjugate

The Reciprocal identities

1
They are of the form —; - -
Trigonometric function
C 0= - (D Secl = ! (2) CotO = - 3
0SeCY = Sino #CY = Coso Ot = Tano &)
C 9—1 4 Sinf = (5) Tan@ = L 6
08¢ = Sec o= CosecO ans = Cot0 &)

NB: For (1), (2), (4) and (5) there is a ‘C’ ‘S’ relationship
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The Quotient identities

z y
0
[ .
X
From the diagram above:

N o y . x . y
(i) Sinf == (ii) CosO =— (iii) Tan6 ==
Z Z X

T+ —=2=T
Cos6@ 2z z «x and
) Sin0 .

ansv = Cos6 )
Using identity (3):
CotO =
° Tanf
B 1
- (SinH)
Cos@
1w Cos0O
B Sin@
Coth = CosO 3
oY = Sing (®)
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The Pythagorean identities

v

From the diagram above:

2 xZ
(i) Sin20 =2 (ii) Cos?0 ==
Z Z
2 + xZ
= Sin20 + Cos?0 =2~ (iii)
VA

But from the triangle above z% = y2 + x* (Pythagoras'theorem)  (iv)

Substituting (iv) into (iii):

2

z
= Sin%0 + Cos?6 = —=1
A

~ Sin?0 4+ Cos?60 =1 (9)
NB: (i) Cos?8 = 1 — Sin?8 (10)

(ii) Sin?0 =1 — Cos?8 (11)

Using identity (9):
Sin?@ + Cos?6 =1

Sin20 N Cos?%6 1
Sin20 = Sin20  Sin26

1+ Cot?0 = Cosec?d (12)
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Also:
Sin%0 + Cos?6 =1

Sin?%0 N Cos?6 1
Cos20  Cos20 Cos?0

Tan?0 + 1 = Sec?6 (13)

NB: We manipulate the identities given above to obtain other similar identities

Worked Problems

Question 1

Prove the identity

1—ZCoszA_T A—cold
SinACosA _ = 440
Suggested Solution
1—26052A_T A CotA
SinACosA _ a4~ to
LHS:
1—2Cos*A | (2Cos?A—-1)
SinACosA SinACosA
| Cos?A — Sin*A
SinACosA
Cos?’A Sin?A

~ [ |SinACosA  SinACosA

_ SinA CosA
" CosA SinA

= TanA — CotA (as required)
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Question 2

Prove that tan8 + cotf = secB cosech.

Suggested Solution

tan8 + cotB = secB cosecH

LHS:

sin@ cos6
tan@ + cotf =

= +
cosf  sin@

sin?6 + cos?6

cosOsinf

1
cosOsinf

1 1
= X -
cosf sin@

= secH cosecl

Compound angle/Addition formulae

Definition: A compound angle is an algebraic sum of two or more angles

Cosine

(i)Cos(a + B) = CosaCosp — SinaSinf (1)
(ii)Cos(a — B) = CosaCospP + SinaSinB  (2)

Sine

(iii)Sin(a + B) = SinaCosp + CosaSinf  (3)

(iv)Sin(a — B) = SinaCosf — CosaSinf3  (4)
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Tangent
Sin(a + B)

WTan(a + B) = Cos(at B) )

_ SinaCosp + CosaSinp
" CosaCosf — SinaSinf

(SinaCos,B ) 4 (CosaSinﬁ )
CosaCosf CosaCosf
CosaCosf SinaSinf
(CosaCosﬁ) N (CosaCosB)

Tana + Tanf
1 —TanaTanp

s~ Tan(a + f) = (5)

Sin(a — B)

(Vi)TClTl(O( - ,B) = m

_ SinaCosp — CosaSinf
~ CosaCosB + SinaSinf

SinaCosp CosaSinf
(CosaCosﬁ) Y, (CosaCosﬁ)
(CosaCosﬁ) A (SinaSinﬁ )

CosaCospf CosaCosp

Tana — Tanf
1+ TanaTanf

~ Tan(a —p) = (6)

Double/ Multiple angle formulae

Definition: A multiple angle is an algebraic sum of two or more identical angles

Cosine

Cos(a + a) = CosaCosa — SinaSina
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. Cos2a = Cos?a — Sina (1)

NB: Cos?a + Sina = 1

= Cos2a = Cos’a — Sin’a

= Cos2a = Cos’a — (1 — Cos?a)

~ Cos2a = 2Cos’a —1 6)
OR

= Cos2a =1-—2Sin*a

= Cos2a = 1-Sin*a — Sin*a

. Cos2a =1 — 2Sin*a (i)

Sine

Sin(a + a) = SinaCosa + CosaSina

. Sin2a = 2SinaCosa (2)
Tangent
Tan(a +a) = Tana + Tana

A T & 1 TanaTana

o — 2Tana 3
= ana_l—Tanza ®
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Solved Problems

Question 1

Find, without using tables/ calculators, exact value for:

a) Sin75°
b) Cos 105°
) Tan15°

Suggested Solution

a) Sin75°
= Sin 75° = Sin (45° + 30°)
= Sin 45°C0s30° + Cos45°Sin30°

-(3)(z)(3)6
R

V6 ++2
-

b) Cos 105°
= (C0s105° =.Cos (60° + 45°)
= Cos 60°Co0545° — Sin60°Sin45°

-6I(5):(2)(5)

_Vz Ve

4 4

V26
ALl

c) Tan 15°
= Tanl5° = Tan (60° — 45°)

_ Tan60° — Tan45°
" 1+ Tan60°Tan45°
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_ V3-1
T 1+43(1)
_V3-1
1443

_(3-1)(1-v3)
(1+V3)(1-V3)

_-G-3)-v3)
1?2 - (V3)°

_-(1-v3)
- 1-3

_ —(1-2v3+3)
a -2

_4-2V3
2

=2-3

Question 2

Prove the following identity:

Tan@ + CotO = 2Cosec26

Suggested Solution

sin@ cos6

Tanf + Cotf =
an 0 cosf  sin@

sin?6 + cos?6

sinfcos0O

B 1
" sinfcosb
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_ 2
"~ 2sinfcosH

B 2
"~ sin26

= 2Cosec20 (asrequired)

Question 3
Prove the identity

Cosx +1+Sinx_25
1+ Sinx Cosx ¢~

Suggested Solution

Cosx N 1+Sinx _ Cos?x + (1 + Sinx)?
1+ Sinx Cosx  Cosx(1+ Sinx)

B Cos?x + 1 + 2Sinx + Sin®x
B Cosx(1 + Sinx)

_ Cos®x + Sin*x + 1 + 2Sinx
- Cosx(1 + Sinx)

1 1+1+28inx
 Cosx(1+ Sinx)

24 2Sinx
~ Cosx(1+ Sinx)

_ 2(1 + Sinx)
~ Cosx(1 + Sinx)

B 2
" Cosx

= 2Secx (asrequired)
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Question 4

Cambridge Question

(i) Prove that sin®26(cosec?0 — sec?8) = 4 cos 26.
(ii) Hence

a) solve for 0° < @ < 180°, the equation sin?26(cosec?8 — sec?8) = 3,

b) find the exact value of cosec?15° — sec?15°.

Suggested Solution

(i) sin?20(cosec?8 — sec?0) = 4 cos 20

LHS

1
sin?260(cosec?0 — sec?0) = (2sinfcosh)? [Sinze B COSZQ]

cos%0 — sinzel

= 4sin’6cos?0 l 200520
= 4(cos*8 — sin?0H)
= 4 cos 20 = RHS
(i) sin?20(cosec?8 — sec?8) = 3
= 4 cos260 =3

29—3
cos 2U =g

20 = cos~(3)
=cos— {7
20 = 41.4096221093°, 318.5903778907°

6 = 20.7048110547°, 159.2951889454°

~0=21% 159°.
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(iii) sin?20 (cosec?8 — sec?8) = 4 cos 26

4 cos 20
sin2%260

29 =

cosec?0 — sec

4 cos(2 x 15°)

2qco _ 215°
= cosec?15° — sec?15 [sin(2 x 15°))2]

4 cos 30°
(sin30°)?

Question 5
Solve the equation cos26 = cosf for 0 < 0 < 2m.

Suggested Solution

c0s26 = cos6
= 2c0s%0/~ 1 = cosf
2c0s%0 —cos8 — 1 =0
2c0s%0 — 2c080 + cos8 —1 =0
2cos0(cosf — 1) + 1(cos6 —1) =0
(cos8 —1)(2cos8 +1) =0

(cos@ —1)=0 or (2cos6+1)=0
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Aside:
cos6—1=0
cosf =1

0 = cos™1 (1)
0 =0;2m
Also:

2c0s0+1=0

6=—=
coSs >

Question 6

Cambridge Question

Showing all necessary working, solve the equations
(@) secacoseca = 7for0 < a < 90°.
(b) sin(B + 20°) + sin(B — 20°) = 6 cos B for0° < B < 90°.

Suggested Solution

(@) secacoseca = 7
1 1

X —
cosa sina
1

_ =7
Sina cos a

=7
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But 2sina cos @« = sinZ2a

Now multiplying both the numerator and the denominator by 2:

2
2sina cos a
2

= =7
sin2a

=7

= - = sin2«a

N NN

=> - = sin2«a

~

2
= 2a = sin™?! (—)
a=sin"t |

= 2a = 16.6015486° 180° —16.6015486°
= 2a = 16.6015486°, 163.3984504°
= a = 8.3007748° 81.6992252°

~ a = 8% 82°(tothe nearest degree)

(b) sin(B + 20°) + sin(B — 20°) = 6.c0s
Remember that sin(4 + B) = sinAcosB + cosAsinB
Now:
(sin Bcos20° + cos fsin20°) + (sin fcos20° — cos Bsin20°) = 6cos B
= 2sin fcos20° = .6 cos
sin 8 6
= =
cos f - 2cos20°

6
2co0s20°

= tanf =

- ()
=B X 2c0s20°

= [ =72.60783295°
“ B =73°

Question 7

sin26 . T
Show that ——— = tan®. Hence find the exact value of cot 5.
1+cos26 8
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Suggested Solution

sin26
1 + cos26 = tand
LHS:
sin26 2sinfcos6
1+ cos20 14+ (2cos?6—1)
2sinfcosb
= 2cos26
sinf
- cos 6
= tand = RHS (Proven)
cotl = and
1
- (sinT)
1+ cos26
1+ cos26
- sin260

_ cotz _ 1+ cos2 (%)

8 sin2 (%)

NG
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:zﬁ+(\/§)2
_242V2

=1++2

Harmonic Identities/ R-Formulae

o Given an expression Acos6 + Bsin6, express it in the form Rcos(6 — a) 1.e.
AcosO + Bsinf = Rcos(6 — )

Thus
Acos8 + Bsinf = Rcos(6 — a)

= RcosfOcosa — RsinOsina (Use of Compound angles formula)

Now:
A
Rcosa = A = cosa = 7 (i)
. . B
Rsina = B = sina = R (ii)

Method 1

Using sin’a + cos?a = 1

2

-+ @)=+
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= R* = A? + B?

~R=vVA?2+B? ie.R>0

Sina
Cosa

Using Tana =

= Tana =

= ESECES

Method 2

A
Rcosa = A = cosa = E

M

B
Rsina = B = sina = R (ii)

From the triangle:

Tana =
o =Tan™! (B)
h 4 A
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Using the Pythagoras’ theorem
Hypotenuse? = Adjacent? + Opposite?
= R? = A% + B?
~R=VAZ+B2ie.R>0

NOTE

(i) Express Acos@ — Bsin6 in the form Rcos(0 + )
(i) Express Asinf — Bcos6 in the form Rsin(6 — «)

(iii)Express Asinf + Bcos6 in the form Rsin(6 + a)

Harmonic Equations

o They are of the form Rcos(6 + a@) = C and Rsin(6 + a) = C

o Given the equation, say, Acos@ + Bsinf = C express the LHS in the form Rcos(6 — a)

and solve the equation Rcos(6 —a) = C .

Worked Problem

Question 1
ZIMSEC NOVEMEBER 2003 PAPER 1

Express vV6cos8 — +/Zsind in the form Rcos(8 + a), where R > 0and 0 < a <

(SIS

Hence or otherwise find the solution of the equation
(V6cost —vZsind)” = 4for 0 < 0 < 2

Suggested Solution

V6cos —/2sin@ = Rcos(6 + a)

[2]

[4]
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= RcosOcosa — Rsinfsina

Now:
V6
Rcosa =V6 = cosa = 3 (i)
V2
Rsina =V2 = sina = 3 (ii)

Using sin’a + cos?a =1

(-

6 2
ﬁ_

Rie=!

6+2

:>R2

=>R?=28

~R=+8

Sina
Cosa

(%)

= Tana =—=

R
V6
R

Using Tana =

N
~—
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T
= V6cosd —\2sin® = V8cos (9 + g)
Now:

(\/56059 — \/Esine)z =4

2

z[ﬁ%m(9+%ﬂ =4

"
=

= V8cos (9 + g)
= V8cos (9 +

= V8cos (9 +

:>cos(9+%):—i

'0_7'[ 7t 137w 197
U120 127 120 12

or

or

or

or

or

or

or

or

\/5005(9+%)=2
cos(9+g)=%

9+n *(2)
— = CO0S —_—
6 V8

0 +==—

4
g+2=Cop L

_’7'[4
0+ _n_77t

4’4

T mw7n w
f=—=——;——=

4 6 4 6
T 19
127 12
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MAXIMUM AND MINIMUM VALUES

Case 1: Expressions of the form Acos6é + Bsinf and Asin + Bcos6
(i) -Express Acos6 — Bsin@ in the form Rcos(6 + a)
(i) Express Acosf + Bsin6 in the form Rcos(6 — a)
(iii)Express Asinf — Bcos6 in the form Rsin(6 — a)

(iv)Express Asiné + Bcos6 in the form Rsin(6 + «)

Method 1
The range for the above expressions is given by:
—-R<y<R

~The maximum value is R and the minimum value is - R

Method 2
Make use of transformations but take note of the following:

(i) The largest/greatest value gives the maximum

(ii) The smallest/least value is the minimum.

Case 2: Expressions of the form Acos6é + Bsinf + K and Asinf + Bcosf + K
(i) Express Acosf — Bsinf + K in the form Rcos(0 + a) + K
(i) Express Acosf + Bsin6 + K in the form Rcos(6 — a) + K
(iii)Express Asinf — Bcos6 + K in the form Rsin(6 — a) + K

(iv)Express Asinf + Bcos6 + K in the form Rsin(60 + a) + K

Tarakino N.P. (Trockers) ~ 0772978155/ 0717267175
Page 56




Method1

The range for the above expressions is given by:
—-R+K<y<R+K

~The maximum value is R + K and the minimum value is-R + K

Method 2
Make use of transformations but take note of the following:

(i) The largest/greatest value gives the maximum
(i) The smallest/least value is the minimum.

A A
— and —
Bcos@+Csinf Bsin@+Ccos@

Case 3: Expressions of the form

i) E 4 in the f < A (6 + a)
r n m-———=—
(1) Express BcosB8—-Csinf INTET Rcos(0+a) R sec a
i E A i the £ A A (9 )
ii) Express in the form ——— = — -
(i) Exp BcosO+Csin6 Rcos(6—a) R sec “
e A in the £ A A (9 )
iii)Express in the form ——— = — —
(IDExp Bsin@—Ccos6 Rsin(6-a) R <O°¢° ¢
iv)E L inthe 2 =2 osec(o + a)
iv)Express inthe form —— = —
(IV)Exp Bsin@+Ccos6 Rsin(6+a) R O°¢° ¢
Method 1
The range for the above expressions is given by:
A A

< -—— >
Y="RTY =%}

) . A .. A
~The maximum value is -7 and the minimum value is E
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Method 2
Make use of transformations but take note of the following:

(i) The largest/greatest value gives the minimum

(ii) The smallest/least value is the maximum

A A
and
BcosO+Csinf+K Bsin@+CcosO+K

Case 4: Expressions of the form

A A
i) Express in the form
(M) P BcosO—-Csin0+K Rcos(6+a)+K
ii) E 4 inthe f
ii) Express in the form
(11) Exp BcosO+CsinB+K Rcos(—a)+K
iii)E 4 inthe f
iii)Express in the form
(IHExp Bsinf—Ccos6+K Rsin(6—a)+K
iv)E 4 inthe f
iv)Express in the form
(IV)Exp Bsin@+Ccos6+K Rsin(0+a)+K
Method 1
The range for the above expressions is given by:
< 4 > 4
Y="R+k "V R+k

A A
~The maximum value is the largest value between and and the minimum value

—R+K R+K
] A A
is the smallest value between and
—R+K R+K

Method 2
Make use of transformations but take note of the following:

(i) The largest/greatest value gives the maximum

(i1) The smallest/least value is the minimum.
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Solved Problems

Question 1

Express V3cosf — sinf in the form Rsin(6 + a), where R is positive and 0 < a < 2.

Hence,

(i) sketch the graph of v/3cos@ — sin8 for — 5?” <6<

Wi

(i) solve the equation v3cos® — sinf = 1 for - < 6 < m,
(iii)determine
(a) the value of @ for which v3cos8 — sin6 is maximum,

1
\V3cos0—-sinf+12°

(b) the minimum and maximum values of

Suggested Solution

V3cos8 — sin® = Rsin(6 + a)
= RsinfBcosa + RcosOsina

Rcosa = -1 (i) Rsina =3 (i)

Rsina _ V3
Rcosa —1
tana = —\/§
a= tan‘l(—\/g)
_m
*=73
_ 2T
a=T1 373
Also:

R=J(—1)2+(«E)2=\/Z=2
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2T
~V3cos0 — sinf = 2sin (9 + ?)

(i) Sketching the graph of v/3cos@ — sin6 for —%ﬂ <6< %

(ii) solving the equation v/3cos® — sinf = 1 for-m <0 <

2T
2sin (9 + ?) =1

) (9+2n> 1
= — ==
sin 3 >
21 1 (1
:>(9+—)=51n (—)
3
9+2T[ T 57
ﬁ — —
3 6’6
w 2w 5m 2w
6 3 6 3
9= T T
-2’6

(iii)Determining
(a) the value of @ for which v/3cos6 — sin8 is maximum,

The maximum value is 2
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2T
2 = 2sin <9 + ?)

(9 + 2;) = sin~1(1)

2T

t3 =3
T
9:—8

Alternatively, graphical method or differentiation can be used

1
b) the minimum value of
(b) V3cosf-sinf+12
1 B 1
V3cosO — sinf + 12 2sin (9 + 2?”) +12
Method 1
A1 1
K—R 12-2 10
Also:
A 1 1

K+R 12+2 14

- 1
=~ The minimum value (smallest value between the two values) is " and the

. .1
maximum value (largest value between the two values) is o

Method 2
1 B 1
\V3c0s0 — sinf + 12 2sin (g + 2?77) +12
. 21 1 1 1
When sm(@ +?) =—1= D12 = 2412 = 10

. 2 1 11
When sin (9 +T) BRI IS VAR FS ARk v

. 1 o 1
~ The maximum value is E and the minimum value is E
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Method 3

1

1

V3cosf —sinf + 12 g (9 n 2_”) +12

Function

sin@
. 21
2sin (0 + ?)

21
2sin (0 + ?) + 12

2sin (9 + 2—") +12

Minimum

Maximum

Question 2

Express v/3cos® + sin® in the form Rcos(® — a), where 0 < a < %and R > 0.

Hence,

3

value =

= ’—‘l
o|"‘ Nk

value =

3

Maximum
1
2
2+12 =14
1

— = minimum
14

Minimum
-1
-2

—2+12=10

— = maximum
10

(i) solve the equation(v3cos® + sin(Z))2 =2for0 <@ < 2m,

(i) state the maximum and minimum values of

Suggested Soluti

on

V3cos® + sin® = Rcos(® — a)

Now:

= Rcos@cosa + Rsin@sina

4
V3cos@+sin®d’

Tarakino N.P. (Trockers) ~ 0772978155/ 0717267175

Page 62




Rcosa = \/§ = cosa =

=| %

Q)

1
Rsina =1 = sina = R (ii)

From the triangle:

1
Tana = —
V3
= T ‘1<1)
a=Tan —
V3
W
“=%

Using the Pythagoras’ theorem
= R? = (\/5)2 + 12

>R =4

~R=2

o i
~V3cos® + sin® = 2cos ((25 — E)

(ii) (\/§COS® + sin@)z =2

2

= [2cos (9 - %)] =2

= 2c0s ((D — g) = +V2
= 2cos ((Z) - g) =2 or 2cos ((Z) — %) =2
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T V2 T V2
=es(0-g)=-3 or cos(0-F)=F
T V2 T V2
=0 - i cos™! (— 7) or @ — o= cos™! <7>
s T 3m p T T
= _——_—= — —_— ==
6 4 or 6 4
s T 37t2 3w p T 7T2 T
= —_—_——= — _— —_—_—= _—
6 4" g or 6 4Ty
p m 3m 5w p T w7m
= —_—_ = —— —_—— e —
6 4 4 or 6 4 4
p 37r+7r 57‘[+T[ p TL'+T[ 77T+7t
= = — —_— —_ g —_— =
464 6 or 4764 "6
p 11T 17w p 5t 23m
>50=—:— + 4/
12 ' 12 or 12° 12
'Q_S_n_ 11m, 17w, 23m
12 12 12’ 12
ii) Findi i d mini | f X
i) Finding maximum and minimum values o .
(i) g \3cosP+sing
Method 1
4- 4 2 2 ((Z) ﬂ)
= = = 2sec|0 ——
. T T 6
V3cos® + sin® | 2cos ((z) - E) Fos ( _ E)
Minimum value occurs when (Q)—E)——l:i—i——z
inimum valu urs w cos g) = =)~ =2 .
Maximum value occurs when cos ((Z) - E) =1= 4 = 4 =2
6 200" 27~

Method 2
4 B 4
V3cos® + sin®  2cos (@ _ E)
6
.. A 4
Minimum value = RT3 = 2
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) A 4
Maximum value = RT3 = -2
Method 3
4 B 4
V3cos® + sin®  2cos (@ _ E)
6
Function Maximum Minimum
cos® 1 -1
n 2 —2
2cos ((b - E)
4 4 _ 5 _
2eos (6 — ) -2 2
2cos ((b 6)

Minimum value = 2

Maximum value = —2

Question 3

Solve V3cosx = V2 = sinx for 0 < x < 360°

Suggested Solution

Method: 1

(\/§cosx)2 = (\/E - sinx)2

3cos?x = 2 — 2/ 2sinx + sin®x

3(1 — sin%x) = 2 — 2+/2sinx + sin?x

2 — 2V2sinx + sin®x — 3 + 3sin?x = 0
4sin®x — 2\2sinx —1 =0

4sin’x 2\2sinx 1
4 4 4

0
4
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V2 1

. 2 .
sin“x — —sinx = —
2 4

N2 V2 2_1 V2
sin x—7smx+<—r> _Z+<__>

_ x/72_1+2
ST T2 16

2

_ V2 —1+
sinx 4 —4

x = —15°% 180° — (—15°); 360° + (—15°) or x = 75°% 180° — 75°
x = —15°% 195% -345° or x = 75°% 105°

x = 75°% 105°% 195° 345°

Now we have to check if all the solutions satisfy the original equation v/3cosx = /2 — sinx.
x = 75°%

V3cosx + sinx = V3c0s75° + sin75° = V2
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x = 105°

—V2 + V6
V3cosx + sinx = V3c0s105° + sin105° = (T)
x = 195°;

V76
V3cosx + sinx = V3c0s195° + sin195° = (T)

x = 345°;
V3cosx + sinx = V3c0s345° + sin345° = V2

s~ x = 75°% 345°

Method 2

\/§cosx = \/E — sinx

\/§COSX + sinx = \/E

Aside:

Let V3cosx + sinx = Rcos(x +a)
= Rcosxcosa — Rsinxsina

Now:

V3
Rcosa = V3 = cosa = R (i)

1
Rsina =1 = sina = R (ii)
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From the triangle:

Tana = —
ana 1

>q= Tan'l(\/§)

s~ a = 60°

Using the Pythagoras’ theorem
> R? = (V3) + (1)?

=>R =14

~R=2

~\3cosx + sinx = 2cos(6 + 60°)

Now:

\/§COSX + sinx = \/E

= 2cos(8 + 60°) =+/2
V2
= cos(0 + 60°) = Vi

=60 + 60%= cos™! <§>
= 6 + 60° =45°

= 0 + 60° = 45°; 180° —45°; 360° + 45°
= 6+ 60° =45°; 135°; 405°

= 60 =45°—-60°; 135°—-60° 405°—60°
= 6 = —15°;75°% 345°

s 8 =75°% 345°
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SOLVED PAST EXAMINATION QUESTIONS

Question 1

ZIMSEC JUNE 2006 PAPER 1

(@) Itis giventhat tana = %and tanf = % where a and 8 are acute. Use this

information to prove that (a + ) = 45°. [3]

(b) Express 7cosf — 24sinf in the form Rcos(8 + «), where R > 0 and « IS acute, giving
the value of a correct to the nearest one tenth of a degree. [2]
Hence find

(i) values of 6, correct to one tenth of a degree, for 0° < 8 < 360° , which satisfy
7cosf — 24sinf = 16, [3]

1
27 + 7cos0 — 24sinf’

(ii) the greatest and least values of

[2]

Suggested Solution

(@)tan(a + B) = tana + tanf
atan(a + f 1 — tanatanf
1 3
its
tan(a + B) = T3
1-3(5)
1.3
175
tan(a + p) = 3
1320
17
tan(a + B) =%
20

tan(a+p) =1
(a +p) =tan"1(1)

~ (a+p) =45°
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(b) 7cosO — 24sinf = Rcos(6 + a)

= RcosOcosa — Rsinfsina

Now:

7
Rcosa =7 = cosa = R

24
Rsina = 24 = sina = ?

From the triangle:

24
Tana = —
7

=q=Tan?! <24)
a =Tan -
a =73.7°

~a=737°

Using the Pythagoras’ theorem
= R? = (24)? + (7)?
= R =V625

~R =125

(ii)

~ 7cosf — 24sinf = 25cos(0 + 73.7°)

(i) 7cosO — 24sinf = 16
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= 25cos(6 + 73.7°) = 16

70
coS /

16
= 6 +73.7° = cos~? <—>
+ cos o

= 6 + 73.7° = 50.2081805°

= 6 + 73.7° = 50.2081805°; 360° —50.2081805°; 360° + 50.2081805°
= 6 + 73.7° = 50.2081805°; 309.7918195°; 410.2081805°

= 6 = 50.2081805° — 73.7°; 309.7918195° — 73.7°; 410.2081805° — 73.7°
= 6 = —25.5318195°; 236.0918195° 336.5081805°

~ 0 =236.1° 336.5°

) 1 - 1
0 S 7cos8 — 24sm8 = 27 & 25¢c0s(0 +73.7°)
A1 1
K—R 27-25 2
A 1 1

K+R 27+25 52

=~ The least value = % and the greatest value = %

Question 2

ZIMSEC NOVEMBER 2011 PAPER 1

Describe the transformation needed to transform the graph of y = sinx onto the graph of
y = 6sin(2x) — m. [3]

Suggested Solution

Tarakino N.P. (Trockers) ~ 0772978155/ 0717267175
Page 71




1
(a) Stretch along the x — axis with factor > or divide every x —coordinate by 2

(b) Stretch along the y — axis with factor 6 or multiply every y —coordinate by 6
(c) Translation along the y — axis with translation vector (2) or moving m units

downwards

Question 3

ZIMSEC JUNE 2016 PAPER 1

(a) Prove the identity
tan?6 — sin?0 = tan?0sin?6 [3]
(b) Solve the equation
4sin*0Otan — tand = 0,
for0 < 0 < 2m. [6]

Suggested Solution

(@) tan?6 — sin?0 = tan?0sin’0
RHS:
tan?0sin?6 ='tan?0(1 — cos?8)

= tan?0 = tan’6Hcos?0

\ sin?6 )
= tan<f — 0520 cos“0

= tan’@ — sin’0 = LHS (Shown)
(b) 4sin?6tand — tand = 0
tanf(4sin?60 —1) =0

tand =0 or 4sin’6—1=0
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1
0 =tan"1(0) or sin?f = 2

1

0=0;, m; 2m or sind =+ 2
'9—+1

sin =+

m 7m 11w
6’6 6
9 =0 T 57I_ 7T 11m )
- ) 6; 6 ) T[; 6 ) ) T
Question 4
ZIMSEC NOVEMBER 2017 PAPER 1
(a) Prove the identity
cot26 = cotf — cosec20 [4]
(b) Hence, or otherwise solve the equation
V3

cotl — cosec20 = -

for 0° < 6 < 360°. [6]

Suggested Solution

(a) cot26 = cotl — cosec26
RHS:

cos@ 1

to — 20 = —
co cosec sin@ sin20
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_ cos@ 1

" sinf 2sinBcos6

B 2cos?%60 — 1
"~ 2sinfcosH

_ cos20
"~ 2sinfcosH

_ cos20
"~ sin26

= cot20 = LHS (Proven)

V3
(b) cotf — cosec26 = —

2

t20 = 3
co = >
1 V3
tan26 2
tan26 2
an = —
V3

20 =t ‘1( 2 )

=rtan —

V3

20 = 49.106605° 180° +49.106605°% 360° + 49.106605°; 360° + 49.106605°
20 = 49.1066053508° 229.1066053508°; 409.1066053508° 589.1066053508°
0 = 24.553302675° 114.553302675°% 204.553302675° 294.553302675°

~ 6 = 25°% 115° 205° 295°
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Question 5

ZIMSEC JUNE 2018 PAPER 1

(@) Show that

A = 1 — tan?4 3
Ot = T ¥ tan?a’ 3]
(b) By letting 24 = 45°, deduce that tan?22.5 = 3 — 2+/2. [4]

Suggested Solution

(a) cos24 = 1 — tan?A
a) cosea = 1 + tan?A
RHS:
1 sin?A
1 — tan®A - cos2A
1

¥ tan?A ) <sin2A>
cos2A

cos?A — sin®A

_ cos?A
cos?A + sin?A
cos?A
cos?*A = sin’A cos?A
= 2 X 2 2
co0S*4A co0s*A + sin“A

c0S?A — sin*A
cos?A + sin?A

cos?A — sin®A
1

= cos?A — sin®A

= cos2A = LHS (Shown)

(b) cos24 = 1 — tan?A
cosed = 1 + tan?4
Let 24 = 45°
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1 — tan?22.5°

= 0S45° = ——— ">
c€os 1+ tan?22.5°

V2 _ 1—tan?22.5°

72 T1+tan?225°

= V2(1 + tan?22.5°) = 2(1 — tan?22.5°)
= V2 +V2tan?22.5° = 2 — 2tan?22.5°
= V2tan?22.5° + 2tan?22.5° = 2 — 2
= tan?22.5°(V2+2) =2 -2

2—2
= tan?22.5° = w

- (V2+2)

2 o_(Z—\/E)(\/E—Z)
= tan<22.5 _(\/§+2)(\/§—2)

2V2—4-2+242
= tan?22.5° = 5
(D) - @
42 -6
= tan?22.5° = ———
an =4
W2-6
= tan?22.5° = _—2

= tan?22.5° = 3 —2v2 (4s required)

Question 6

CAMBRIDGE JUNE 2009 PAPER 3

(i) Prove that
cosec26 + cot26 = cotf. [3]
(i1) Hence solve cosec26 + cot260 = 2, for 0° < 6 < 360°. [2]
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Suggested Solution

(i) cosec20 + cot20 = cotf
LHS:

1 cos20

20 + cot20 = +
cosec €0 sin20  sin260

_ 1+ cos26
T sin260

1+ 2cos?6 — 1
~ 2sinfcosO

2co0s%6

- 2sinBcos0

cos6

~ sind
= cotf = RHS (Proven)

(i) cosec20 + cot26 = 2

cotd = 2
1
tanb -
1
tanf = >
1
0 =tan™! <E)

6 = 26.565051177° 180° + 26.565051177°
6 = 26.565051177° 206.565051177°
w0 =126.6% 206.6°

Question 7

CAMBRIDGE JUNE 2009 PAPER 3

The angle a and g lie in the interval 0° < 6 < 180°, and are such that
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tana = 2tanf and

Find the possible values of a and £.

Suggested Solution

tan(a + ) =3

tana +tanf
1—tanatanf

tana +tanf = 3(1 —tanatanpf)
tana +tanff =3 —3tanatanf
tana +3tanatanf+tanf —3 =0 (i)

tana = 2tan (i)

2tanfB +3tanB (2tanB) +tanf <3 =0
2tanB + 6tan? B+ tanB —3.= 0
6tan®*B +3tanff —3 =0

2tan®*B +tanB +1=10

2tan®* B +2tanf —tanf +-1=0

2tan B (tanp + 1) —(tanB+1) =0
2tanpB —1)(tanp +1) =0

2tanff—1=0 or tanf+1=0

1
tan =3 or tanf = -1

p =tan™! (%) or f=tan"*(-1)

tan(a + B) = 3.

[6]
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f =26.565051177° or B = —45°% 180°+ (—45°)

o B =26.6° or B =135°

tana = 2tan (i)

1
tanazZXE or tana =2 X —1

tana =1 or tana = —2

a=tan (1) or a=tan"'(-2)

a = 45° or a = —63.434948823°; 180° + (—63.434948823°)
a = 45° or ¢ = —63.434948823°; 116.565051177°
~a=45° or a =116.6°

~ a=45°and f = 26.6° ora = 116:6°and f = 135°.

Question 8

CAMBRIDGE NOVEMBER 2017 PAPER 3

(i) Prove the identity
tan (45° + x) + tan (45° — x) = 2sec2x. [4]
(i) Hence sketch the graph y = tan (45° + x) + tan (45° — x) for 0° < 6 < 90°. [3]

Suggested Solution

(i) tan (45° + x) + tan (45° — x) = 2sec2x
LHS:

tan 45° 4 tan x tan 45° — tanx

tan(45° tan(45° —x) =
an(45° +x) + tan( 2 1—tan45°tanx+1+tan45°tanx

1+tanx 1—tanx
= +
1—tanx 1+ tanx
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_ (1 +tanx)? + (1 —tanx)?
(1 —-tanx)(1 + tanx)

1+ 2tanx + tan®x + 1 — 2tanx + tan®x
B 1 — tan?x

2+ 2tan’x

1 — tan?x

2(1 + tan®x)
~ 11— tan?x
2sec’x
~1— tan®x
2
cos?x(1 — tan?x)

2

5 5. ((Sin*x
cos%x — cos?x ;
cos?x
2
cos?x/— sin?x
2

cos2x
= 2sec2x = RHS (Proven)

(i) y = 2sec2x
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Question 9

CAMBRIDGE JUNE 2018 PAPER 3

(i) By first expanding (cos?x + sin?x)3, or otherwise, show that
3

cos®x +sin®x =1 — ZsinZZx (4]
(ii) Hence solve the equation
] 2
cos®x + sin®x = 3

for 0° < 9 < 180°. [4]

Suggested Solution

(i) (cos?x + sin?x)3
= (cos?x + sin?x)?(cos?x + sin®x)
= (cos*x + 2cos?xsin’x + sin*x)(cos?x+ sin?x)
= cos?x(cos*x + 2cos?xsin’x + sin*x) + sin®x(cos*x+ 2cos?xsin’x + sin*x)
= c0s®x + 2cos*xsin®x + cos?xsin*x + sin®xcos*x + 2cos?’xsin*x + sin®x
= c0s°x + sin®x + 2cos*xsin?x + sin®xcos*x+ cos?xsin*x + 2cos?xsin*x
= c0s%x + sin®x + 3cos*xsin’x + 3cos*xsin*x
= c0s®x + sin®x + 3cos?xcos?®xsin’x + 3cos?xsin’xsin’x
= cos®x + sin®x'+ 3cos?xsin?®x(cos®x + sin®x)
= cos®x +sin®x + 3cos?xsin’x(1)

= cos®x '+ sin®x + 3cos?xsin®x
= (cos?x + sin?x)® =1

= cos®x + sinx + 3cos?xsin’x = 1

= cos®x 4+ 5in®x = 1 — 3cos?xsin’x

6 6 3 20 i
= cos°x +sin®x =1 _Z(4COS xsin“x)
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6

3
= cos®x + sinx =1 — Zsin22x (As required)

(i) cos®x + sinx = %

1 i 22x =
=>1—- =
7 Sin“2x

WIN WIN

3 .
:>Zsm 2x =1 —
3 . 1

:>Zsm 2x=§

= sin?2x =

O

= sin2x = +

WIN W N %
O

= sin2x = +
2
= Sin2x = — or sin2x = 5
Aside:
- 2
= = ——
sin2x 3
= 2x =sin ! ( 2 )
X = sin 3

= 2x = —41.8103°180° — (—41.8103)°; 360° + (—41.8103°)
= 2x = <41.8103% 221.8103° 318.1897°
~41.8103° 221.8103° 318.1897°
2 2 2
= x = —20.90515% 110.90515°% 159.09485°
= x = —20.9% 110.9% 159.1°

=>x =

Also:
) 2
= sin2x = 3
= 2x = sin™?! (2 )
3

= 2x = 41.8103°;180° — (41.8103)°
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= 2x = 41.8103°;, 138.1897°
_ 41.8103° 138.1897°

= x =

x 2 2
= x = 20.90515°% 69.09485°
= x =209° 69.1°

~x =209°% 69.1° 110.9°% 159.1°

Question 10

CAMBRIDGE NOVEMBER 2019 PAPER 3

(i) By first expanding tan(2x + x) show that the equation tan3x = 3cotx can be written
in the form tan*x — 12tan?x + 3 = 0. [4]

(if) Hence solve the equation tan3x = 3cotx for 0° < x < 90°. [3]

Suggested Solution

tan2x+tanx

(i) tan(2x +x) = T—tan2x tanx

tan 2x + tan x

tan3x =
1—tan2xtanx
2tanx
(—1—t > )+tanx
= tan3x = an-x
1— tanx( 2tanx )
1 — tan?x

2 tan x + tanx(1 — tan?x)

1 — tan’?x
= tan3x =
1(1 — tan?x) — 2tan?x
1 — tan?x
3tanx — tan3x
= tan3x =

1 — 3tan?x
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Now
tan3x = 3cotx

3tanx — tan3x 3

1—3tan?x  tanx
= tanx(3 tanx — tan3x) = 3(1 — 3tan?x)
= 3tan®x — tan*x = 3 — 9tan®x
= tan*x — 12tan’x + 3 =0 (As required)

(if) tan3x = 3cotx
= tan*x — 12tan’x +3 =0
Let y = tan®x
=>y2—12y+3=0
=>y2—12y =-3
= y2 — 12y + (—6)* = =3 + (—6)?2
= (y —6)? =33
:>y—6:i\/§
=>y=6+33
=>y=6++33 ory=6++33

Buty = tan’x

UJ

= tan’x =64++33 or tan’x =6-—
= tanx / or tanx = —

Aside:

> tanx = [(6+/33) or tanx = - (6 +V33)
= x =tan_1l /(6+\/§)l or x = tan™* |— /(6+\/§)l

= x = 73.732886723° or x = —73.732886723° 180° + (—73.732886723°)
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= x = 73.732886723° or x = —73.732886723°;106.267113276°
>x =73.7° or x=—73.7°106.3°
Also:

> tanx = [(6—33) or tanx = — [(6 —33)
S>x = tan_ll /(6—@)] or x = tan™! [— /(6—@)]

= x =26.812403866° or x = —26.812403866° 180° + (—26.812403866°)
= x = 26.812403866° or x = —26.812403866° 153.187596134°
=>x =26.8° or x = —26.8°%153.2°

~x = 26.8°%73.7°

Question 11
ZIMSEC JUNE 2020 PAPER 1

(@) Express 2cosx — 5sinx in the form Rcos(x + a), where R > 0and 0° < x < 90°. [2]
(b) Hence, or otherwise, solve the equation 2cos2x — 5sin2x = 2.5 for 0° < x < 360°. [4]
(c) Give values of x between 0° and 360° at which the maximum and the minimum

values of 2cos2x — 5sin2x occur. [4]

Suggested Solution

(@) 2cosx = 5sinx = Rcos(x + a)
= Rcosxcosa — Rsinxsina
Now:

2
Rcosa =2 = cosa = R ()

5
Rsina =5 = sina = R (ii)
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T 5
ana = -

5
— -1(_
> a=Tan (2)

= a = 68.198590°

s = 68°

= R2 = (5)2 + 27

> R=V25+4
= R =+/29

=~ 2cosx — 5sinx = V29cos(x + 68°)

(b) 2cos2x = 5sin2x = 2.5
V29cos(2x 4+ 68°) = 2.5

2.5
cos(2x + 68°) = —

V29

2.5
2x + 68° = cos™ 1! (—)
V29

= 2x + 68° = 62.339060°; 360° — 62.339060°; 360° + 62.339060°;
360° + 297.66094°; 720° + 62.339060°
= 2x + 68° = 62.339060° 297.66094°;, 422.33906° 657.66094°; 782.33906°
= 2x = 62.339060° — 68°; 297.66094° — 68°;, 422.33906° — 68°;
657.66094° — 68°; 782.33906° — 68°
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= 2x = —5.66094°; 229.66094°;, 354.33906° 589.66094°; 714.33906°
= x = —2.83047°; 114.83047°;, 177.16953°; 294.83047°; 357.16953°

~x = 115°% 177° 295° 357°

(c) 2cos2x — 5sin2x = V29cos(2x + 68°)
Maximum value = v29 and minimum value = —/29

V29cos(2x + 68°) = /29

= cos(2x + 68°) =1

= (2x + 68°) = cos™1(1)

= (2x + 68°) = 0° 360° 720°

= 2x = 0°—68° 360° — 68°; 720° — 68°

= x = —34° 146°; 326°

~The values of x for which the maximum value occurs in the range 0° < x < 360°
are 146°; 326°

V29cos(2x + 68°) =—/29

= cos(2x +68°) = —1

= (2x+68°) =.cos 1(=1)

= (2x + 68°) = 180° 360° + 180°

= 2x = 180° — 68°; 540° — 68°

= x = 56° 236°

~The values of x for which the maximum value occurs in the range 0° < x < 360°

are 56° 236°
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Question 12

ZIMSEC JUNE 2020 PAPER 2

(a) Prove the identity

1 — sinf

m = secl — tanf

(b) (i) Express sinx — v/3sinx in the form Rsin(x — «), where R > 0.and 0 < x <
(i) Hence, or otherwise, solve the equation

sinx —\/3sinx = —1for 0 < x < 27m.

Suggested Solution

a)

1—sin6 o, d
14 sinf g [
LHS:

\/1 —sinf \/(1 — 5inf)(1 — sinf)

1+sinf (1 + sinf)(1 — sind)
_ | —sind)?
T ] 1-sin26
_ (1 - sing)?
B cos?6

_ 1 — sinf
" cosH
1 sin@

~ cos®  cosb
= secf — tanf = RHS (Proven)

(b) (i) sinx —+/3cosx = Rsin(x — a)
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= Rsinxcosa — Rcosxsina

Now:

1
Rcosa =1 = cosa = R (i)
Rsina =3 = sina = R (ii)

From the triangle:

V3
Tana = T

= a = Tan™*(V3)

w|

> R2= (V3) 412

>R=v3+1
=R =4
=>R=2

~ sinx —V3cosx = 2sin (x — g)

(b) sinx —v3cosx = —1

2sin (x - %) =-1
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SrX=T8t3 6 T3 6 T3

. m Or 13n
SxX=xX=g g o
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TRIGONOMETIC IDENTITIES PRACTICE QUESTIONS

Prove the following identities:

Question 1
1 — 2sin?0 = 2co0s?0 — 1
Question 2
tanf = cosec260 — cot260
Question 3
cosec?8 — cos?fsec?d = 1
Question 4
sin®6 _
“tanze T o
Question 5
(sinf + cosB)? = 1 + sin26
Question 6
tan?6 + 1 + tanfsech = w
cos-6
Question 7
sect — cos® _ sin’@
sec + cos® 1+ cos20
Question 8

sinf(cotl + tanf) = secH
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Question 9

Question 10

Question 11

Question 12

Question 13

Question 14

Question 15

Question 16

Question 17

sin26cotf = 2 — 2sin’6

secl — tanBsing = ——

secO tanf

cosf cotf

sin6

tan?0sin?6 = tan?6 — sin’0

1 + cos@

———— = cosecHcotl
sin6
1—cos®  sind

sin@ - 1+ cosf

1 1

1 — cosf + 1+ cosf

= 2cosec?0

cot?0 — cos?6 = cos%0cot?6

tan@ + secl =

cosf

1 — sinf
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Question 18

secd +1  sinf

tand 1 — cos6
Question 19
secfsin@ 29
tanf + cotf st
Question 20
tand  secf +1
secd —1  tanb
Question 21
1—tan*6 _ a6
cot?2 —1 i
Question 22
sinBcosecl
— = tanb
cotl
Question 23
tan*6 2
tan?0 +1 s
Question 24
cosf +1+sin6 — 2sect
1 + sinf cosd sec
Question 25
cosf ranf = p
1 — sinf any = sec
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Question 26

Question 27

Question 28

Question 29

Question 30

Question 31

Question 32

Question 33

sin@ — cosf 2co0s20

sinf + cosf 1 + sin26

sinf cosb

=1
cosecd secl
1 1
- — =1
sin20 tan?8
1—cos?0 _1 N
sin20 2 an
20 = 1
S€CcY =T 2sin%0
sin®g _
— p—yz = sin“6

cosO(secld — cos@) = sin?@

1 — tan?0

20 = ———
cos 1 + tan?6
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Question 34

sin%0 — 2sinf + 1

=sinf — 1
sinf — 1 s
Question 35
tan?o 1= seco
secO + 1 = sec
Question 36
29 = sec?6
secey = 2 — sec?0
Question 37
sinfcosf g
1 —cos?0 y°
Question 38
c0s36 = 4cos36 = 3cos6
Question 39
sin360  cos36 _ )
sin@ cosf
Question 40
1 + sin26 = (sinb + cos6)?
Question 41
sin®0 — cos®*0 _ sinf + cosb
2 —sin260 2
Question 42
1 + sec?0 "
———= 1+ cos=6
sec<0
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Question 43

Question 44

Question 45

Question 46

Question 47

Question 48

Question 49

Question 50

secd —1 1—cos6

Osecd 6

sinf — sin30
= 2sinf

sin?%0 — cos?0

1
cosec — cotf

1 — cosf
——— = cosecH — cotl
1+ cosf
1+ sinf
——— = secl + tanf
1 — sin@

cosecO + cotl =

cosOcotf 1= p
1 — sinf = cosec
1—2cos?6 _ cand 0
cosOsinf an co
tan® cotl

+ =1+ 0 0
1—cotfd 1-—tanb secvcosec
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Question 51

(2cos?%6 — 1)?

=1 — 2sin%6
cos*0 — sin*0 s

Question 52
sin26cosf — cos20sinf Lang
c0s260cos0 + sin20sinf an

Question 53

1 1+ sin6
secd —tanf =~ cos@
Question 54
sin@ + sin260 - 4
1+ cosO + cos260 N
Question 55
1—sing _  f—
sin@ +1 S€q an
Question 56
sin?0 — cos?60
- = sinf — cosO
sin@ + cosf
Question 57
sing — 2sin6 _ cand
2c0s30 + cosf an
Question 58
1+ tan*6 _ 29 _ 1
1+ cot?26 — sec
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Question 59

2cos@ sin26

2cosl — =
cos 1—tanf sin6 — cosf

Question 60

1+ cos6 sech +1
1—cosf  secd —1
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TRIGONOMETRIC EQUATIONS PRACTICE QUESTIONS

Solve the following equations:

Question 1
V2tan0sinf = tan for 0<0<2m
Answer: = 0; E; o 0T
47 4
Question 2
sec’0 —5secd =2 for 0<6<2m
5
Answer: § = E; >
37 3
Question 3
2c0s’0 +sinf =1 for 0<6<2m
Answer: 8 =E; 7_71; i
2’ 6’ 6

Question 4

cos26 = cos@ for 0<0<2nm

Answer: 8 = 2m; %; 21

Question b

c0s20 =2 —3sin@ for 0<6<27m

51

s Vs
Answer: 8 = =; —; —
6’ 2’ 6
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Question 6

V3—-1 341 T
- =4V2 for 0<@O<-—
sinf cost 2
g Um T
Answer: 9 = 36 12
Question 7

2tan’6 —6=0 for 0<6<2m

T
Answer: § = =; —; —; —
3" 37373

Question 8
3sinf = 3cos6 for 0°<6 < 360°

Answer: 8 = 53.1° 233.1°

Question 9

2sin*0 +3cosf =3 for 0<6 <2m
Answer: 8 = 0; g; 5?”; 21
Question 10

sin?6 —sind =2 for 0<6<2m

Vs
Answer: 6 = 3

Question 11

3tan?0 = 2sec’6+1 for 0<6 <180°

Answer: 8 = 60°; 120°
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Question 12

2sin (0 —20°)=1 for 0°<6 <360°
Answer: 8 = 50°; 170°
Question 13

3sin30 = 2cos36 for 0°<6 <180°

Answer: § = 11.2° 71.2° 131.2°
Question 14
6
ZCOt(E> =2J3 for 0<6<2m

Answer: 6 :%

Question 15

secd = =2 for —180°<6 <180°

Answer: § = +120°

Question 16

sec’f —sec§ =2 for 0<6<2m
Answer: 8 = 0; g; S?H
Question 17

3sin’0 —2sinf =0 for 0°<6 <360°

Answer: 8 = 0% 41.8° 138.2°; 180° 360°
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Question 18

sinftand =3sin® for 0<6 <2

4

T
Answer: 8 = 0; 3 3

Question 19

cos?0 = sinfcosd for 0<60 <2m

3t 571
2 4

)

T s
Answer: 8 = —; —;
47 2

Question 20
cosec*d — 4cosec’9 =0 for 0=<60<2m
Answer: 8 = 0; E; 5—n;7'[; 7—n; 1
6’ 6 6’ 6
Question 21
2c0s?0—1=cosf for 0<6<2m
Answer: 8 = 0; 2—n; 4—n; 21
3’73
Question 22

4(sin’6 — cosf) =3 —2cosf  for 0°< 6 < 180°

Answer: 8 = 72°; 144°

Question 23

7] 0
4cos? (E) — 4cos (E) +1=0 for 0<60<2m

2T
Answer: 6 = Y

Tarakino N.P. (Trockers) ~ 0772978155/ 0717267175
Page 102




Question 24

cos@ +sin@=0 for 0<60<2m

3 71T
Answer: § = Tn; —

Question 25

2c0s?0 =7sinf+5 for 0<6<2m

7t 11w
Answer: § = = o

Question 26

sin@ —sin26 =0 for 0<6 <27

T 51
Answer: 8 = 0; T

Question 27
2c0s%0 =3sin?6 =0 for 0°<6 <360°

Answer: 8 = 30° 150° 210°; 330°

Question 28

2sin’20 =1 for 0<60<2m

3m 5m 7w

A
Answer: § = =; —; —; —
8’ 8 8 8

Question 29

sinf + sin26 =0 for 0<0<2m

2w 4T
Answer: 8 = 0; ; 33
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Question 30

secO = 2cos0 for
L g_m, 3m 5t Tm
Answer.9—4, i
Question 31
2c0s20 = cos26  for
.g_2m An m 3m S5m 7m
Answer.9—3, 2 20 20
Question 32
2sin(@ —20°) =1 for

Answer: 8 = 50°; 170°

Question 33
2sin’0 + 3sinf+1=0
g7 3m um
Answer: § = 6’ 2 &
Question 34
2sin%0 +3sinf+1=0
L _dr, 3w Alm
Answer: § = A
Question 35
2tan20 =2 for
g _T 5T 9w 13m
Answer.9—8, 5 5 g
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Question 36
sin®6 = 3cos?8 for 0<60 <2m

2w 4m 57

s
Answer: = =; —; —; —
373 3 3

Question 37

cos30+1=0 for 0°<60 <360°

Answer: 8 = 60°; 180°; 300°

Question 38

cos30 =cos® for 0<6<2m

T 3T
Answer: 8 = 0; 2 S m

Question 39

c0s28 —cosf =0 for 0<0<?2m

2n 4T

Answer: 8 = 0; —;
3 3

Question 40

2cotf + cosecd =0 for 0<0<?2m

2m 4T

Answer: = =; —
3’73

Question 41

3tan30 =tanf for 0<60 <2mw

T 5m 7t 11w

Answer: 8 = 0; —=; ;T
6 6 6 6

)
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Question 42

secBcosecO = 2cosecl for 0<0<2m

5
Answer: 9 = E; >
3" 3
Question 43
cos?20 —cos*20 =0 for 0<60<2m
T 37 mw 3m b5m 7w
AHSWGT.Q—O, E'T[' 7,2, 2’ 4 2

Question 44

3sin30 = 2cos36 for = 0°< 6 <180°

Answer: 8 = 11.2° 71.2°% 131.2°
Question 45

tand + 1 =vV3++3cotd for 0<6<2m
Answer: 8 = g; — —

Question 46

18c0s’6 —9=0 for 0<6<2m

An%wer'9—2'3—n'5—n'7—n
) T4 4 4 4
Question 47
6 2]
sin (E)=\/§—sin (E) for 0°<6 <360°

Answer: 8 = 90°; 270°
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Question 48

2sin’0 =3cos® for 0<6<2m

51

Answer: 6 = S

w|=|

Question 49

cos20 — sinBtanf =2 for 0<0 <27

5

A g =x;
nswer: 6 3 3

Question 50

sin26 = cos0 for 0<60<2m

57 3m

w T
Answer: § = —=; —; —; —
6’2" 6’ 2

Question 51
2c0s30+V3=0 for 0<6<2m
Answer: § = 2%, L 17”) 19"’ 29”’ 31w
18’ 18’718 ' 18 ' 18 ' 18
Question 52

2sec’d +tan’0 —3=0 for 0<6<2m

mw 5m 7m 11w

Answer: = =; —; — ; —
6’ 6 6 6
Question 53
o+ 3cos8 = 2cosBtanf for 0<0<2m
sec4f

Answer: 8 = 1.1; 5.2
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Question 54

3cos?0 —5sinf =1 for 0°<6 < 360°

Answer: 8 = 19.5°% 160.5°

Question 55
2sinfcotf +cotd =0 for 0<6<2m
Answer: § = 2. 3z 7m 1im

2" 27 6 6

Question 56

2cos20 =1 for —180°<6 <180°

Answer: § = +30° +150°

Question 57

tan = 3sin@ for 0<60 <2mw

Answer: 8 =0; 1.2; m; 5.1
Question 58
1
sin?(@ — 30°) = 5 for 0°<6 < 360°
Answer: @ = 75°; 165°; 255° 345°

Question 59

cos@+1=sin@ for 0<60<2m

V3
Answer: 8 = RRU
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Question 60

4sin@ = tan® for —180° <6 <180°

Answer: 8 = 0°; +75.5° 180°

Question 61

cos(70°—x)=0.6 for 0°<6<180°

Answer: 8 = 16.9°% 123.1°

Question 62

sin@ = cosf for 0<6<2nm

p_T, 5T
Answer: 8 = )
Question 63
sin2x —cosx =0 for 0<0<2m
., _ T m, 5w 3_7T
Answer: 6 =% 206 5
Question 64
sinf —V3cosh = 1 for 0<6<2nm
L pg_m, T
Answer: § = 3
Question 65

sin(x —35°) = cosx for 0°<6 <360°

Answer: 8 = 62.5° 242.5°
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PAST EXAMINATION QUESTIONS

CAMBRIDGE

Question 1

CAMBRIDGE NOVEMBER 2019 PAPER 3

(i) By first expanding tan (2x + x), show that the equation tan3x = 3cotx can be written
in the form tan*x — 12tan?x + 3 = 0. [4]

(if) Hence solve the equation tan3x = 3cotxfor 0° < x < 90°. [3]

Answers: x = 26.8°; 73.7°

Question 2

CAMBRIDGE JUNE 2019 PAPER 3

Showing all necessary working, solve the equation cot26 = 2tanf for 0° < 8 < 180°. [5]

Answers: x = 24.1°; 155.9°

Question 3

CAMBRIDGE NOVEMBER 2017 PAPER 3

By expressing the equation tan(6 + 60°) + tan(6 — 60°) = tané in terms of tané only,
solve the equation for 0 < 6 < 90°. [5]

Answer: 8 = 16.8°

Question 4

CAMBRIDGE JUNE 2016 PAPER 3

(i) Express V5cosx + 2sinx in the form Rcos(x — &), where R >0 and 0° < a < 90°,
giving the value of a correct to 2 decimal places. [3]

(i1) Hence solve the equation
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1 1
\/gcoszx + ZSinEx = 1.2,
for 0° < x < 360°. [4]

Answers: (i) 3cos(x — 41.81°)
(i) x = 216.5°

Question 5

CAMBRIDGE NOVEMBER 2015 PAPER 3

The angles A and B are such that
sin(A+45°) = (2V2)cosA and  4sec?B +5 = 12tanB 180°.

Without using a calculator, find the exact value of tan(A — B). [8]

3
Answer: —
11

Question 6

CAMBRIDGE JUNE 2015 PAPER 3

Solve the equation cot2x + cotx = 3 for 0° < x < 180°. [6]

Answers: 24.9° 98.8°

Question 7

CAMBRIDGE NOVEMBER 2014 PAPER 3

(i) Show that cos(6 — 60°) + cos(6 + 60°) = cos6. [3]
L cos(2x—60°)+cos(2x+60°) )
(i1) Given that = 3, find the exact values of cosx. [4]
cos(x—60°)+cos(x+60°)
1
Answer: ) (3 +V 17)
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Question 8

CAMBRIDGE NOVEMBER 2013 PAPER 33

(i) Given that sec + 2cosecO = 3cosec26, show that 2sinf + 4cos6 = 3. [3]

(ii) Express 2sinf + 4cos6 in the form Rsin(6 + «), where R > 0 and 0° < a < 90°,
giving the value of a correct to 2 decimal places. [3]

(iii)Hence solve the equation sec + 2cosecd = 3cosec26 for 0° < 6 < 360°. [4]

Answers: (i) v/20sin(6 + 63.44°)

(iii) 74.4°; 338.7°

Question 9

CAMBRIDGE NOVEMBER 2013

Paper 32
(i) Prove that cotf + tanf = 2cosec26. [3]
(it) Hence show that

1

§TL’

1
cosec26d0 = ElnS [4]
1
ETC

Question 10

CAMBRIDGE NOVEMBER 2008 PAPER 2

(i) Show that the equation
sin(x + 30°) = 3 cos(x + 60°)
can be written in the form
3V3sinx = cosx. [3]
(ii) Hence solve the equation

sin(x + 30°) = 3 cos(x + 60°)
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for —180° < x < 180°. 3]
Answers: (i) x = —169.1°; 10.9°

Question 11

CAMBRIDGE JUNE 2008 PAPER 3

(i) Show that the equation tan(30° + 8) = 2 tan(60° — ) can be written in the form
tan?0 + (6v3)tand — 5 = 0. [4]
(if) Hence, or otherwise, solve the equation
tan(30° + ) = 2tan(60° — 6),
for 0° <6 < 180°. [3]

Answers: (i1) 24.7° 95.3°

Question 12

CAMBRIDGE JUNE 2008 PAPER 2

(i) Express 5cos@ — sinf in the form Rcos(6 + a), where R > 0 and 0° < a < 90°, giving
the exact value of R and the value of a correct to 2 decimal places. [3]
(i1) Hence solve the equation
5cos0 — sinf = 4,

giving all solutions in the interval 0° < 8 < 360°. [4]

Answers: (1)v/26¢cos(6 — 11.31°)

(ii) 27.0%.310.4°

Question 13

CAMBRIDGE JUNE 2004 PAPER 3

Sketch the graph of y = secx, for 0 < x < 2m. [3]

Answer:
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A
1 |
| :
0 z | T 2, 2w x g
2 " 2 :
-1 : /\ :
Question 14
CAMBRIDGE JUNE 2004 PAPER 3
(i) Prove that sin?6cos?6 = %(1 — c0s40). [3]
(ii) Hence find the exact value of
1
§TL’
f sin*6cos?6do [3]

0
Answer: (ii)l (l T+ ﬁ)
8 \3 8

Question 15

CAMBRIDGE NOVEMBER 2002 PAPER 2

The angle x, measured in degrees, satisfies the equation

cos(x — 30°) = 3sin(x — 60°).

(i) By expanding each side, show that the equation may be simplified to

2V3cosx = sinx. [3]
(i1) Find two possible values of x lying between 0° and 360° . [3]
(iii)Find the exact value of cos2x, giving your answer as a fraction. [3]

Answers: (i1) 73.9% 253.9°
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(111) -3

Question 16

CAMBRIDGE NOVEMBER 2002 PAPER 3

(i) Express 4sinf — 3cosf in the form Rsin(6 — a), where R >0 and 0° < a < 90°,

stating the value of a correct to 2 decimal places. [3]
Hence

(i) solve the equation

4sin@ — 3cosO = 2,

giving all values of 6 such that 0° < 6 < 360°, [4]

1
iii)Write d th test value of : 1
(iii)Write down the greatest value o 25inB 3005016 [1]

Answers: (i) 5sin(f — 36.87°)
(i) 60.4° 193.3°
(i) 1
Question 17

CAMBRIDGE JUNE 2002 PAPER 2

(i) Express 3cosf + 2sin6 in the form Rcos(6 — «), where R >0 and 0° < a < 90°,
stating the exact value of R and the value of a correct to 1 decimal place. [3]
(i) Solve the equation
3cos8 + 2sinf = 3.5,
giving all solutions in the interval 0° < 6 < 180°. [4]
(iii)The graph of y = 3cos6 + 2sinf for 0° < 6 < 180°, has one stationary point. State

the coordinates of this point. [1]

Answers: (i) V13cos(8 — 33.7°)

(i1) 19.8° 47.6°
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(iil) (33.7; V13)

Question 18

CAMBRIDGE NOVEMBER 2001 PAPER 2

Solve the equation 2sec?x — tanx = 5 for 0° < x < 360. [5]

Answers: 56.3% 135° 236.3% 315°

ZIMSEC

Question 1

ZIMSEC NOVEMBER 2007 PAPER 1

Show that the equation

4sin’6 3

+ = 2sin®6
cosec cosec?BOsech

may be written as
sin?0(4sinf + 3cosf —2) =0
and hence solve the equation for 0° < 6 < 360°. [7]

Answer: 8 = 120°;167°

Question 2

ZIMSEC NOVEMBER 2009 PAPER 1

(i) Express 3cosx — 5sinx in the form Rsin(x + a), where R > 0 and 0° < a < 360° [3]
(if) Hence, or otherwise, solve the equation
3cosx — 5sinx = 2,

for 0° < x < 360°, [3]
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Answers: (i) v34cos(8 — 149.03°)

(i) 11°; 231°

Question 3

ZIMSEC NOVEMBER 2009 PAPER 1

(i) Solve the equation
[2sinx — 3| =1
for 0° < x < 360°. [3]

3
(if) Solve the equation  sin26 = 2sin”6 for 0° < 6 < 360°.

5cos6 — sinf = 4,
giving all solutions in the interval 0° < 6 < 360°, giving your answers correct to the

nearest 0.1°. [5]

Answers: (1) 90°

(i) 0° 56.3°% 180° 236.3% 360°

Question 4

ZIMSEC NOVEMBER 2012 PAPER 1

() (i) Write down the function 3v2(cosx + sinx) in the form Rcos(x + a), where R > 0
and 0° < a < 90°.

(ii) Hence, or otherwise, solve the equation v2(cosx + sinx) = v/3 for 0° < 6 < 360°.
[6]
(b) (i) State the maximum and the minimum values of the function
y = 6 + 3vV2(cosx + sinx).
(i) Sketch the graph of y against x for 0° < 6 < 360°.
(iii) Describe the basic transformations which the graph of y = cosx undergoes to obtain
the graph of y = 6 + 3v2(cosx + sinx). [8]
Answers: a) (i) 6cos(8 — 45°)
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(i) 15°; 75°
b) (1) maximum value = 12 and minimum value= 0
(i1)

12
10.2

[
>

0] 45 135 225 315 360

(iii) (1) Translation along the x — axis with translation vector (43 ) or

moving 45° units rightwards

(2) Stretch along the y — axis with factor 6 or multiply every
y —coordinate by 6

(3) Translation along the y=waxis with translation vector (2) or

moving 6 units upwards

Question 5

ZIMSEC NOVEMBER 2013 PAPER 1

(i) Prove the identity

1+ sin26 _ (tand + 1)? 4
1—sin20  (tanf — 1)2 [4]

(ii) Hence solve the equation

tanxcos2x = sinx for 0° < x < 360° [6]

Answers: (1) 0° 120° 180° 240° 360°
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Question 6

ZIMSEC NOVEMBER 2015 PAPER 1

(i) Express 6cos@ — 8sin6 in the form Rcos(6 + ). [3]
(if) Hence or otherwise, solve the equation 6cosf — 8sinf = 2.5 for —180° < 6 < 180°.
[3]
(iii)State the minimum and the maximum values of
_ 2
6co0s0 — 8sinf + 13

Answers: (i) 10cos(6 + 53.1°)

(i) —157.6°% 51.4°

(i11) Maximum = %

1

Minimum = 53

Question 7

ZIMSEC NOVEMBER 2019 PAPER 1

(a) Express 3cosf — 2sinf in the form Rcos(6 + a) where R > 0 and 0° < a < 90°. [3]

(b) Hence or otherwise, solve the equation 3cosf — 2sinf = %for —180° < 6 <180°. [3]

1
(c) Determine the maximum and the minimum values of —. [2]
3cos0—-2sinf

Answers: (a)4/13cos(6 — 33.7°)

(b) —113°; 46°

(b) Maximum = —\/%
Minimum = 1
-~ J13
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Question 8

ZIMSEC NOVEMBER 2019 PAPER 1

(@) Giventhat h(6) = ksinf;k < 0
Sketch the graph of y = h(6) for 0 < 6 < 2. [3]
(b) Describe the geometrical transformation which maps f(x) = sinx onto

y = 6sin(x —m). [3]

Answers: (a)

A
Yy
k /\
0 z T 3n 2T X
2 2
—k

(b) Translation along the x — axis with translation vector (g) or moving

m units rightwards followed by a stretch along the y — axis with factor 6

or multiply every y —coordinate by 6
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ASANTE SANA

Tarakino N.P. (Trockers) ~ 0772978155/ 0717267175
Page 121




HHxHRXXTHERE IS A LIGHT AT THE END OF EVERY TUNNEL *#xx

CONSTRUCTIVE COMMENTS ON THE FORM
OF THE PRESENTATION, INCLUDING ANY
OMISSIONS OR ERRORS, ARE WELCOME.

®*xxENJOY***
Nyasha P. Tarakino (Trockers)

+263772978155/+263717267175
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