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SYLLABUS (6042) REQUIREMENTS

> find vector and Cartesian equations of a straight

line in 3D

find cross product of given vectors

> use cross product to find area of plane shapes

> find vector, parametric and Cartesian equations of
a plane

> find the angle between a line and a plane, two lines
and two planes

> determine whether fwo lines are parallel,
intersecting or skewed

» determine whether two lines intersect

> find the perpendicular distance from a point to a
straight line and the coordinates of the foot of the
perpendicular

» determine whether a line lies in, is parallel fo or
intersects a plane

> find the point of intersection of a line and a plane

> find the line of intersection of two planes

> find the perpendicular distance from a point fo a
plane

> solve problems involving lines and planes

Y
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VECTORS IN R’

Vector equation of a line

o Itis an equation that represents all possible points on the line.

Derivation

= P, is a specific point on the line L and it has coordinates (xq, Yo, Zo)-

a

* ¥ is a vector with direction (b) and is parallel to the line L . It is called the direction
c

vector and a, b and c are direction numbers.

* ¥ does not need to be in a standard position, it can have a completely different initial and
terminal point.

= Pisageneral or arbitrary point on the line L and it has coordinates (x, y, z).

» 7 is the position vector of P and 7; is the position vector of P,
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= g is the position vector of P,P
Now:

P,P =0P — 0P, (Triangular law)

-

>a=7—-T1,
=>7 =1r+a (i)
Note: Both vectors a and v are parallel
>d=cv
Replace the constant ¢ with t
=>d=tv (ii)
Substituting equation (ii) into equation (i):
>7 =15 +tv (i)
= Equation (iii) is called the vector equation of a line
= tis called the parameter and it plays the role of a scalar (a real number)
» Values assigned to t will generate position vectors 7 with terminal points located on the
line L.

= If t is positive we move away from the original point in the direction of v.

If t is positive we move away from the original point in the opposite direction of v.

NB: To write the vector equation of a line, we need a known fixed point P(x,, v, Z,) on the

line and a vector v = (a, b, ¢) that is parallel to the line

The vector equation given two points

Let the points be A(a4, a,, a3) and B(by, by, b3)
Steps

= Find the direction vector 4B:

NB: For the direction vector AB

e OB is the head and 04 is the tail

e AB = Head — Tail = OB — 0A
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AB = 0B — 04

b1 aq
() (e

bs as

by —a,
“(2e)

bs —as

= Substitute this information into the general equation of a line:
¥ =7,+td
NB: 7y is the position vector of any specific point on the line and is @ is the direction

vector of the line

a; bl —aq bl bl — aq
7 = (a2> +t (bz — a2> or 7 = <b2> +t <b2 — a2>
as b3 —ds b3 b3 — dg

=~ The general equation is given by:

? =0A+tAB or # = OB + tAB

Solved Problems

Question 1

Write the vector equation of a line which passes through P(3; 5; 1) with direction vector

f)

Solution
The equation is given hy:

3 7
1 3
Question 2

Write the vector equation of a line which passes through (2,—1,3) and parallel to the

vector 3i + 2j — k.
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Solution
The equation is given by:

2 3
r =<—1>+t<2> or = (i—j+3k) +t3Bi+2j—k)
3 1

Question 3

Find the vector equation for the line which passes through the points A(3,6,2) and
B(6,2,-5).

Solution

_— —  —

AB = 0B —-0A

w(3)-0)-0)

Now choosing A(3,6,2) to be the point on AB.

NB: B(6,2,—5) can also be used to represent the specific paint on the line.

r = OA + tAB

= (g)+()

The equation r can also be written asr = (3i + 6j + 2k) + t(3i — 4j — 7k).

Parametric equations

o The parametric equations of a line are derived from the vector equation of a line.

Definition

o The parametric equations of a line that contains the point P(x,, o, Z,) and is parallel to

a
the vector v = (b) are:
C

Tarakino N.P. (Trockers) ~ 0772978155/ 0717267175
Page 6




X = x9 + ta

<

N

:ZO+tC

Derivation

= Rewrite the vector equation of a line in component form:

-

7 =71, +td
X Xo a
<y> = ()’0) +t (b)
Z Zy c
= Multiply the direction vector by t:
X Xo ta
<y> = (3’0) + <tb>
z Zo tc
= Add the two vectors
X X0 + ta
<y> = (yo + tb>
z zZy + tc
= Equate corresponding components

Recall that two vectors are equal if and only if their,corresponding components are equal

X =Xxy+ta,y =y, +thandz = z, + ta
This implies that:

x =f(t)
y =g(t)
z = h(t)

o The value of the parameter will generate the coordinates of the points on the line

Solved Problems

Question 1

Find a parametric equation for the line which contains the point (1,2,0) and has direction
vector (1,2, 1).

Solution
Obtaining the parametric equations:
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1 1
r =12 +t<2
0 1
1+t
=>1r =2+ 2t
t

Thus, the parametric equations are given by:

x =1+t
y =2 + 2t
z =1

Question 2
Let L be a line which passes through the points P(1,1,1) and Q(3,2, 1).

Find a vector which is parallel to the line. Find the vector-equation and parametric equations

of the line.

Solution
Obtaining the vector equation:

w06

Now choosing P(1,1,1) to be the point on W
r = OP + tPQ

The vector-equation of the ling is given by:

A0

Obtaining the parametric equations:

1 2
r = <1>+t(1>
1 0
1+ 2t
=T =(1+t>
1
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Thus, the parametric equations are:

x =1+ 2t
y =1+t
z =1

Cartesian/Symmetric equation

o The Cartesian form of the vector equation is obtained by eliminating the parameter from
the parametric equations.

Steps
= Make t the subject of each parametric equation:
X— X — zZ — Z
¢ = 0 ’ ¢ = Y~ Yo = 0
a b c
= Solve for t:

In most cases a, b and c are neh-zero humbers

X—Xo Y—Yo Z— Zp
a b c

o a,b and c appearing in the denominators are direction numbers of the line L i.e. they give

a
the direction vector parallel to L i.e. <b>
C

Solved Problem

Question

Determine the vector equation of the straight line passing through the point with position

vector i — 3j + k and parallel to the vector 2i + 3j — 4k. Express the vector equation of

the straight line in standard Cartesian form.

Suggested Solution

The vector parallel to the line is given by:

r = ﬁ+tﬁ
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The vector-equation of the line is given by:

()

Obtaining the parametric equations:

NENG

1+ 2t
>r =|-3+3t
1—4t

Thus the parametric equations are:

x =1+ 2t
y =-3+3t
z = 1—4t

Now making t the subject of the formula in all equations:

x =1+ 2t
x—1= 2t
x—1

> = t (D)
y = —3+ 3t
y+3= 3t
%: t (ii)
z = 1—4t
z—1= —4t
1=z (iii)

4
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All three equations are equal to t and so equal to one another, therefore the Cartesian or

Symmetric equations is given by:

x—1 y+3 1-z

2 3 4

Follow up questions

Question 1

Determine the vector equation of the straight line passing through the two points P;(3,—1,5)
and P,(—1,—4,2).

Answer:r = 3i — j + 5k + t(4i + 3j + 3k).

Question 2

Determine the vector equation of the straight line passing through the two points A(3,4,—7)
and B(1,—-1,6).
Answer:r = 3i+4j— 7k + t(-2i~5j + 13k).

Question 3
Find the parametric and Cartesian equations for the line r = 5i + 2k + A(4i — j + 4k)

Answers

The parametric equationsare: “x = 5+ 44,y = -4,z = 2+ 44

The Cartesian equation is:

Question 4

A line passes through points A(2,—1,5) and B(3, 6, —4).
a) Write a vector equation of the line.

b) Write parametric equations for the line.

c) Determine if the point €(0,—15,9) lies on the line.
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Answers

2 1
a) A vector equation isr = (—1) + t( 7 )
5 -9

b) The corresponding parametric equations are

x =24+t
y=—-1+7t
z=5— 9t

c) Substitute the coordinates of C (0, —15,9) into the parametric equations and solve for t.
0=2+t =>t=-2

—15=-1+7t =>t=-2
9=5 -9t =>t=-4/9

The t-values are not equal, so the point does not lie on the'line

Determining whether a point lies on a line

The point is said to lie on a line when it satisfies the equation of the line i.e.
= |f all three sets of parametric equations yield the same value for the parameter t, then

the point lies on the line
= |f at least one of parametric equations has a distinct value for the parameter t, then

the point does not lie on the line

Solved Problems

Question 1

1 2
Determine whether the point (11,15,3) lies on the line r = ( 0 ) +t (3)
-2 1

()40

X 1 2
Substitute the point (11,15,3) to the LHS of the line <y) = ( 0 ) +t (3)
Z —2 1
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Now LHS:

11 1+ 2t
(15) (e )
3 -2+t

=>11=1+2t Q)
=10=2t~t=5
Also:

15 =3t (i)
=>t=5

Finally:

3=-2+t (iii)

=>t=5

1 2
Since all points give t = 5 .. the point (11,15,3) lies on the line r = ( 0 > +t (3)
—2 1

Question 2
ZIMSEC NOVEMBER 2017 PAPER 2

5 4
Relative to the origin 0, the position vectors of points P and Q are (3) and (c) respectively
1 2

1 2
Determine whether the point P lies on [ whose equation is r = ( 0 ) + A1 (—1), where A1 is
-2 5

the parameter. [2]

()3 0-(3)3)

x 1 2
Substitute the point (5,3,1) to the LHS of the line (y) = ( 0 ) + A (—1).
z -2 5

Now LHS:
5 14+ 224
1 —2+ 51
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=>5=1+4+21 (i)
=24=21-1=2

Also:

3=-1 (i)
>A1=-3

Finally:

1=-2+4+51 (iii)

> A=

ul] w

Since all points give different values for A .. the point (5,3,1) does not lie on the line
1 2
-2 5
Follow Up Questions

Question 1

1
Show that the point (5,2, —2) does not lie on the line r = ( 0 )
-2

)

Question 2
0 2
Determine whether the point (2,0, —1) lieson the liner = =3 | +¢t( 3
—4 1
Question 3
i n i .ox+1 y+3 z+5
Determine whether the point (1,1,3) lies on the line 3 = z = .

Question 4
Show that the point (4,13, —13) lies on the line which passes through points A(2,—1,5) and

B(3,6,—4).

Question 5

2 1
Determine whether the point (1,3,2) lies on the line r = (—1) + t( 7 )
5 -9
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Intersecting, Parallel and Skew Lines

Parallel Lines

VA

Let I, and I, be two lines in R3, with direction vectors a and b, respectively, and let 8 be the
angle between a and b. The lines [, and [, are in the same plane (coplanar)
The lines ; and [, are parallel whenever:

= The direction vectors are scalar multiples of each other

= The direction vectors are in the same ratio

= The angle between the direction vectors is either 0° (same direction) or 180°

(different directions)

Intersecting Lines

v

X X

(Perpendicular)
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Let [, and I, be two lines in R3, with direction vectors a and b, respectively, and let 6 be the
angle between a and b. The lines [; and [, are in the same plane (coplanar). The lines are

either perpendicular or are intersecting at any other angle in the range 0° < 6 < 180°.

Case 1

The lines [; and [, are intersect if:

e There are specific values of the parameters so that the lines share the same point

Case 2
The lines [; and [, are perpendicular/orthogonal if:

e The dot product of their direction vectors is equal to zero

Skew Lines

Two lines in R3 are skew if they are not parallel and do not intersect.

ZAA

f—

[ 77
t

NB: Skew lines lie in parallel planes.

v

Solved Problems

Question 1
Show that the lines l;:r = (i+j— k) +t(Bi—j)and l,:r = (4i— k) + u (2i + 3k)

intersect. Also, find their point of intersection.
Solution

Two lines intersect if 1, = L.
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(i+j—k) +tBi—j)=4i—k) + u(2i + 3k)

()G ()
(5)-Cr

1+3t=4+2u (1)
1-t=0 (2)
=>t=1

—-1=-1+3u (3)

>u=20
To check if the values of s and t are true, substitute them'in (1)
1+3t=4+2u (1)
LHS:
1+3t=1+3(1)=4
RHS:
442u =4+0 =4
Since LHS = RHS = 4= forthe valuest =1 and u = 0, line [; and line [, intersect.
To find the point of intersection, substitute ¢t in [; or u in [,:
14/ 14+ 3(1) 4
L={1-¢t|= 1-1 =| 0 |or
-1 =1 -1
4+ 2u 4+4+0 4
l, = 0 = 0 ={ 0
-1+ 3u -14+0 -1

=~ The point of intersection is (4,0, —1).
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Question 2

. x=3 _ y=5_z+1 x+1 _y z—8
Show that the lines ;: 5= g =% and [,: = 3= are parallel to each
other.
Solution

We write [;and [, in vector form.

(2)-6)
()

Now the direction vector of ; is a and of [, is b.

2 1 2 1
a= <6> and b = (3) then [,and [, are parallel since a = (6) =% (3) =2b.
4 2 4 2

Question 3
. x—4 _ y+5 _ z—1 x=2 _ y+1l _z
Show that lines L,: —— = === =3 and Ly: ——= 3 = are skew.

Solution

Write the equation in parametric form.

Li:x =2t+ 4y =4t— 52z = =3t +1
Ly:x =s+ 2,y =3s—=1,z = 2s

Checking if parallel:
2 1
The lines are not parallel since the vectors vy = | 4 |and v, = <3> are not multiples of

-3 2
each other

Checking if they intersect:

Equate x,y,and z for both lines.

20+ 4 =5+ 2 (1)
4t— 5 =3s—1 (2)
—3t+1 = 2s (3)
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From equation (1) s = 2t + 2 (4)

Substituting equation (4) into (2):
4t -5 = 3(2t+2)-1)

=t = 5.

Now:

s=2t+2 (4

= s =2(-5+2

> s =-10+2

~s = —8.

Substituting these numerical values into equation (3):
—3t +1 = 2s (3)
LHS:
—3t +1=-3(=5) + 1
=15+ 1
=16

RHS:
2s = 2(—8)

=—16

Since LHS = 16 + RHS = —16 - for the valuest = —5 and s = —8, line [, and line [, do

not intersect.

=~ The two line s are skew because they are neither parallel nor intersecting

Question 4

1 a—1 9 2a
If the lines [,: 7 = <—5> + Al —a-— 1) and [,: 7 = ( 3 ) + A(B — 5a> are parallel, find
7 b -8 15

the values of a and b.
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Solution

Comparing i and j components:
a—1 —-a-1

2a  3-5a
~(@a—1)(3—-5a) =2a(—a—-1)
= 3a —5a* -3+ 5a = —2a%* - 2a
~3a?—-10a+3=0
=>Ba—-1)(a—3)=0

1

La= 3 or 3
Now to find b let’s compare i components first to get the ratio:

Since direction vectors are multiples, let 5 be the ratio:
Bla—1) =2a
When a = 1/3:

-5(3-1) =2()
-5(-)-

=>L=-1

wl N

Now comparing k components:
B(b) =15

= —b =15

~ b =—15.

When a = 3:

= pB =1 =2(3)

=p(2) =6

=>,=3

Now comparing k components:
B(b) =15

= 3b =15

. b =5.

~Whena =1/3,b=—-15and whena = 3,b = 5.
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Follow up questions

Question 1
Show that the linesr = 2i+ 4k + A(i + 2j — k);

r = 5i+2j—k+ u(i — 2j — 3k) intersect. Hence, find their point of intersection.
Answer: (4, 4, 2)

Question 2
. . xX+5 2=y 1-z X 2y+1 1-z
Determine whether the lines = = and - = —— = —
2 5 -1 1 4 -3

are parallel, intersecting or skewed.

Answer: Skewed

Question 3
Show thatthe linesr = i+j—k + t (3i—j)andr = 4i — k + u(2i + k) intersect.

Also find their point of intersection.

Answer: (4, 0, —1)

Question 4
. x+1 y+3 Z+5 x—2 y—4 Z—6 ]
Show that the lines g = z = . and T = 3 = z intersect. Also, find

their point of intersection.

1 1 3
Answer: E; — =
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Dot Product

o Itisalso called a scalar product. It is a result of multiplying one vector by a second vector

S0 as to produce a scalar.

o The dot product is defined for vectors in R? and R3

Algebraic Definition

a, b,
The dot product 2 vectors a = <a2> andb = (b2> in R3 d. b is defined to be the scalar

bs

C_il_?) = a1b1 + azbz + a3b3.

Geometric Definition

a; by
The dot product 2 vectors a = <a2> and b = <b2> in R3 d. b is defined to be the scalar

bs
i.b=|d |.|B|cos€,

where 8 is the angle between the vectors a and b.

Proposition
Let p and g be non-zero vectors.

e The vectors, p and g, are perpendicular to each other if and only if p.q = 0.

e The angle between the vectors, p and g, is obtuse ifand only if p.g < 0

e The angle between the vectors, p and ¢, is acute ifand only if p.g > 0

Solved Problems

Question 1

-1 3
Given that the vectors @ = ( 2 ) andb = (1) find the dot product of @ and b.
3 4
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Solution

_/-1\ /3
ab=(2|.(1]=-3+2+12=11
3/ \4

Question 2

5 2
Determine if the vectors a = <—5> andb = (2) are perpendicular to each other.
0 3

Solution

(3] o

-

Sinced.b = 0 therefore @ and b, are perpendicular to each.
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Determinants of Matrices

2x2 Matrices

a b

Suppose A is any (2 x 2) Matrix such that A = (C d) then the determinant of A can be

written as:

/4] or det(4) or |* Z| — ad — be

Solved Problem

Question

6
4
determinant of B.

Given that A = ( _11) and B = ( coso sin@) :find the determinant of 4 and the

—sin@ cos@

Solution
16 —1] _ ~ _ _
(|)|4 1|—ad—bc-6(1)—(—1x4)—6+4—10.

cosf sinf| _

—sin® cosOl ad — i

(i) |
='c0s0(cosh) = (sinf X —sinh)

= c0s?%0 4 sin?0 =1

3x3 Matrices

a b ¢
Suppose A is any (3 x 3) Matrix such that A = (d e f) then the determinant of A can be
g h i
a b c
written as |A| or det(A) or[d e f
g h i
) e d f d e
--det(A)—a|h ]l,c|—b|g i+cg nl
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Solved Problem

Question
3 1 1

Given that A = <2 -1 2 ); find the determinant of A .
1 1 =2

Solution

det(A):3|_11 _22|—1|i _22|+ 1|i _11|
=302-2)-1(-4-2)+ 12— -1)
=3(0) - 1(=6) + 1(3)
=0+6+ 3

=9

Cross Product

o It is also called a vector product. It is a result of multiplying one vector by a second

vector so as to produce another vector.

o This resultant vector is perpendicular to both vectors. This vector is called the normal

vector (11).
o The cross product is only defined for vectors in R3

=~
Il
QU
X
[yl

Q
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Geometric definition

a, by
Given 2 vectors a = <a2) and b = (bz) in R3the cross product d x b can also be defined
a3 b3

as follows

Algebraic definition

a; by
Given 2 vectors a = (az) and b = (b2> in R3 the cross product d x b can also be

a3 b3
defined as follows:
i j k
C_iXb= a1 az a3
by~ by b3
1 0 R 0
whereif = | 0], j = (1), k =|0] are unit vectors along the x, y andz axes
0 0 1

respectively. However while calculating the determinant they only have symbolic value.

Note

e The cross product of parallel vectors is always equal to a zero vector
e The cross product of any vector with itself is equal to a zero vector i.e.
0

Q
Il

X

Q

S
S
I

X 0

Solved Problem

Question

2 -1
Consider the two vectors a = (1) and b = < 1 ) in R3.
0 0

Find

(a) the cross-product of the two vectors,
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(b) verify that it is indeed perpendicular to both @ and b,

(c) the magnitude of a@ x b.

Suggested Solution

AR
@axb=|2 1 0
-1 1 0

1 012 0 2 1
_‘|1 0| J1-1 o|+k|—1 1
= i(0—0) —j(0—0) + k[2— (=1)]
= 3k

(b) A =dxb = (0,0,3)
2 0
ﬁ.&z(l). 0>=0+0+0=0.
0 3
. /-1\ /0
ﬁ.bz(l). 0)=0+0+0=0.
0 3

Since both the dot products are zero - @ X b is perpendicular to both @ and b.

(c) The magnitude of @ x b is given b:
dxb=|dxb|
VR
A5
=3

Follow up questions

Question 1

2 3
Consider the two vectors a = < 1 ) and b = (—2) in R3. Find the cross-product of the
—4 5

two vectors.

Answer: (—3,—22,-7)
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Question 2
Find the cross-product of the two vectors v = 2i + j — 3kand w = i + 3j + 2k

Answer: 11i — 7j + 5k

Using cross product to find area of plane shapes

Parallelogram

Algebraic Approach

=~
Il
Qu
X
S

Qu

The area of a parallelogram with edges d = a,i + a,j + ask and b= byi + b,j + bsk is:

ik
Area =|d x b|whereax b =|a; a, a3
b, b, by

NB: d and b are non-zero vectors they intersect

Geometric Approach

Sl
Il
Qu
X
S

Q
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The area of a parallelogram with edges a@ = a,i + a,j + aszk and b= byi + b,j + bsk is:
Area = Base X Altitude

= |d| x |b|Sin®

= |d||b|Sin®

NB: 4 is the angle between the two vectors and it is the smaller angle from the two possible

angles in the range 0° < 6 < 180°

Triangle
The area of triangle is twice the area of parallelogram.

Algebraic Approach

=~
Il
Qu
X
lwyl}

Q

The area of a parallelogram with edges d = a,i + a,j + aszk and b= byi + b,j + bsk is:

Area = > |G x b
i j k
NB:axb=|a;, a, as
b, by bs
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Geometric Approach

S
Il
Qu
X
S

Q

Sl

The area of a parallelogram with edges a = a,i + a,j + aszk and b= byi + b,j + bsk is:

Area = —Base X Altitude

|d| X |b|Sind

N, N~ NI

|@||b|Singd

NB: 4 is the angle between the two vectors and it is the smaller angle from the two possible

angles in the range 0° < 6 < 180°

Solved Problem

Question
Find the area of the parallelogram with edges v = 2i + j — 3k and w = i + 3j + 2k.

Solution
i j k

vxw=[2 1 “3|=Q+9i—-@+3)j+(6-1k
1 3 2

= 11i — 7j + 5k

The area of the parallelogram with edges © and w is the magnitude of the vector v x w.

Area = ||B x W|| = 112 + (=7)% + 52 = V195
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Follow up questions

Question 1

2 3
Find the area of the parallelogram with edges @ = ( 1 ) andb = <—2) in R3.
—4 5

Answer: /542

Question 2

2 -1
Find the area of the parallelogram with edges @ = <1> andb = < 1 ) in R3.
0 0

Answer: 3

Question 3

Show that the area of the triangle with edges A(2,1,5), B(4,2,—1) and C(3,—2,1) is %

Question 4
Show that the area of the parallelogram with edges A(—1,2,1), B(3,—2,4), C(—2,1,5) and

D(—6,5,2) is 3/66.

The perpendicular distance from a point to
a straight line

The scalar product plays a crucial role when determining the distance between a point and a
line.
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Steps

= First we need to find the coordinates of N

= Find vector NP

= Since N lies on the line [, let the value of the scalar = s or any other letter which
different from the original scalar in the equation.

= In relation to the origin find NP

» Find the dot product between NP and the direction vector of the line [ to find the value
of s.

= Substitute that value into ON and NP.
= Calculate the required modulus.

NB: To find the coordinates of the foot of the perpendicular we simply substitute the value
of ¢t into ON

The perpendicular distance from the origin to
a straight line

Steps

= Let point N be the foot of the perpendicular from O.

X Xo a ve X9 + at
= Rewrite the vector equation (y) = <3’0> +t <b> as <Y> = ()’o + bt)
zZ A c VA Zg +ct

Xg + at
= State that vector ON = <y0 + bt)
Zy + ct
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= Since ON is perpendicular to [, find the value of the scalar t by equating the dot product

between ON and the direction vector of the line [ to zero as follows:

a
on (1) =0
c

X9 T at
= Substitute this numerical value of t in ON = (yo + bt) to find the coordinates of the
Zy + ct
foot of the perpendicular

= To find the required distance then find the magnitude of ON as follows:

|ON| = /(xo + at)? + (yo + bt)? + (z, + ct)?

NB: (i) Remember that to evaluate |ON| replace t by its numerical value.

(i) The perpendicular distance is also called the shortest distance.

Solved Problems

Question 1

Find
a) the coordinates of the foot of the perpendicular

b) the shortest distance from the point P(7, —1, 6) to the line [ with equation
Solution

2 1
3 4
a) Findingthe coordinates of N:

2 1 2+t
SON=(1]+t|=2]=(1-2t
3 4 3 + 4t

Finding vector NP
= NP = OP — ON

7 2+t
(o))
6 3+ 4t
5—-t
= <—2 + 2t>
3 -4t
Since NP is perpendicular to line [ then:

—_— 1
=>NP.|-2]=0
4
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5—t 1
—2+42t].1-2]=0
3—4t 4

5—-t+4—-4t+12—-16t=0

21—-21t =0
21 =21t
~t=1

To find the coordinates of the foot of the perpendicular substitute the value of t into ON:
. 2+t 3
= ON = (1 - 2t> = (—1)
3+ 4t 7

=~ the coordinates are (3, —1,7).
b) Substituting t = 1 into NP.

/55—t 4
NP = —2+2t)=<0
3 -4t -1

~ |[NP| =42+ 02+ (-1)2 =16+ 1 = V17

Question 2
1 2

The line [ has the equation r = (0) +t <—1), where ¢ is a parameter.
1 1

Find the perpendicular distance from the origin to [.

Suggested Solution

Let point'N be the foot of the perpendicular from O.

0(0,00)— — — — — —>——1n

The coordinates of N are (1 + 2t; —t; 1 +t)

Now
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1+ 2t
ON = -t |,
1+t
Now
2
ON.|-1]=0
1
1+ 2t 2
—t d-1]=0
1+t 1
24+4t+t+14+t=0

-3 -1
t=—=—

6 2

Now substituting t = _71 into ON

w0

Now
on - o (3 +
_ 22
4 2

Follow Up Questions

Question 1

Find
a) the coordinates of the foot of the perpendicular

b) the shortest distance from the point P(11, =5, —3) to the line [ with equation

RRG)
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Answers: a)(7,3, —8). b) V105

Question 2

Find
a) the coordinates of the foot of the perpendicular

b) the shortest distance from the point P(—2, 11, 5) to the line [ with equation

RURH

Answers: a) (—2,6,7). b) V29
Question 3
Find

a) the coordinates of the foot of the perpendicular
b) the shortest distance from the point P(8, 4, —1) to the line [ with equation
1 -1
-3 0

Answers: a)(2,7,—3). b) 7

Question 4

Find
a) the coordinates of the foot of the perpendicular

b) the shortest distance from the origin to the line [ with equation
2 3
r= (0) +t (12)
5 4

20 —24 57
Answers: a) (— ; —;—) b) 5
13° 13 13
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The angle between two lines

—

b,

o The angle between the two lines is calculated using the fact that the dot product of vectors

b4 and b, is equal the product of the magnitude of vector b; and magnitude of vector b, and
cosine of angle 8. This implies that by. b, = |b|.|b,| cos 6

o This implies that:

o Therefore, if 6 is the acute angle between the linesr = a, + th; andr = a, + tb,
then 6 is given by:

b,.b
0 = cos™! |——=
|b] |2
e We,use/the direct method /@ = cos™? |b1|"b2| if 0 is acute
1 2

NB: The following formula will produce an angle which is either acute or obtuse:

0 = cos™! ( EbE)
|b,||b, |

When the calculated angle is obtuse and the required angle is acute then to find the

acute angle subtract the obtuse angle from 180°.

Acute angle = 180° — Obtuse Angle
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Solved Problems

Question 1

Find the angle between the skew lines l;: x = 2 + 3t,y = 4-t,z = 3 + 2tand
lL:x =1-t,y =5+ 2t,z = 6 + 3t.

Solution

3 -1
The vector b; = (—1) is parallel to line [, and b, = ( 2 ) is parallel to line .
2 3

The angle between the lines is equal to the angle between the vectors b, and b,.

Let the angle be 6:

b,.b,
cosf = _1, i
|1 |||
3 -1
-1 2
cosf = 2 3
V32 + (=12 +22,/(—1)% + 22 + 32
p —-3-24+6
cCoSU = ———
V1414
9= 1
cosu = 14

0= cos”(55)
= CoS 14
= 85.90395624°
= 86°

Question 2

3 -1
Find the acute angle between the line with equation r = ( 1 ) +s <—1) and the line with equation
-2 3

2 1
r= (0) + t< 2 ),where t and s are parameters.
5 -2
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Suggested Solution

2)C)

cosf =
V(D2 + (1)% + 3212 + 22 + (—2)?
p -9
CoSU = ——
3v11
p -3
CoOSU = —
V11
-3
0 =cos™ ! (—)
V11

= 154.7505982° (Obtuse angle).
=~ Acute angle = 180° — 154.7605982°
= 25.239402°
= 25°

cosO = ﬁl)b_2>
|b,|b, |
— 1
()
cosf = 3 —2
V(D2 + (-2 + 32,/12 4 22 + (—2)2
cosf = _—9
3v11
cosf = i
Vi1
0 = cos™t <i>
Vi1
= 25.239401821°
= 25°

Tarakino N.P. (Trockers) ~ 0772978155/ 0717267175
Page 39




Follow Up Questions

Question 1

3 1
Find the angle between the line with equation r = ( 1 ) +s (4) and the line with equation
-2

2 2
r= (0) +t <1) ,wWhere t and s are parameters.

5 1

Answer: 53.6°

Question 2
3 3
Find the angle between the line with equationr ={ 1 |+ s 0) and the line with equation
-2 1
12 2
r=| 3 |+t|—1],wheretand s are parameters.
-5 -1

Answer: 49.8°

Question 3
2 2

Find the angle between the line with equation r = <—1)+s<—1) and the line with
7 3

0 —4

equation r = <—3> + t( 3 ),Where t and s are parameters.
1 0

Answer: 126°

Question 4

2 2
Find the angle between the line with equation r = <2> + s( 8 > and the line with equation
-5

0 3
r= (1) + t( 7 ),where t and s are parameters.
1 —4

Answer: 8.7
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PLANES IN R®

Definition
A plane can be thought of as the collection of all lines perpendicular/orthogonal to a given
line. It is a flat surface without any thickness which extends without ends which contains

infinitely many lines. A plane has infinite points on its surface

Labelling a plane

C. V(4

@
5 @

o Planes can be named using any three non-collinear points which are called coplanar
points. For example the plane above is called Plane ABC (The order is not important).
o Planes can also be named using any letters or symbols. For example the plane above is

called Plane .

Equation of a Plane

o There is infinite number of vectors in the plane (See diagram below).

S
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o A non-zero vector 7 or n, called the normal vector, and it is perpendicular/ orthogonal to

all vectors in the plane or simply it perpendicular/ orthogonal to the plane.
NB: Taking the dot product of 7 and any other vector yields a zero because they are

perpendicular/ orthogonal to each other.

o The equation of a plane is based on this dot- product

The Plane which contains a point and the normal vector

o A nplane in R3 is uniquely determined by a point and normal vector

Derivation

Let:
» P(x,y,z) be any general/arbitrary point on a plane
»  Py(xo; vo; Zo) be any specific point on a plane

* 7=<a,b,c > bea vector which is perpendicular/ orthogonal to the plane

o Let the position vectors of Py (xq; Vo; 2o) and P (x; y; z) be 7y and 7 respectively i.e.
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Note

(i) P,P is orthogonal/perpendicular to 7,

X — Xg a
(ii) (y—yo).(b) =0
Z— Zy c

Now
PP =775
> F—-7).1=0

= ax + by + cz = axy + by, + cz,
ax, + by, + czy = d (Since'lt is just a constant)

= ax + by + cz = d (Cartesian equation) or 7.m =d (Vector equation)
X a X0 a

NB:(Y) : <b> = (%) : <b> =rn=ron
Z C Zy C

Solved Problems

Question 1

Find the equation of the plane through the point (2; 4; —1) with normal vector
n=<2;34>.
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Solution
The equation of the plane is

xX—2 2

(y—4 .<3>=0

z+1 4

2x—4 +3y—12 +4z+4 =0
2x+ 3y + 4z = 0+12

2x + 3y + 4z = 12

Alternatively, we use the following method:

rm=ryn

e
(s
I

) = 12 (Vector equation)

2x + 3y + 4z = 12 (Cartesian Equation)

Question 2

Find the equation of the plane with normal vector,n =< 1,2,3 > containing the point
(2,-1,5)
Solution

From the above, the equation of this plane is

) )

x—2+2y+2+3z-15=0
x+2y+3z=0+15
x +2y + 3z = 15

Alternatively we use the following method:

rm=rygn
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0-C)0

)-2—2+15

3
W N

[N

T. 2) = 15 (Vector equation)

w

x + 2y + 3z = 15 (Cartesian Equation)

Question 3

Find the equation of the plane consisting of all points that are equidistant from (2,5, 9) and
(6,7, 3).
Solution
Leta = (2,59)and b = (6,7, 3).
@ A(2,59)

n

74

/

® B(6,7, 3)

2+6\ (5+7\ (9+3
Point in the plane = Midpoint of AB = [( ),( > ),( > )]

= (4,6,6)
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The equation of this plane is

Lo ()¢

4x —16+2y—12—-6z+36 =0
4x +2y —6z=0+ 28— 36

4x +2y — 6z = —8
2x+y—3z = —4

Alternatively we use the following method:

Tn="ryn
4
(2)-00)
—6
4
2 |=16+12—-36

= —8 (Vector equation)

= —4 (Vector equation)

2x + y— 3z = 4 (Cartesian Equation)
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The Plane which contains a point and a line

o Anplane in R3 is uniquely determined a point and normal vector

‘Vl

Line |

If a point is in the plane and a line of the form » = OA + tAB we find the equation of the

plane using the following method:

STEPS
o Find the position vector AP.
(A is the'point on the line)
o Findthe normal vector by simply taking the cross of AB and AP.
o Find the position vector between the point P and the arbitrary/general point (x, y, z).
o Take the dot product of this vector and the normal vector and equate to zero

(The dot product between perpendicular vectors is zero)

Solved Problem

Question

ZIMSEC NOVEMBER 2018 SPECIMEN PAPER 2
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The plane p contains the point X with position vector 3i — j + 2k and the line ,l, with vector

equation r = 2i + A(j + k). Find the vector equation of p.

Suggested Solution

n =AB X AX

X3, -1, 2)
’Q

/
/
7/

m’

0
\AB=<1>
1
AX = 0X — 04
3 2 1
=(-1]-{0])=[-1
2 0 2
I [ Y A
n=ABxAX=|0 1 1
1 -1 2

=il ol ey

=3i+j—k

(3

Now the equation of the plane is
ri=an

For ‘a’ we choose any point in the plane but in this case let’s choose X (3, —1, 2).

(1)-())
{2)orse
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3
~The vector equation is r.( 1 ) = 6.
-1

The Plane which contains two lines

o Aplane in R3 is uniquely determined by two lines

Case 1: Intersecting Lines

The two lines are of the form Ly:r = a4 + tby and Ly:r = a, + th,

STEPS

o Find the normal vector by simply taking the cross of the two vectors i.e. b; and b,

o Find the position vector between the known point and the arbitrary/general point (x, y, z).
(Choose the point from any of the equations of lines i.e. a; or a,)

o Take the dot product of this vector and the normal vector and equate to zero

(The dot product between perpendicular vectors is zero)
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Solved Problem

Question

3 1
The plane 7 contains the line [; with equation r = ( 2 ) +s (2) and the line [, with vector
—4 2

5 3
equation r = <—2> +t (2) Find the cartesian equation of 7.
0 6

Suggested Solution

12 2
ok e O R P

(]

Now the equation of the plane is

= —8i + 4k

— —
rn=an

Choose ‘a’ from any of the equations of lines i.e. a; or a, = A(5,-2,0).

()3
e
)

~The vector equation is —8x + 4z = —40.
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Case 2: Parallel Lines

The two lines are of the form Ly:r = a; + tby and L,:r = a, + th,

STEPS

o Find the third vector using a; and a,

o Find the normal vector by simply taking the cross of the third vector and b, or b,

o Find the position vector between the known point and the arbitrary/general point (x, y, z).
(Choose the point from any of the equations of lines i.e. a; or a,)

o Take the dot product of this vector and the normal vector and equate to zero

(The dot product between perpendicular vectors is zero)

Solved Problem

Question

-1 1
The plane 7 contains the line [; with equation r = ( 1 ) +s (1) and the line 1, with vector
1 2

0 3
equation r = <—4> +t (3) Find the cartesian equation of 7.
-1 6
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Suggested Solution

3 1
Letd_l) = <3> d_z) = <1> Ay =(-1,1,1)and A, = (0,—4,-1)
6 2

L i k
ﬁ - A]_Az X dl =1 —5 -2
3 3 6

=i[3 -l Sy 7

= —24i—12j + 18k

—24
“n=1-12
18
Now the equation of the plane is

rm=an

For ‘a’ we choose any point from the two lines i.e. A(—1,1,1).

()5

—24
r.|—12]=24-12+18

18

(3

~The vector equation is —24x — 12y + 18z =300r —4x — 2y + 3z =5
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The Plane which contains three non-collinear points

o A nplane in R3 is uniquely determined by three non-collinear points
o If the points are collinear then they represent a line

(az, by, c3)
P(x,y,2)
A > — @358
(ag,bo:Co) a (ay,bq,¢1)

METHOD 1

STEPS

o Let one of the points be the centre
o Find the position vectors of the two line segments produced.
If A is thecentre then find“AB.and AC.

o Find the normal n by taking the cross of the two vectors (a X b)

a; — Qo
AB'=0B - 0A=a =<b1_bo>aﬂd

€1 —Co
a; — Qg
ACzOC—OAzbz(bz—bo>.
C; — (o
i j k
NB:n=a X b=|a; a, a3
b, b, bs

o Determine the equation:
PAn=0
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PA is perpendicular to n.

X — xo
<)’ - )’o) .n = 0, where the point P(x; y; z) is the arbitrary point in the plane.
Z— Z

METHOD 2

STEPS

= Write the parametric equations i.e. r = OA + sAB + tAC
= Express the constants s and t in terms of x, y or z by attempting to solve the
simultaneous equations

= Replace these values in any equation

METHOD 3

The equation of the plane passing through the points A(a4, a,, a;), B(b,,b,, b3) and
C(cy, ¢z, c3) is given by:

xX—a, Y—b z—c
az_al bz_b1 CZ_C1=O
as—a; bs3—b; ¢c3—¢

Solved Problem

Question
Find the equation of the plane containing the points P = (1; 3; 2), Q = (3; —1; 6) and
R = (5; 2; 0).

Suggested Solution

Method 1
First we must find a vector orthogonal to the plane containing the three points.
Leta = PQ =<2; —4; 4>andleth = PR =< 4; —1; —2 >, then using the cross

product we have a vector perpendicular to the plane.

o i j k
n=PQXPR=axb=[2 -4 4
4 -1 =2
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_4|

-4 412 4 2
_l|—1 —2| ]|4 —2|+k|4
= 12i + 20j + 14k

12
~n=120
14
The equation of the plane is
x—1 12
<y—3 .(20 =0
zZ—2 14

12x - 12+ 20y — 60+ 14z —-28=0
12x + 20y + 14z =0+ 60 + 28 + 12
6x + 10y + 7z = 50

Method 2
P =(132),0 = (3 -1, 6)and R = (5;2; 0).

. 2 . 4
PQ = (—4) and let PR = (—1)
4 —2

Now using r = OP + sPQ + tPR

r = OP + sPQ + tPR

1 2 4
r=<3>+s<—4>+t<—1>
2 4 —2
X 14+ 2s + 4t
=><y>=<3—4s—t>
z 2+4s — 2t

x=1+2s+ 4t Q)
y=3—4s—t (i)
z=2+4s—2t (i)

Solving the above equations simultaneously:

4y +x =13 — 14s

Tarakino N.P. (Trockers) ~ 0772978155/ 0717267175

Page 55




13-4y —x

=S T (IV)
y+z=5-3t

5—y—z
St= g )

x=1+2s+4t (i)

13-4y —x 5—-y—z
=142(———— ) +4(———=
- +< 14 >+( 3 )

13 -4y — x 5—y—z
oo (L) 0 (3

=221x=214+39-12y —-3x)+28(5—y —2z)
= 21x =21+39—-12y — 3x + 140 — 28y — 28z
= 24x + 40y + 28z = 200

= 6x + 10y + 7z = 50

Method 3

The equation of the plane passing through the pointsP = (1; 3; 2), Q@ = (3; —1; 6) and
R = (5; 2; 0) is given hy:

x—1 y-3 z-—-2
3—-1 -1-3 6=2/=0
5-1 2=-3 0=2
x—1 y—-3 z-2
2 —4 4 [=0
4 -1 -2

«-v|7 El-o-3f El+re-2]f Zj=o0
12(x—1) - (—-20)(y—3)+14(z—-2)=0

12x — 12+ 20y — 60+ 14z —-28 =0

12x + 20y + 14z = 100

6x + 10y + 7z = 50
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Follow Up Questions
Question 1

Find the equation of the plane containing the points P = (—=2; —=3; 5), Q = (2; 5; —3)
andR = (5;3; —3).

Answer: 2x + 3y +4z =7

Question 2

Find the equation of the plane containing the points P = (1; 0; 2), Q = (—1; 1; 2) and
R = (5; 0; 3).

Answer: x + 2y — 4z = -7

Question 3

Find the equation of the plane containing the points P = (1;2;3), Q = (—2; 4; —1) and
R = (3; —=1; 5).

Answer: x + 2y — 4z = -7

Question 4

Find the equation of the plane with normal vector,n =< 1,2,3 > containing the point
(1, 0; =1)

Answer: x + 2y + 3z = =2

Question 5

Find the equation of the plane with normal vector, n = < 5;2; —3 > containing the point
(3; —=2;5)

Answer: 5x + 2y — 3z = —4
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Question 6

Find the equation of the plane with normal vector,n = < —2,0,1 > containing the point
(2,2,2)

Question 7

Find the equation of the plane that is equidistant from (0,—3,1) and (2, -1, 5).

Question 8

Find the equation of the plane that is equidistant from (3,4, 3) and (3,0, 7).

Question 9

Find the equation of the plane that is equidistant from (1,-1, 1) and (5,1, 3).
Question 10

Find the equation of the plane which contains the point (2, —1,3) and the line
r=j—3k+t@i—-2j—k).

Question 11

Find the equation of the plane which contains the point (0, 2, 0) and the line

)

Question 12

Find the equation of the plane which contains the point (1,—2,3) and the line
x-1 _y Z+2

4 -2 3
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Parametric equation of a Plane

Let:

(x0; Vo; Zo) be an initial point on the plane;

d =< a4,a,,az > and

b =< by, b,, b; > are contained the plane

The vector equation is given by < x,y,z > =< x4, y0, 2o > +td + ub, where t and u are

parameters. This implies that:
x Xo a, by
(y) = <3’0> +t (Clz) +u <b2>
Z Zy as b3
Thus the parametric equations are:
X =x9+a,t+ bju

y=Yo+ast+bu

Z=Z0+a3t+b3u

Solved Problems

Question 1

Find the parametric equations through the point (3,2,1) and containing the vectors

1 /3
&=<—1>and b=(4>.
2 -1

Solution

The vector equation is givenby < x,y,z>=<321>+t<1,-1,2>+u<3,4,-1>
X 3 1 3
= <y) =|2|+t{-1|+ul 4
z 1 2 -1

Thus the parametric equations are:
x=3+t+3u
y=2—-t+4u
z=1+2t—u
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Question 2

8 1

Consider the plane with direction vectors a = (—5) and b = (—3) through P(3,7,0).
4 -2

Write the vector equations of the plane.

Answer
The vector equation is givenby < x,y,z >=<3,70> 4+t <8,-54>+u<1,-3,-2 >
X 3 8 1
=><y>= 71+t{-5]+ul-3
z 0 4 —2
Parametric equations for the plane are
x =3+8t+u
y =7 —5t - 3u
zZ = 4t —2u

Follow Up Questions

Question 1

Find the parametric equations through the point (2,2, —2) and containing the vectors @ =<

—3,-3, 1>and b=<1,—-1 1>.

Question 2

Find the parametric equations through the point (1,0, —2) and containing the vectors a =<

0,8—-2>and b =< =3,—4,1>.

Question 3

Find the parametric equations through the point (—1, —1, —1) and containing the vectors d =

<1,-1,2>and b=<1,4—4>.

Question 4

Find the parametric equations through the point (1,3,2) and containing the vectors

d=<3-1,0>and b=<1,—-41>.

Tarakino N.P. (Trockers) ~ 0772978155/ 0717267175
Page 60




Question 5

Find the parametric equations through the point (8,0,2) and containing the vectors

d=<-3,1,1>and b =< 2,0,5>.

Summary Notes

o The Vector equation of the plane is givenby: r.n = d
o The Cartesian equation of the plane is given by:

ax+by+cz=d

a

o The normal to the plane ax + by + cz=d is< a,b,c > or (b) Just consider the
Cc

coefficients of x, y and z.
Take note of the following:

ax+by+cz=d

()=

r.nmn=d

Hencen =<a,b,c >

o For ascalar equation, any point (X, y, z) that satisfies the equation lies on the plane.

o For vector and parametric equations, any combination of values of the parameters t and s
will produce a point on the plane.

o The x —intercept of a plane is found by setting y = z = 0 and solving for x. Similarly,
the y — and z —intercepts are found by setting x = z =0 and x =y = 0,
respectively.

o The equation of a plane that cuts the co-ordinates axes at (a, 0, 0), (0,b,0) and (0,0,c)

is
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Determining whether a point lies in a plane

The point is said to lie in a plane if its coordinates satisfy the equation of a plane

Solved Problems

Question 1
Show that the point (5,2, —2) lies in the plane 2x + 4y + 5z = 8.

Solution

Substitute the point (5,2, —2) to the LHS of the plane 2x + 4y + 5z = 8.

Now

LHS:

2x +4y +5z=2(5) +4(2) +5(-2)
=10+8-10
=8 =RHS

Since LHS = RHS - the point (5,2, —2) lies in the plane 2x + 4y + 5z = 8.

Question 2

Consider the plane with direction vectors @ = (—85> and b = <—13> through P(3,7,0).
4 ~2

(a) Write the vector and parametric equations of the plane.

(b) Determine if the point Q(—10, 8, —6) is on the plane.

(c) Find the coordinates of two other points on the plane.

(d) Find the x-intercept of the plane.

Suggested Solution

@x=3+8t+u
y =7 =5t —3u
z = 4t —2u
(b) If the point (—10,8,—6) is on the plane, then there exists a single set of t and s values
that satisfy the equations.
—10 = 3 +8t + s (1)
8 =7 — 5t — 35 (2)
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6 = 4t —2s (3)

Solve (1) and (2) for t and s using elimination.
—39 = 24t + 3s (4)
1 =-5¢t —35(2)

—38 = 19¢ 4) + (2)
"t =-=2
Substitute t = —2 into either equation 1 or 2.
—13 = 8(=2) +s
s =3

Now check if t = —2 and s = 3 satisfy (3).

RHS = 4(=2) —2(3)
=—14

# LHS
Since the values for t and s do not satisfy equation (3), the point (—10, 8, —6) does not

lie on the plane.

(c) To find other points on the plane, use the vector equation and choose arbitrary values for

the parameters t'and s.

Lett = Lands = —1.

L))ol ()
(2 () (3)
=: 2) :

SRIRERE

Z
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<
|

)

20
—6
6

)

16
—10
8

)+ (5

)

The coordinates of two other points on the plane are (10,5, 6) and (20, —6, 6).

(d) To find the x-intercept, sety = z = 0 and solve for s and t.

x=3+8+s (1)
0 =7 -5t —3s (2)
0 = 4t — 2s (3)
From (3) s = 2t (4)

Substituting (4) into (2):
0 =7 — 5t-3(2¢t)

0 =7-11t
7
:>t=H

s= 2t 4
14
=s=q7

Now substitute t =7/11 and t = 14/11 into (1)

x =348+ s (1)
7 14
x =3 + 8<H)+H
7 14
x = 3 +H+H
103
.'x_ﬁ
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Follow Up Questions

Question 1
Show that the point (5,2, —2) lies in the plane 2x + 6y — z = 24.

Question 2
Show that the point (2,0, —1) lies in the plane 3x + y + z = 5.

Question 3
Show that the point (1,1,3) lies in the plane x — 3y + 2z = 4.

Question 4
Show that the point (—2,3,0) lies in the plane —5x — 3y — 2z = 1.

Question b
Show that the point (1,3,2) lies in the plane x + 2y +z = 9.

Determining whether a line lies in a plane, is parallel to or intersects
a plane

Case 1

The line and the plane are not parallel so they intersect on one point

Line

Line
\@ / Plane

o A line intersects the plane when a value of the parameter can be estimated.
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o Alternatively, when the direction vector of the line is parallel to the normal vector of the

plane, then line is said to be perpendicular to the plane i.e. d= on
o If the line and the plane intersect then the dot product of the normal and the direction

vector is not equal to zero i.e.
d.ii#0
Case 2

The line and the plane are parallel so they do not intersect

nlk

b/ .

o When a line is parallel to a plane, its direction vector is perpendicular to the plane’s

Line

normal vector i.e.

Quy
Sy
Il
(@]

Case 3

The line and the plane are parallel and the line lies in the plane.

/ Plane
/ Line

o To prove that a line lies in a plane, you need to show that the line and the plane are
parallel and that any point on the line also lies in the plane i.e.
e d.i=0and
e The point ‘a’ on the line should also be contained on the plane :
» r =gqsatisfiesr.n=D or

= the coordinates of the position vector of A must satisfy Ax + By + Cz = D.
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Solved Problems

Question 1
2 3
Does the line r = <1> + t( 1 ) lie in the plane 2x + 4y + 5z = 8?
0 -2
Solution
3 2
The direction vector of the line, d,is | 1 ] and normal vector of the plane, n, is | 4
-2 5

3 2
d.ﬁ=<1>.<4>=6+4—10=0.
-2 5

Since d. 1 = 0, the line is parallel to the plane.

2 3
Now find a point on the line r = (1) + t( 1 > by setting t = 1 or any value of your choice.
0 —2

So the point (5,2, —2) lies on the line

Now check if the point satisfies the equation of the plane 2x + 4y + 5z = 8.
LHS:

2x +4y + 5z =2(5) + 4(2) + 5(—2)

=10+8-10

LHS = RHS - the point (5,2, —2) lies in the plane 2x + 4y + 5z = 8.

Since the line and the plane are parallel and the point (5,2, —2) lies both on the line and in

the plane, therefore the line must lie in the plane.

Alternative Method:

3 2
The direction vector of the line, d, is < 1 ) and normal vector of the plane, n, is (4)
) 5

Tarakino N.P. (Trockers) ~ 0772978155/ 0717267175
Page 67




3 2
an=(1])(s)-era-10-0
-2 5

Since d.n = 0, the line is parallel to the plane.

2+ 3t
Now substituting r = 1+t ]into2x + 4y + 5z = 8:
=2t

LHS:
2x + 4y + 52 = 2(2 + 3t) + 4(1 + t) + 5(—20)
=4+ 6t +4 + 4t — 10t

=8 = RHS

2 3
LHS = RHS -~ the liner = (1) + t( 1 ) lies in the plane 2x +4y + 5z = 8.
0 —2

Question 2
2 3
Show that the line r = ( 0 ) + t< 1 ) is parallel to the plane 2x + 4y + 5z = 8.
—1 —2
Solution
3 2
The direction vector of the ling, d,is | 1 ] and normal vector of the plane, n, is | 4
-2 5

3 2
d.ﬁ=<1>.<4)=6+4—10=0.
-2 5

Since d.n = 0, the line is parallel to the plane.
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Question 3
Given a line L and a plane P: L:x =15 —-3t,y = 6 — 5t,z = 2 + 3t

P: 2x + 3y + 4z = 20. Determine if L and P intersect or are parallel.

Solution
2 -3
The normal vector of P isn = | 3 | and the line L is parallel tov = (—5
4 3
Now:

n-v=(2)(=3)+ 35+ 4(3)

= —6 — 15 + 12

=—9 =% 0,
Sincen - v# 0~ Land P are not parallel to each other.
Checking for intersection:

= Substitute the parametric equations of L into the equation of P

= Solve the resulting equation for t:
2(15 — 3t) + 3(6 — 5t) + 4(2 + 3t) = 20
= -9t = —-36
=t = 4.
Substitute't = 4 in the parametric equations of L

=~ The point of intersection is (3, —14, 14)

Question 4

Given a line L and a plane P:
L:x =15+ 7t,y = 10 + 12t,z = 5 — 4t
P: 12x — 5y + 6z = 10.

Determine if L and P intersect or are parallel.
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Solution

The normal vector of P isn = <E}> and the line L is parallel tov = <172
6 —4
Now:
n-v = (7)(12)+ (-=5)(12) + 6(—4)
= 84 —-60—24
=0

Sincen - v .. L and P are parallel to each other.

Checking for intersection:
Since L is parallel to P, if L intersects P, then any point of L should be in P.
Whent = 0, the point (15,10,5) ison P.

Now:
12x — 5y + 6z =12(15) — 5(10) + 6(6)
= 180 — 50 + 36
= 166
# 10 .. L and P do not intersect.
Question 5
2 1
Show that the line r = (3) +t < 2 ) intersects the plane 5x + y —z = 1.
4 -1
Solution

X 2 1
r= (y) = (3) + t( 2 ) and so for any point on the line
z 4 =1

x=2+t y=3+12t and z=4—t
Substituting these into the equation of the plane 5x + y — z = 1 gives
524+t)+@B+2t)—(4—-t)=1
8t = -8
at=-1

)

Since there is a constant value of the parameter ¢, thus the line intersects and the plane.
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Question 6
2 9
Show that the line r = (3) + t( 6 ) is perpendicular to the plane 3x + 2y —z = 1.

4 -3

Solution

2 9
r= (3) =+ t( 6 )

4 -3
Now:

9 3

a-(2)-(3)

-3 -1
Also

3x+2y—z=1

Now:

()

3
Since d =3 < 2 ) = 3n, - they are parallel hence the plane is perpendicular to the plane.
-1

NB: Consider the following diagram for clarity

Line

1 n
“_
4

Follow Up Questions

Question 1
.o x—1 y+5 z-3 .
Does the line > = 3 = ] lie in the plane 5x —y + z = 11?
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Question 2

GivenalineM andaplaneP, M: x =—-2t,y = 3—t,z = 2 + 2t and

P: x— 3y + z = 14. Determine if M and P intersect or are parallel.

Question 3

1 -1 4
Does the line r = (1) + t( 2 ) lie in the plane r. (—8) =47
1 2 -8

Question 4

Discuss the line I: i 4+ 3j — 2k + A(5i + 2j + 2k) and the plane m, where
1. (2i —4j — k) = —8.

Question 5

2 1
Determine whether the line r = (0) + t( 1 ) is perpendicular to the plane x — 2y + z = 2.
4 -1

Question 6
2 4 2
Does the line r = (1) +t (2) lie in the plane r. (1) =2?
0 0 0
Question 7

Given a line L and a plane P:
L:x = 10+ 2t, y = =3—-10¢t, z = =5+ 6t
P: x — 5y + 3z = 10.

Determine if L and P intersect or are parallel.
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Question 8

.o x+11 y—25 z .
Show that the line - = "To =1—5|sparallel to plane -x + 2y — 3z = 11.

Question 9

Discuss the line I: 3i — 4j + k + A(i + 2j + 4k) and the plane rr, where
m:2x + 3y —2z=2.

Finding the point of intersection of a line and a plane

o The vector equation of a straight line passing through the fixed point, with position vector
r,, and parallel to the fixed vector a, is
r =r,+ ta.
o For the point of intersection of this line with the plane, whose vector equation is
r.n =d,
the value of t must be such that
(ry + ta).n = d,
which is an equation from which the appropriate value of t and, hence, the point of

intersection may be found.

Solved Problems

Question 1

Find the intersection of the linex = t,y = 2t,z = 3t,andtheplanex + y + z = 1.
Solution

Substitute the line into the plane:

1
t+2t+3t=1=t=-
Put t back to the line:

12 1 3 1
YT T 673776 2

Tarakino N.P. (Trockers) ~ 0772978155/ 0717267175
Page 73




Hence the intersection point is (g; - —).

Question 2

Determine the point of intersection of the plane, whose vector equation is
r.(i — 3j — k) = 7, and the straight line passing through the point (4, —1, 3) which is
parallel to the vector 2i — 2j + 5k.

Solution

The equation of the line is given by:

r = (4i —j + 3k) + t(2i — 2j + 5k.)

We need to obtain the value of the parameter:

r.(i—3j —k) =7

(4i — j + 3k + t[2i — 2j + 5Kk]).(i — 3j < k) = 7.

= (4 + 201 + (=1 — 26)(=3) + (3 + 56)(=1) = 7

>4 +3t =7

>t =1

Put t back to the line:

4+ 2-1-23+5)=(6,—-38).

Hence the intersection point is (6, —3, 8).

Follow Up Questions

Question 1

-5 4 1
Find the intersection of the line r = ( 1 > +t <—1> and the plane r. <1> =1

3 3 1
Question 2

1 -1
Find the intersection of the line r = (1) + t( 2 ) and the plane x — 2y — z = 3.
0 1

Question 3

. . . .o x—1 y+5 z-3 -1
Find the intersection of the line > 3 1 andtheplane.| -1 ]|=7.
- 2
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Question 4

Determine the point of intersection of the plane, whose vector equation is
r.(2i — j+ k) = 4, and the straight line passing through the point, (1,—2,1), which is

parallel to the vector 3i — 2j — k.

Question 5

. L ) .o x—-1 y+5 z-3
Find the point intersection of the line > = 3 = 1 and the planex — 2y — z = 3.
Question 6

Find the intersection of the line x = 1 -ty =2+ 2t,z = 3 —3t, and the plane

()

Question 7
-5 4 1

Find the intersection of the line r = ( 1 > +t <—1> and the plane r. <2> =4
3 3 3
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Coplanarity of two lines

o Two lines are coplanar if they lie on the same plane

o The lines are of the form r = 04 + sd, and r = OB + td,

Method 1
Steps

e Find the cross product of the two vectors to determine the normal
n=d, xd,
e Use the two points on the lines to determine the 3" vector
AB = OB — 04
e Find the dot product between the 3™ vector and the normal.

—_—

AB.ii =0

NB: (1) If the dot product is zero it means the lines.aré coplanar
(i1) Do not take the dotsproduct between 7 and either cT1 or cTZ

(i1) Intersecting lines are coplanar lings

Method 2: Cartesian Form

aq b1 X1 X2
o letd = <a2> wd, = <b2>, 0A = ()’1) and OB = (3’2).
as b3 Zq VA

o Two lines are coplanar if and only if A5. (d; x d,) = 0.

e This can be expressed in cartesian form as:

Xo—=X1 Y2—YV1 22— 73
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Solved Problem

Question
Show that

-1 3 2 1
(i) thelinesr = (—3) +s (5) and r = (4) +t (4) are coplanar,
-5 7 6 7

(if) x — 2y + z = 0 is the equation of the plane which contains the two lines.

Suggested Problem

Method 1
ik
() i=daxb=[3 5 7
1 4 7

=ily gl=ily gl el g

= i(35—-28) —j(21 = 7) + k(12 =5)

= 7i—14j + 7k
7
= -14
7
AB = OB — 04

- 3\ [ 7

= (7). (1)
11/ \ 7

=21-98+77

=0

Since AB.7 = 0 - the lines are coplanar
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(00
) (3o

=>7x—14y+7z=0
~x —2y+z=0(Asrequired).

Method 2

Xo—=X1 Y2—=Y1 22— 21 3 7 11
a; by €1 =3 5 7
a, b, Cy 1 4 7

=3y gl=71 glemfi
=3(35—-28)—-7(21-=7)+ 11(12 —5)
=3(7)—7(14) + 11(7)
=21-98+77

= 0 (4s'required)

Follow up Exercise

Question

Show that the following lines are coplanar:

-3 -3 -1 -1
(i)r=<1)+s<1>andr=<2>+s<2)
5 5 5 5
2 3 4 2
(ii)r=(1)+s<2>andr= = +s<3>
-3 5 0 1
5 1 2 1
(iir = 2)+s(—2)andr=(0)+s<2>
-1 -3 4 -1
-2 3 1 1
(iVr = 1)+s<2>andr=<—1>+s<2>
0 1 8 -2
1 2 2 -3
(V) r= 2>+s<—1>andr=<2>+s<2>
0 1 1 -1
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Equation of a line perpendicular to the Plane

When finding the equation of the line that is perpendicular to the plane take note of the

following:
e The normal vector (7) of the plane is the direction vector of the line which passes through
the point, say P.

e Suppose the normal vector is given by 77 =< a,b,c > and the line passes through the

point P(x,y, z) then the equation is given by

x a
r=0P+tﬁ:r=<y>+t<b>

® Point P

Line | —

Solved Problems

Question 1
Find the equation of the line passing through (2,1,—1) and which is perpendicular to the
plane 3x — 7y + 2z =8
Solution
The normal vector is given by 7 =< 3,—7,2 > and the line passes through the point
P(2,1,—-1)

2 3
=~ The equation is given by r = ( 11> +t (—7)

2
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Question 2
ZIMSEC June 2019 Paper 2

4
Find the equation of the line perpendicular to the plane r: r. (—1) = 1 through P(-5,1,3).
3

Solution

The normal vector is given by n =< 4,—1,3 > and the line passes through the point
P(-5,1,3)

-5 4
=~ The equation is given by r = < 1 ) +t <—1>.

3 3

Follow Up Questions

Question 1
1
Find the equation of the line perpendicular to the plane m: 7. (0) = —1 through P(2,0,—1).
3
Question 2
3
Find the equation of the line perpendicular to the plane m: r. (—1)=2 through
4
P(5,—1,-3).
Question 3
2
Find the equation of the line perpendicular to the plane m: r.( 1)=6 through
-3
P(-1,1,-1).
Question 4

Find the equation of the line passing through (1, 0, 3) and which is perpendicular to the plane
x—2z=4
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Question 5

Find the equation of the line passing through (—1,—1,2) and which is perpendicular to the
planex +y — 2z = -1

Question 6

Find the equation of the line passing through (2,0, 3) and which is perpendicular to the plane

5x —2y+z=2

Determining whether two Planes are Parallel

n;

Two planes are parallel if
= their normal vectors are multiples of each other,

= the angle between the normals n, and n, is zero.
Illustration

Show that the planes m;: 6x — 15y —3z+ 9 = 0and m,: 2x — 5y — z — 1 = 0 are parallel.

6 2
n, = (—15) and n, = <—5> [2,-5,—-1].
-3 -1
6 2
=>n, = (—15) =3 (—5) = 3n,.
-3 -1

Solved Problems

Questionl
Are the planes defined by x + 2y —3z = 4and 2x + 4y — 6z = 1 parallel?
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Solution

1
A normal vector to the first plane is a = < 2 )while a normal vector to the second plane is

() ‘3
(1)1

Since b is a scalar multiple of a (namely b = 2a) then the normal vectors are parallel,

which implies the original planes are parallel.

Question 2

Find a point P, and the perpendicular vector n to the plane

Solution

The equation of aplaneis2x + 4y — z = 3

The components of the normal vector n are the coefficients that multiply the variables x, y
and z.

Hencen =<2; 4, -1 >

A point P, on the plane is found by considering the intersection of the plane with one of the
coordinate axis.

We canset y.= 0,z =0 and find x from the equation of the plane:

= 2x =3
=>x = 3/2.
~ Py, = (3/2,0,0)
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Intersection of two planes

If two planes are not parallel, they must intersect in a line and in non-parallel lines, normals

are not multiples of each other.

NOTE
e The Normals of planes can identify relationships between the planes.
= |f the Normals of the two planes are scalar multiples of each other, the planes are
parallel and can have either NO solution or an Infinite number of solutions.
= If the Normals are not parallel, then the planes intersect and have an infinite number of
points in common.
o This is an important concept because it opens the door for using parameters to solve

problems.

Line of intersection of two planes

/

\ 4

ny X ny

Line of intersection (L)

X

e From the diagram the vector n; X n, is parallel to the line of intersection of two
planes. That is the line of intersection of two planes is perpendicular to both

normals.
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Line of intersection (L) L \
>/ .

e If the normals n, and n, are perpendicular to each other that means they are at 90°

angle and their dot product is equal to zero.

= We can employ the following two methods to find this line of intersection

Method 1: Algebraic Approach

Let P, and P, are two planes with normal vectors 7; and 7, respectively.

= Find the direction vector of the line

Steps

e The two planes are parallel if and only if their normal vectors are scalar multiples of

each other otherwise they intersect.

e Non-parallel planes intersect but instead of intersecting at a single point they form a

line from the set of points where they intersect

e Let's call the line L with direction vector d.

e L iscontained in P; and 77, must be orthogonal/perpendicular to d.

e Similarly, L is contained in P, and 7, must be orthogonal to d as well.

e d is orthogonal to both 7, and 7, thus d is parallel to the cross product of 7, and
n, i.e.

d =i, x 71,
= Find the point on the line
Steps
e Letone of the variables be 0

NB: (i) We have 3 unknowns and two equations
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(i) You can use any number but 0 is much convenient
e Solve the equations simultaneously to get the values of the remaining variables
NB: We now have 2 unknowns and two equations

e Write the point in coordinate form i.e. (x, y, z)

e Express x,y and z in the form:

()-() )

= Write the equation in the required form i.e. as a vector equation, parametric equations or

Cartesian equations

Method 2: Parameter Approach

= Choose any variable and express it in term of ¢
= Substitute the variable in (i) with t in the two equations

= Attempt to solve these equations simultaneously by expressing the remaining variables
explicitly in terms of ¢t only
= Write the equation in the required form i.e. as a vector equation, parametric equations or

Cartesian equations

Solved Problems

Question 1

Find a vector equation of the line of intersections of the two planes x — 5y + 3z = 11 and

—3x + 2y— 2z= -7,
Solution

Method 1

1
The normal vector 71, of x — 5y + 3z = 11is (—5) and
3

-3
The normal vector 11, of —=3x + 2y — 2z = =7is ( 2 )
-2
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[ j k
=11 -5 3
-3 2 =2
=4i—7j— 13k

4
B < _7 )l
—-13
Letz = O:

=>x—5 +0= 11 Q)
—3x + 2y+0= =7 (i)

From (i)

x= 5y+ 11 (iii)

3Gy +11)+ 2y = -7
= y=-2

Now:

x=5y+ 11 (i)
=>x=-10+ 11

ax =1

= P(1;-2; 0) is a point on both planes.

(1) — 5(=2) 4 3(0) = 11and —=3(1) + 2(=2) — 2(0) = —7.

4
So, the point on the line is (1; —2; 0) and the direction vector ( -7 >
-13

Now:

The vector equation of the line is
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1 4
r= —2>+t -7 |, teR
0 —13

Method 2

Letz=1¢

x— 5y + 3t= 11 (1
—3x + 2y— 2t= =7 (i)

x— 5y + 3t=11
x=11+ 5y — 3t (iii)

—3x + 2y — 2t = —7

—3(11+ 5y — 3t) + 2y — 2t = -7
—33—-15y+9t + 2y — 2t = =7
13y =7-33+7t

13y =7t — 26

7
y:Et—Z (iv)

x=11+ 5y — 3t

7
=11+ 5(—t—2>— 3¢
x 13

114 2 N0z
= 13

_ 11104 2 L4
= 13

=1 4t
X = 13 V)

Now:

The parametric equations are:

4
le—ﬁt
7
y:—2+Et
z=t
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The vector equation is:

()T
NGRE

Question 2
Determine the vector equation, and hence the Cartesian equations (in standard form), of the
line of intersection of the planes whose vector equations are
r.n, = 2andr.n, = 17,
where

Solution

Firstly:
[ j 'k

d=n; Xn;=1|1 1 1|=i+2j—3k.
4 1 2

Secondly:

The Cartesian equations of the two planes are
x+y+z=2and4x + y + 2z = 17;

Letting z = 0:

x+y =2 Q)

4x + y = 17 (ii)
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3x =15

=2 x=5

xX+y =2 0]
>5+y =2
.'.y:—3

Thirdly:

The point of intersection is (5, —3, 0) and its position vector is given by 5i '— 3j.
Now:

The vector equation of the line of intersection is

r =50 —3j + t(i + 2j — 3k).

Finally:

The parametric equationsare:x = 5 +t, y = =3 + 2tandz = —3t

=The Cartesian equation is

x=5 y+3 .z

1 2 -3

Question 3

Find the parametric equations of the line of intersection of the two planes
x+y+z=1
x —2y + 3z =2

Solution
Letz =1t

x+y+t=1 Q)
x—=2y + 3t = 2 (i)

x+y+t=1
x=1—-y—t (i)

x —2y + 3t =2
1—y—t -2y + 3t =2
3y=1—-2+72t
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—Zt 1 .
y=3t-3 (iv)
x=1-y—t

)

Wi
I
Wl Wlm wiN
o~

Now:
The parametric equations are:
4 5 1

2
*=373bH Y 3t3b 2

Question 4

Write the parametric and symmetric equations of the line of intersection of the planes
2x —y+z=5andx—y —z = 1.

Solution

2 1
The planes have normal vectors a = <—1> and b = (—1) respectively.
1 -1

Let L denote the line of intersection.

. i k
d=axb =12 -1 1
1 -1 -1

=i5 Sl Sl D

=2i+3j—k
2
~1
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Nowletz = 0
2x —y =5 (i)
x—y =1 (i)

> x =4
Now

x—y =1 (i)
4—y =1

y =5

~ The pointis (4; 5; 0)

-()-()(3)

The parametric equations of the line are

x =4+2t
y =5+ 3t
A= Bt

The Cartesians equations of the line‘are

x—4 y—-5 z

2

Question 5

3 -1

Determine the equation of the line that passes through the point P(5,2,3) and is parallel to the

line of intersection of the two planes:

mi:x+2y—z=6

My +2z=1

Solution
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Method One

1 0
n_{=<2>and n_2’=<1>
-1 2

. i j k
d=nxn,=|1 2 -1
0O 1 2

b (AP Rl PR R P

=5i—2j+k

5
()
1
5 5
~The equationis r = (2) +s (—2)
3 1

Method Two

Letz=t

xX+2y—t=6 M
y+2t=1 (i)
y+2t=1

y=1-2t (iii)
xX+2y-t=6

x+2(1=20)—t=6
x+2—-4t—t=6

XxX=5t+6—2
x=5t+4 (iv)
Now:

The parametric equations are:

x =4+ 5t
y=1-12t
z=t
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The Vector Equation of the line of intersection:

Angle between a line and a plane

The angle between the line and a plane is the complement between the line and the normal to

the plane

Line

S

M
/

o The angle is defined to be the angle between the direction vector of the line and the

normal vector of the plane.

o The acute angle 8 between the liner = a + tb and plane r .n = d is given by:

| b.n
cosa = |[——
|bln|
#0=90°—a
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Alternatively it is calculated as follows:
Since Sin(90° — @) = Cos6

Then:
b.n

|blIn|

sinf = |

Solved Problem

Question

-1
Find the angle between the plane with equation r.( 2 ) = 66 and the line with equation

2
2 3
r=10]+t| 12 |, where t is the parameter.

5 4

Solution

b.n
|b||n|

sinf =

)

V32 4+ 122 + 142,/(—1)% + 22 22

sinf =

—3+24+8
V169v/9

29
0 = sin™! (@) = 48.03811117° = 48°

sinf =

Alternatively we can use the following method:

0 =90°—«
Now:
b.n
cosa =
|b||n|
3 -1
12].1 2
cosa = 4 2

V32 4+ 122 + 142,/(—1)2 + 22 + 22
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—3+24+8
V169v9

29
o = cos™! (@) = 41.96188883°

cosa =

Now:

0 =90°—a

0 =90° —41.96188883°
6 =48.03811117°

~ 0 =48°

Angle between two planes

The angle between the two planes is defined as the angle between their normals.

ny

| Quadrilateral formed by the normals and
the intersecting lines along
the two planes

—

Obtuse angle between the two planes
Acute angle between the two planes

o From the diagram we can actually see that the angle between the two normals is 8 (use
the properties of angles of a quadrilateral.)

o The angle between the two normals is calculated using the fact that the dot product of
vectors nyand 7, is equal the product of the magnitude of vector i; and magnitude of vector i,
and cosine of angle 8. This implies that n;.n, = |n;|.|n,| cos 6

o This implies that:

—_— —
ni.ny

cos 0 = e —

Iy

Tarakino N.P. (Trockers) ~ 0772978155/ 0717267175
Page 95




o This further implies that the angle between the two planes is also the angle between the
two normals.

o Thus, suppose two planes intersect, then the angle between the planes is defined to be the
angle between their normal vectors.

o If the normal vectors of the two planes are n;and n,, then the angle is given by

n.ny

cos B = —
ey

Solved Problems

Question 1

1
Find the angle between the plane with equation r. (—2) = 66 and the plane with equation

2
4
T. <O) = 27.
3

Solution

)

V1% + (—2)7 +2%4% + 02 + 32

cos 9 =

9 4+6
cos @ =
V9\/25
10
cosf = |—
15
10
cos0 =—
15
2
0 = cos™ ! <—)
3
= 48.189685104°
= 48°
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Question 2

Find the angle between the two planes with equations 2x —y+z = S5andx+y—z = 1
respectively.

Solution
n,.n,
cosf = _1> _2>
|7’l1||7’l2|

NGO

W2 CDEr R 2 ()2

9
V63

cos8 =0
0 = cos~ 1 (0)
6 = 90°

cos 9 =

Question 3
Find the angle between the planes
x+y+z=1
X — 2y +3z =12
Solution

The angle between the planes will be the angle between their normal vectors.

1 1
Letn; =(1)and n; = -2
1 3

_— —
n,.n,
cos @ =

In{lnz]
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1 1
1).1-2
1 3
cos @ =
V3V14
o= |2 |
cos 0 = |—
V42
0 =cos”t (=)
= cos —
Vaz
0 = 72.02471619°
0= 72°

Follow Up Questions

Question 1

Find the angle between the plane with equation 2x + 3y + z = 4 and the line with equation

2 -1
r= (—1) + t( 2 ),where t is the parameter.

0 5
Answer: 26°

Question 2
Find the angle between the two planes with equations 2x + 3y + 5z = 8 and
5x +y — 4z = 12 respectively.

Answer: 79.9°

Question 3
Find the angle between the two planes with equations x + 3y + z = —4 and
5x —y + z = 8 respectively.

Answer: 80.0
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The perpendicular distance from a point to a plane

Py (x1,y1,21)

I

T

|d

I k
U Po (X0, Y0, Zo)

o Let consider a plane 7 with a normal vector 7 and a point Py (x,, ¥o, Zo) On this plane.

Vector Form

NB: The point P, is found by letting’any twa variables equal to 0 and solve the equation
o The distance from a point P; (x4, y1, z1) to the plane = is given by the scalar projection of

the vector P,P; onto the normal vector 7

_ PPy |
e

Cartesian Form

If the plane m is given by the Cartesian equation Ax + By + Cz + D = 0, then the

distance from a point P, (x4, y;1, z;) to the plane is given by:

= |Ax; + By; +Cz; + D|

VA% + B +(C?

NB: |Ax; + By, + Cz; + D| means the absolute value of Ax; + By, + Cz; + D.
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Alternative Method

Point P

S|

Line |

W

Steps

(i) Find the equation of the vector which is perpendicular to the plane: The normal vector of
the plane is the direction vector of the line which passes through the point P. i.e.
r=0P +til

(if) Find the point of intersection between the line and the plane. NB: The point of
intersection represents the coordinates of the foot of the perpendicular from a given point

(iii)Lastly find the length between P and the foot of this perpendicular line using coordinate

geometry
The distance between two Parallel Planes
d
Steps

a) Find a specific point into one of these planes.
b) Find the distance between that specific point and the other plane using one of the

methods above.
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Solved Problems

Question 1

Determine the perpendicular distance, p, of the point (2, —3, 4) from the plane whose
cartesian equationisx + 2y + 2z = 13.
Solution
= |Ax; + By; +Cz; + D
VAT + B2+ (C?
g |(1)(2) + (2)(=3) + (2)(4) — 13|
VA2 + (@22 +(2)?

Question 2

Determine the perpendicular distance p of the point (2,3,0) from the plane whose cartesian
equationis —x + 2y — 3z +10 = 0.

Suggested Solution

. |Ax; + By, +Cz; + D
VAZ+ BZ2+ (?

e 10 + (—1)(2) +(2)(3) + (0)(—3)
VED2+(@2)2+ (+3)?

NB: Three methods are employed on the following example
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Question 3

Find the distance between the point P = (1; 0; —1) and the plane 5x + 4y + 3z = 1.

Solution

Method 1

PQ
Q
Thus the distance is given by:
PQ.7

4 - [Pad

7|
Finding PQ
Setx = y = 0 and plug these values into the plane equation

1
=227z ==

1
(0; 0; 5) is on the plane.

This means that PQ = (—1; 0; %)
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Now

4 = [Pal
|7
o) ([
M
3 3
V52 x 42132
| =5 + 4]
d=——7-—
V50
gt
5v2
g5
52
V2
pd =
Method 2
g |Ax; + By; +Cz; + D|
VAZ + B2 ¥ (2
g (5)(1) + ()(0) + (3)(~1) — 1]
VB )+ (3)?
g1
V50
gL
52
V2
pd=o
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Method 3
@ r1;0;-1)

The equation of the line (in grey) is given by:

1
r=1{20

1+ 5t
=>r= 4t ) ()
-1+3t

= 5(1+5t) + 4(4t) + 3(-1+3t)/ =1
=54+25t + 16t—3+9t = 1
=50t = -1

50
1+ 5t
Nowr=< 4t ) (1)
—1+ 3¢
fos(- )
50
=r=| (- 5)
B 50
il 5
50" 50
9
/10
ro| 2|
| ~25 |
53
50
_ 9 2
The coordinates of the foot are (— e
10 25
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e 1 4 . 9
-a= 100+625 2500

d= |—
- 50

1 x /50
sd=—""""

V50 x /50

V50
>d=——

50

52
> d==55

2
LaoY2

10

NB: When to finding the coordinates of the foot of the perpendicular we use method 3

The shortest distance from the origin to a plane

Py (x0, Y0, Zo) o
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Cartesian Form

If the plane = is given by the Cartesian equation Ax + By +Cz + D = 0, then the
distance from the origin to 0(0,0,0) to the plane is given by:

_ D]

NB: |D| means the absolute value of D.

Vector Form

o Let consider a plane = with a normal vector # and a point Py (x,, Yo, Zo) 0n this plane.
NB: The point P, is found by letting any two variables egtal to, 0 and solve the equation
o The distance from a point 0(0, 0, 0) to the plane r is given by the scalar projection of

the vector OP, onto the normal vector 7

0P,.7
L lom
|n

Solved Problem
Question
Show that the distance from the origin to the plane with equation r.(2i +j — k) = 13 is
13vV6

P
Solution

_ 1D

- | — 13|
V22 + 12 + (—1)2

13
vi+1+1
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d=—
V6
13V6
d= 3 (as required)

Follow up questions

Question 1

Determine the vector equation and hence the cartesian equation of the plane, passing through

the point with position vector i + 5j — k, and perpendicular to the vector 2i + j — 3k.

Answer:r.(2i + j — 3k) = 10,0r2x + y — 3z = 10.
Question 2

Determine the cartesian equation of the plane passing through the three points: (1, -1, 2),
(3,—2,—1) and (=1, 4,0).

Answer: 17x + 10y + 8z = 23.

Question 3

Determine the point of intersection of the plane, whose vector equation is

r.(5i — 2j — k) = —3, and the straight line passing through the point (2,1, —3), which

is parallel to the vector i + j — 4k.

Answer: (0,—1,5).

Question 4

Determine the vector equation, and hence the cartesian equations (in standard form), of the
line of intersection of the planes, whose vector equations are r.n;, = 14andr.n, = —1,

wheren, = —4i + 2j — kandn, = 2i + j + 3k.

Answer:r = —2i + 3j + t(7i + 10j — 8k) or

x+2 y—-3 z

7 =10 8"
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Question 5

Determine, in surd form, the perpendicular distance of the point (=5, —2,8) from the plane

whose cartesian equationis 2x — y + 3z = 17.

1
Answer: p = \/ﬁ
Question 6

Find the distance from the point (1,4, 1) to the plane 2x + 3y —z = —1.

Answer: p = V14
Question 7

Find the distance between the point P (1; 0; —1) and the plane 5x + 4y + 3z = 1.

V2

Answer: p = —
10

Question 8

Find the distance between the point (2; 8; 5) and the plane x — 2y — 2z = 1.

25
Answer: p = E}
Question 9

Find the distance between the point P (2,1, 3) and the plane 2x + y + 2z = 3.

w |

Answer: p =

Question 10
Show that the distance from the origin to the plane with equation 3x —y 4+ 2z =17 is

17v14

14
Question 11

Show that the distance from the point P (—2,—3,1) to the plane with equation

11
4x+2y+4z=1|s?.
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SOLVED PRACTICE QUESTIONS

Question 1
. . . . . x-1 y-3 z
(@) (i) Show that the point of intersection, A, of the line [;: = . T and the
3
plane m;: r. (—2) =15is A(5; —5; —2).
5

(if) Given that the points A, B and C are in the same plane (coplanar points) and B
and C have position vectors 2i — j + k and - i + j + 3k, respectively.
Find the vector equation of the plane, , which contains the points A, B and C.
(b) Find the perpendicular distance from B to L.
(c) Another plane m; has an equation x — 3y + 2z = 2.
(i) Show that C lies on the plane 5.
(i) Given that [, is a line which passes through D(—1; 2; 1) and is parallel to the
line which passes through A and B, find the
1. Cartesian equation of [, ,

2. angle between [, and 7.

Suggested Solution

' x-1 y-3 z 1 -2 1-2t _
(a)(l)ll:_—2=T=I:>ll:r= 3+t 4 |=(3+4t| (i)
0 1 t

Substituting equation (i) into equation (i)

1—-2t 3
34+4t).1-2]1=15

t 5
>3—-6t—6—8t+5t=15
= —9t =18
>t=-2

Now to get the point of intersection we substitute the numerical value of ¢t into equation

(i):
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1-2(-2) 5
r= (3 + 4(—2)) = (—5)
-2 -2

=~ The point of intersection is A(5; —5; —2).

(i) A(5; —=5; —2),B(2; —1; 1) and C(—1; 1; 3)

q
Sl

B C
A
-3 —6
AB=0B—-0A=| 4 |JlandAC=0C—-0A=| 6
3 5
Now
i j k
n=AB X AC=|-3 4 3|=2i—-3i+6k
-6 6/5
Now:

x—5 2
<y+5).(_3):o
x+ 2 6

2x —10—-3y =15+ 6x+12=0
2x =3y + 6x =13

2
=>r.|-3|]=13
6

Alternatively we can use the following method:

-3 -6
AB=OB—OA=<4)andAC=0C—0A=<6>
3 5

The equation is given by:

r = OA + A48 + uAC
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((3)(0)
()3

x=5-31—-6u (i
=>y=-5+41+6u (i)
z=—2+ 34+ 5u (iii)

N U1

Now we have to eliminate A and u from the above equations:
Equation (i) + equation (iii)

xX+z=3—u

> u=3—-x—2z (iv)

Equation (i) + equation (ii)

x+y=21 (v)

Substituting equations (iv) and (v) in either (i), (ii)or (iii)
Now:

x=5=-31-6u (i)
=>x=5-3(x+y)—6(83—x—2)
=>x=5—3x—3y—18 + 6x + 62z

= —-2x+3y—6z=—-13

= 2x—3y+6z=13

2
=>7r.|-3]=13
6

(b) Let point N be the foot of the perpendicular from B.

1 -2
B(2; —1; 1) and the lineisr = (3) + t( 4 )
0 1

\V _2)
4
1
B(2,-1,1)y— — — — — 7\__'EN \
l
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The coordinates of N are (1 — 2t; 3 + 4¢; t)

Now
-1 -2t
BN =| 4+ 4t
-1+t

Now

2
BN.<—1>=O
1
—-1-2t -2
(wrac)(4)-0
-1+t 1

2+4t+16+16t—1+t=0

21t = =17
. 17
ot = —51
Now substituting t = —% into BN
17 13
BN=| 4+4(-57) |= K z/
17 38
-1+ (-5 A5

Now

- 5 Ay ()

B 169_F256_+1444__ 1869
©J441 441 7 441 | 441

_[89
21

(c) Another plane 5 has an equation x — 3y + 2z = 2.

(iii)Substituting C(—1; 1; 3) into plane m5:
x—3y+2z=2
LHS:
x—3y+2z=—-1-31)+2B)=-1-3+6=2
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Since LHS = RHS -~ C(—1; 1; 3) lies on plane m5.

(iv)Given that [, is a line which passes through D(—1; 2; 1) and is parallel to the
line which passes through A and B, find the

1. Cartesian equation of [, :
A(5; —=5; —2)and B(2; —1;1)

-3
AB=OB—0A=<4>
3

-1 -3
Now the vector equation is r = ( 2 ) + t( 4
3

x+1 y-2 z-1
-3 4 3

=~ The Cartesian equation is

2. Angle between [, and 5.

ind | b.n
sSinv =
|bl|n|

()

g =
o J(=3)2442 +32,/(1)2 + (=3)% + 22

(6)

sinf =
VoO+16+9V1+9+4

- —3—12+6|
SN = |m—m————
V3414

9
0 =sin?! (—)
Nerier:
= 24.36287885°
= 24°
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Alternatively we use the following method:

0 =90°—«
Now:
b.n
cosa =
|b||n|
-3 1
4 ]1.1-3
cosa = 3 2

V(=3)2 4+ 42 +32,/(1)2 + (—3)2 + 22

1))

cosa =
VoO+16+9V1+9+4
—3—12+ﬂ
cosa = |——F——
V3414

9
a = cos™ ! (—)
V3414
= 65.63712115°

Now:

0 =90°—a

6 =90° — 65.63712115
0 = 24.36287885°

~ 0 = 24°

Question 2
a) Show that the cartesian equation of the plane,n,, that contains the points P(1; 0; 2),
Q(—1;1; 2)and R(5; 0; 3) isgivenby x + 2y — 4z = 7.
b) Find
(i) the parametric equations of the line, [, that passes through P and Q,

(ii) the vector equation of the line of intersection of the plane m; and m, with equation

2
T. (—1) = 3. Denote it by [,.
1
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c) Another line, I3, passes through the point (2; —1;0) and is perpendicular the plane m,.
Find the vector equation of [.
d) Show that the cartesian equation of the plane, w3, consisting of all points which are
equidistant from Q and U(3;5; —2)isx+y—z = 4.
e) Find the angle between
(i) L, and 75,
(i) my and m,.
f) Calculate the
(i) perpendicular distance from Q to m,,
(ii) shortest distance from the origin to [,.
g) Show that V(—3; 0; —7) lies on the plane .

h) Find the equation of the plane which contains V and the line [,.

Suggested Solution
a)

A(x,y,7)

il el

=iy 1l
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=i+ 2j— 4k

Now
X 1 x—1
AP:OP—OA:<y>—<O>=< y )
z 2 zZ—2
Then
AP.7i =0
1

>1x-1)+2(y)—4(=z—-2)=0
=>x—1+2y—4z+8=0

= x+ 2y —4z = -7 (as required)

Now:
r:0—ﬁ+t1_36
1 -2
>r=|0)+¢t| 1
2 0
Now
X 1 -2
()= (0)+e(
z 2 0
>x=1-2t; y=t z=2
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(i)

—>
/
/
, XNy
»

2 1
The equation of the planes are r. (—1) = 3 and r.( 2 ) = =7.

1 —4
Now:

2 1
n_{:<—1>andn_2’:<2>

1 —4
. i k
d=nxn,=|1 2 —4

2 -1 1
=% TIENTlH 4

= —2i—9j — 5k

=>2x—y+z=3and x4 2y —4z = -7

Letz = 0:

=>2x—y=3 Q)
x+2y=-7 (i)

(i) x2= 2x+4y =-14 (i)

(iii) - (i) gives:

S5y =-17

ay=_1

Now x + 2y = =7 (ii)
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~The point is A (—%; — 15—7; 0)

The equation is given by r = 04 + td
1

5 -2
>r=| 17 +t<—9>
5 -5
0

(i
L

I3
(2; —1;0)

The normal vector of the plane is the direction vector of this line. Thus:

(4
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d)
U(@3,5-2)

—

Q(—1,1,2)

S

The normal vector is found by considering U7j Now:

2 | 3 —4
ﬁ:UQ:OQ—0U=<1>—<5>:<—4)
2 ~2 4

Also the point in the plain is calculated by simply finding the midpoint.of U and Q.Now:

31 5+1 —2+2
2 T2 o2

Point on plain = Midpoint (UQ) = ( ) =(1;3;0)

Now the equation is given by:

x—1 —4
y=3].[-4|=0

z 4
> —4x+4—-4y+12+4z=0

> —4x—4y+4z=-16

= x +y —z =4 (as required)

e) Angle between [, and 5,
A

Method 1
n.d

Sinf =—-=
|7l |d]|
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) ()

VO + (D% + (D (=2)* + (=9)* + (=5)*

Sing =

—6
Sin = ———
V3.4/110

= 0=Sin"?

—)
<\/§ 110
= 6 = 19.28632541°

s 0 =19°

Method 2
d
]

S

Cosa=

=

)

V2 + (D% + (DA (=2) +(=9)* +(~5)*
—6
\/3/110

Cosa=

Cosa=

1

= a=Cos~

—6
()
= a=70.71367459°
= 0=90°—a
= 90° — 70.71367459° = 19.28632541°
s 0 =19°

(i) ; and 5.
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n,.n,

Cos O = —
|7’l1||7’l2|
1 2
2 (—1
Cosf = —4 1
JOZ+ (2% + (9% ()% + (D% + (1)?
Cosh = ——
oSu =
V21V/6
=0 C'—% _4)
= LoSs
V21V/6
= 6 =110.8761026°
o0 =111°

f) (i) perpendicular distance from Q to m,,

Let the distance be d.
e |Axy; + By, + Czy + D|
VAZ + B2 + C?
d::|2(—1)-F(—4J(1)+-1(2)4-(—3)I
V@7 + (D7 + (1)

L_lm2-1+2-3)
- V6
Ll

V6

4
d=—

6
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4+/6

4= TJeve
46
=5
2/6

(ii) shortest distance from the origin to .

1

lz:r: _g +t<_9
5 -5

0
0(0; 0; 0)
1 17
P(=5-2t; -3~ 9t; —5¢)
Now:
! 2t
. 5
OP = 17 of
5
—=5¢
_ —2
Also OP.{ —9 | = 0 since they are perpendicular:
-5

2 153
:>§+4t+?+81t+25t=0
= 110t = -31

31

.'.t:—m
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1 2( 31) 4
5 110 / II‘\

. 17 31 19
>0P=| ——— ( ) =|——|

"1

5 22
31 31
(-2 31
110 22

Now the required shortest distance is | 0P|

-1 () + () + &)

. 63 3V7 3154

:>|0P|: z:\/T_ZZ 22
3V154

~The required distance is e

g) Showing that V(—3; 0; —7) lies on the plane 5.
my:xty—z=4%
LHS:x+y—2z ()
Substituting V(=3; 0; —7) into (i)
>x+y—-2z=-3+0-(~7)=-3+7 =4=RHS

Since the equation of the plane is satisfied, therefore V(—3; 0; —7) lies on the plane 5.

h) The equation of the plane which contains V and the line [,.

1

5 -5

0
t t
e :
/A//u
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Let A be the point on the line which is also contained in the plain.

A( 1_ 17_0)
5’ 5’

Now:
4

(-5
i

\1

_9 i J k
A=AV x(—9|=|_1 17 —7
-5 5 5
-2 -9 =5
17 7 14 14 17
i[5 -3 T ®
-9 -5 -2 /=5 -2 A0
= —1071i + 32k

Now the equation is given by:

x+3 —-1071
y . 0 =0
zZ+7 32
= —1071x — 3213 + 32z + 224 =0
~The equation of the plane which contains V and the line [, is —1071x + 32z = 2989
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SOLVED PAST EXAMINATION QUESTIONS

Question 1

ZIMSEC NOVEMBER 2006 PAPER 2

The plane 7 and the line [ have equations

-1 2 3
r.( 2 ) =66 and r = (0) +t <12) respectively, where t is a parameter.

2 5 4

Find
(1) the position vector of the point of intersection of = and [, [4]
(ii) the angle between m and [, [3]
(iii) the perpendicular distance from the origin to L. [5]

Suggested Solution

-1 2+ 3t
(i)r.(2>=66 (1) and r=< 12t )(ii)
2 5+ 4t

substituting (i) into (ii)

2+ 3t -1
( 12t ).(2>=66
5+ 4t 2

—2~=3t+ 24t +10 + 8t = 66

29t = 58
St=2
2 43t 2+3(2) 8
Nowr=| 12t |=| 122) |=/|24
5+ 4t 54 4(2) 13

8
=~ The position vector is = (24)
13

b.n
|b||n|

(i) sin@ =

Tarakino N.P. (Trockers) ~ 0772978155/ 0717267175
Page 125




(2) (=)

sinf =
J(=1)% + 22 + 2%/ (3)% + 12% + 42
-, —3+24+8
SIN = ———
V9169
_ 29
sinf =
3 x 13

29
0 =sin™?! (—)
39
6 =48.03811117°
~ 0 =48°
(iii) Let point N be the foot of the perpendicular from O.

0(0,00) — = — = % ——1n

The coordinates of N are (2 + 3t,12t,5 + 4t)

2+ 3t
ON =| 12t
5+ 4t

3
0N.<12>=0

4
2 +3t\ /3
( 12t ).(12>=0
5+4t/ \ 4

6+9t+ 144t +20+ 16t =0

Now

169t = —26
,_ —26 -2
T 169 13
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243 (_2) 20
13 13

-2 —24
13 13
5+ 4 (_2) 7
13 13

. . 20 —-24 57
Therefore the coordinates of the foot of the perpendicular are (E 13 E)

Hence the required distance is:

o= (22 + (22 + ()
=25
= 5,

Question 2

ZIMSEC JUNE 2017 PAPER 2

The position vectors of points A and B are 3i — j + 2k and 7i — 9j, respectively.

2 2 2
Line [ has equation r = < 1 ) +A (—1) and the plane P has equation r. (—4) =8
1 2 -1

(@) Show that

(i) A lies in the plane P, [2]
(i) BA is perpendicular to the plane P. [3]
(b) Calculate 0B A where O is the origin. [3]
(c) Find the acute angle between the line [ and the plane P. [3]
(d) Find the perpendicular distance from point B to plane P. [2]

Suggested Solution

a) (i) If A lies on the plane the its coordinates bust satisfy the plane

Now:
LHS: 2x —4y —z=2(3) —4(—1) — 2
=10-2
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=8 = RHS
Since LHS = RHS - the point (3,—1,2) lies in the plane 2x — 4y — z = 8.

Alternatively:

Now:
2 3 2
LHS:r.{—-4]|=-1]|.1l -4
-1 2 -1
=6+4-2
=8 = RHS

2

Since LHS = RHS .. the point (3, —1,2 lies in the plane r. (—4) =8
=1

a) (il BA= OA—O0OB = 3i—j+2k—(7i =9j)

= —4i + 8j + 2k
—4
2
2
- _4)
—1

Since BA is parallel to the direction vector of the plane P . BA is perpendicular to the

plane P:
(b) cos(0EN BO.BA
coS =
|BO||BA|

)2

cos(0BA) =
ST+ () + 02/ (—4)7 + 82 + 22
0BA) = 28+ 72
cos(O84) = V13084
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100

cos(OBA) = ———
( ) V130V 84
0BA -1< o )
= cos _—
V130V 84
= 16.87333855°
I 170
, b.7t
(c) sinf = | =—
b1l
| ANE |
()
sing = 2 —1

VTR 2V Cor r (1)

, 4442
ERNCY
., 6

517119—\/6\/ﬁ

0 = sin~t (i>
V21
= 25.87669006°
= 26°
2
(d) Finding the distance between B(7; —9; 0) and plane r. (—z;) =8o0r2x—4y—z=8
g |Axy + By, +Cz; + D]

VAZ ¥ BZ ¥ (2

1 @D DD +(-1D(0) -8
J@2+ (9% + (-1)2

d_42
V21
d_42\/ﬁ
21

d =221
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Question 3

CEA Module FP3

Tetra-Tents are designing a new model as shown in Fig. 2 below.
A

Fig. 2

They intend to attach a doorbell at position P.

2
The plane ACD has equation r. (—3) =3
-1
x—1 y+1 z-3

The line AB has equation has equation FA\= % =

The point P (2l _2 4) lies inthe plane ABC

3’7 3
(i) Find the coordinates of the apex, A. [4]
(ii) Find an equation of the line AC. [10]

Suggested Solution

(i) The coordinates of A are at the point of intersection of the plane ACD and the line AB.

Express the Cartesian equation in vector form

2
r. (-3) =3 (i)
~1
1 ~1
r= (—1)+t< 1 ) (ii)
3 —4

Substituting equation (i) into equation (ii):
1—-t 2
3 —4t -1
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2—2t+3—-3t—3+4t=3
—-t=1

at=-1

Substituting t = —1 into equation (ii):

1-t
r=<—1+t>
3—4t
1-(-D

r=|(-1+(-1)
3 —4(-1)

()

=~ The coordinates of A are (2,—-2,7)

(if) We use the point P and the line AB to find the equation of the plane ABC.

A
1
P‘
B C
AP = OP — 04
— OP —0A

Il
|/\
\DVP

| (CSREEN
wl N
\—/

Lwiswi- »
\_/

)

To find the normal we take the cross AB X AP
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I I A A
n=ABxAP=|1 4 -9
-1 1 —4

:i|l1} :Z|_j|—11 :Z|+k|—11 411

= —7i + 13 + 5k

Now to find the equation of the plane we use r.n = a.n

rn=an

-0

-7
r.<13> =-14-26+35

5

-7
r.<13> = -5

5

To find the equation of AC we find the vector equation of the line of intersection of
the plane ABC and the plane ACD

A

The cross ny X n, is parallel to AC thus it is the direction vector of the line

ik
d:nlxnzz -7 13 5
2 -3 -1

:it?; —51|_j|_27 —51|+k|_27 i33
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= 2i +3j — 5k

To find the point on the plane we let z = 0 and solve the two equations simultaneously

-7
r.<13> =-5=-7x+13y+5z=-5

5
2
r{-3|=3=2x—-3y—z=3
-1
Now:
—7x + 13y = =5 M
2x —3y =3 (i)

Multiplying equation (i) by 2 and equation (ii) by 7
—14x + 26y = —10 (iii)

14x — 21y = 21 (iv)
Adding equation (iii) and equation (iv)
5y =11
11
>y= ?
14x — 21y = 21 (iv)
11
14x — 21 (—) =21
5
231
14x — = =21
231
14x =21 +—
5
336
14x = =
24
=75
=~ The point on the line is (25—415—1 0)

Now the equation of the line of AC is given by:

24

5 2

r=|(1|+¢t| 3
> -5
0
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PAST EXAMINATION QUESTIONS

ZIMSEC JUNE 2007 PAPER 2

The line [ has Cartesian equations

X—5 y—2 z—2

Find

(i) the length of the perpendicular from the origin to . [5]
(i) an equation for the plane 7 which contains [ and the origin, giving your answer in the

formr.n = D. [4]

ZIMSEC NOVEMBER 2008 PAPER 2

A plane contains the points A(1; 2; 3) and B(4; 5; 6;) and passes through the origin.

(a) Find
(i) the equation of the plane OAB in the form r.n = d. [5]
(ii) the coordinates of the foot of the perpendicular from point C(5; 1; —4) to the
line AB. [4]
(b) Calculate the angle between the lines AB and OC. [3]
(c) Show that the line BC is not contained in the plane OAB. [3]

ZIMSEC JUNE 2016 PAPER 2

Given the points A(0,2,2), B(4,1,0) and € (—2,0,3) find the

(i) value of g, given that the Cartesian equation of a perpendicular bisector of a line

joining the points A and B, passing through the point D(1, g, 0) is

x-—2=22=7-1 [4]
(if) exact shortest distance of the line in part (i) to the origin, [4]
(iii)Cartesian equation of the plane containing points A, B and C. [4]
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ZIMSEC NOVEMBER 2017 PAPER 2

5 4
Relative to the origin 0, the position vectors of points P and Q are (3) and <c> respectively
1 2

1 2
(a) Determine whether the point P lies on [ whose equation is r = ( 0 )-M(—l),

-2 5
where A is the parameter. [2]
(b) (i) Given that line PQ intersects the line [, find the value of c. [3]
(if) Hence, calculate the angle between the line [ and the PQ . [3]

(c) Find the position vector of the point R on [ such that line PR is perpendicular to line
L. [4]

ZIMSEC JUNE 2018 PAPER 2

2
a) A plane has vector equation r. (—3) =1 and the point P has coordinates
1

(=9;17;=2).
(i) Find the coordinates of the foot of the perpendicular from P to the plane. [3]
(if) Hence, or otherwise, find the coordinates of the image of P when reflected in
the plane. [3]

(b) The plane = and the line [ have equations

2 x—2 y—3 z+1 )
r.|—1)=6and = = respectively.

] 1 2 —2

Find the
a) coordinates of the point of intersection between  and [, [4]
b) angle between  and [, [3]
c) shortest distance from the origin to L. [4]
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ZIMSEC 2018 NOVEMBER PAPER 2

=(2)()

and plane 7, passes through the points A, B and C with coordinates (2; —1; 3),

(@) The line L, has equation

(4; 2; —5) and (—1; 3; —2) respectively.

Find the
(i) Cartesian equation of m; , [5]
(ii) acute angle between the plane 7, and the line L, . [3]

(b) The plane m, has equation

(1)

The line L, lies in the plane m, and is perpendicular to L,. The line L, passes through

the point (4; 2; 1).

Find the
(i) vector equation of L, [4]
(ii) vector equation of the line of intersection of the planes ; and . [4]

ZIMSEC JUNE 2019 PAPER 2

4
The plane m has vector equation 7. <—1> = 1. The points P and Q have coordinates
3
(=5;1;3) and (2; 4; —1) respectively.
(i) Show that Q lies on plane 7. [2]
(ii) Find the
a) equation of the line perpendicular to 7 through P, [2]
b) Cartesian equation of the line PQ. [3]
(iii) Calculate the
a) acute angle between r and . [4]
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b) shortest distance from the P to . [5]

ZIMSEC NOVEMBER 2019 PAPER 2

Two planes rr; and 7, have equations x + 2y — 2z = 2 and 2x — 3y + 6z = 3.

x—2 z—-1
a) Show that the line [, with equation =Y~ 1= > lies on m;. [3]
b) Find the
(i) equation of the line of intersection between the two planes, [6]
(ii) point of intersection of line [ and plane m, [3]
(iii) the angle between the line [ and plane m, [4]
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